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Abstract

We study anti-commutative algebras, which are extensions of a one-dimensional al-
gebra by a four-dimensional nilpotent Lie algebra and at the same time extensions of
the two-dimensional non-abelian Lie algebra by an abelian algebra. These algebras, just
like the five-dimensional solvable Malcev algebras, have a flag of subalgebras and can
therefore be considered their closest relatives. We characterize binary Lie algebras in this
class, called Malcev-like algebras, playing interesting role in non-associative Lie theory.
We find normal forms of their multiplications, and determine their isomorphism classes.

1 Introduction

The power series terms of local loop multiplications at the unit element define several mul-
tilinear operations in the tangent space of the local loop. Particularly interesting is the case
when these multilinear operations are determined only by a bilinear operation. The sim-
plest such loops are the Moufang loops and the more general diassociative (or alternative)
loops (any two elements generate a subgroup). The corresponding generalizations of Lie al-
gebras are the Malcev algebras and the binary Lie algebras (any two elements generate a Lie
subalgebra), which play an important role in non-associative Lie theory. Their outstanding
property is that the classical Campbell-Hausdorff power series formed by their bilinear oper-
ation determines the analytic local loop multiplication, the tangent algebra of which is the
given Malcev algebra or the binary Lie algebra, (cf. [1], Ch. 4. §5 in [6], [15]). Moreover, any
local analytic Moufang loop can be uniquely embedded into a connected, simply connected
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global loop (cf. [12], [13], [19]), but this statement does not generally apply to local analytic
diassociative loops (cf. [9]).

The correspondence between local analytic Moufang and diassociative loops and their
tangent algebras was the main motivation of A. I. Malcev for introducing in 1955 the concepts
of Malcev algebras (called them Moufang-Lie algebras) and binary Lie algebras. His work [17]
became the starting point for the foundation of non-associative Lie theory and had a major
impact on the development of mathematics (cf. [20]). Over the past decades, the theory of
differentiable Moufang loops and their tangent Malcev algebras has developed significantly
almost to the level of the theory of Lie groups and algebras, but there are many interesting
open questions about diassociative loops and their tangent binary Lie algebras. Malcev
algebras and the corresponding Moufang loops of dimension < 5 were classified by E. N.
Kuzmin in [14], 1970: there is one non-Lie Malcev algebra in dimension 4 and there are one
nilpotent algebra, five solvable algebras and one non-solvable algebra in dimension 5. The
systematic study of binary Lie algebras began with the works of A. T. Gainov [3], 1957. He
found that the minimum of the dimension of non-Lie binary Lie algebras is 4 and classified
these algebras in [4], 1963. The study of low-dimensional algebras (cf. for example [4], [14],
[16]) provided models for further research and thus contributed to an important advancement
in the general theory of Malcev and binary Lie algebras (e.g. [2], [7], [8], [10], [23], [24]). The
history of non-associative Lie theory is well described in the paper [22] by L. V. Sabinin.

Binary Lie algebras of dimension 4 are extensions of a one-dimensional algebra by a
nilpotent Lie algebra and at the same time are extensions of a two-dimensional Lie algebra
by an abelian algebra. We classified in [2] solvable 4-dimensional anti-commutative algebras
with analogous decomposition and determined their automorphism groups. The solvable 5-
dimensional Malcev algebras have very similar decomposition properties as the 4-dimensional
binary Lie algebras, they are extensions of a 1-dimensional algebra by a nilpotent Lie algebra
and simultaneously extensions of a two-dimensional Lie algebra by an abelian algebra. We call
the 5-dimensional anti-commutative algebras that have the same decomposition properties as
solvable Malcev algebras Malcev-like algebras or M?®-algebras, these algebras can be regarded
as close relatives of solvable Malcev algebras. The aim of this work is to study binary Lie
algebras in the class of Malcev-like algebras, and find their normal forms and isomorphism
classes over a commutative field K of characteristic 0. The study of this natural class of
low-dimensional binary Lie algebras can make a significant contribution to the development
of Lie theory of analytic diassociative loops and their tangent algebras.

The derived algebras of non-commutative extensions of a two-dimensional Lie algebra by
an abelian algebra are, according to [7], nilpotent algebras. The 4-dimensional nilpotent Lie
algebras have 3 isomorphism classes. If {cfj(X )} is the system of structure constants given

by eres = >, choer with respect to a basis {eg, e1, ..., es}, then the function
4
0 4.0 4 0 4
vyt oy, yt) = Z(crsxTyS,...,crsxrys)
r,s=0

describes the multiplication expressed by the structure constants and the coordinates. The
general linear group GL(5,K) acts v +— g oy on the multiplication functions = as

goy(z,y) =g gz, 9y), =yek® (1)



via change of basis by g € GL(5,K). The isomorphism classes of anti-commutative algebras
correspond to the orbits of the action (1), namely, 1 and ~, determine isomorphic algebras
if and only if g oy = 72 for some g € GL(5,K). To get a linear instead of the quadratic
equation for g, we reduce the action (1) to a transitive subgroup of GL(5,K) on the mul-
tiplication functions using the subalgebra flag of the algebra. We obtain normal forms of
multiplications as representatives of isomorphism classes by choosing an appropriate element
of each trajectory.

We introduce in §2 the basic concepts on binary Lie and Malcev algebras. In §3 we define
Malcev-like algebras, their types in terms of the four-dimensional nilpotent Lie algebras iso-
morphic to the derived ideal. §4 is devoted to the study of the group of partial automorphisms
acting simply transitively on distinguished bases, isomorphism classes of Malcev-like algebras
corresponding to the orbits of the action of the group of partial isomorphisms, and the linear
systems of equations for partial isomorphisms giving isomorphisms. In §5 we classify Malcev-
like algebras with codimension one abelian ideal. It turns out that these algebras are Lie
algebras, the constructions of the corresponding global matrix Lie groups (e.g. [5], §3) can
serve in the future for the study of diassociative global loops corresponding to Malcev-like
binary Lie algebras. In §6 we characterize Lie, Malcev and binary Lie algebras such that the
derived ideal contains as subideal the 3-dimensional Heisenberg algebra. In §7 we investigate
the ideal properties of subalgebras of these binary Lie algebras and determine the normal
forms of the multiplications with different such properties. In §8 Malcev-like algebras with
derived ideal isomorphic to the filiform nilpotent Lie algebra are investigated. §9 is devoted
to the determination of normal forms of the multiplications of binary Lie algebras with fil-
iform derived ideal. In §10 we summarize the results obtained for the determination and
classification of 5-dimensional Malcev-like binary Lie algebras. In Appendix we describe the
general anti-commutative split extensions (or semidirect sums) of the two-dimensional Lie al-
gebra by abelian algebras and give a necessary and sufficient condition for anti-commutative
semidirect sum to be binary Lie algebra, respectively Malcev algebra.

2 Preliminaries

Let K be a commutative field of characteristic zero and denote K° the multiplicative group of
the field K. We consider a (non-associative) anti-commutative algebra g over the field K. The
multiplication of the elements x,y € g is denoted by x -y, but the multiplication symbol will
be omitted whenever it does not cause confusion. The multiplication symbol - is considered
less binding than the juxtaposition, i.e. zy - u is a short form of (z - y) - u. Aut(g) denotes
the group of automorphisms, End(g) the algebra of linear maps of g. L., R, : g — ¢ are the
left and right multiplication maps: L,(t) = xt and R,;(t) = tx, x,t € g. The maps L, R,
differ only by sign, a subalgebra in g is an ideal if it is invariant under the left (and hence
the right) multiplication maps. The derived algebra ¢’ = g - g is an ideal of g, the second
derived algebra g’ = ¢’ - ¢’ is a subalgebra of g. The Jacobian J : g X g X g — ¢ is the map
J :(v,y,2) = xy -z + zx -y + yz - x, the Jacobi identity is J(z,y,2) =0, x,y,z € g. For a
Lie algebra g the ideal C(g) = {z € g; 29 = gz = 0} is the center in g. An anti-commutative
algebra g is a binary Lie algebra if the identity

J(x,y,zy) = (y-wy)r+ (vy-x)y =0, z,y€g (2)



holds. g is a Malcev algebra if the identity
xy-xz = (zvy-2)r+ (yz-z)x + (22 - 2)y, =,y,2€g (3)
or equivalently the Sagle identity
(xy-2)t+ (yz- )z + (2t -2)y+ (tx - y)z =zz-yt, z,y,2,tEg (4)
is satisfied in g.

Remark 2.1. Putting y — z in the Malcev identity (3) or y — z, x — ¢ in the Sagle identity
(4) we obtain identities equivalent to (2) characterizing the binary Lie algebras.

The anti-commutative algebra g is called decomposable if it is the direct sum of subalge-
bras. An extension ¢ of an anti-commutative algebra b by an anti-commutative algebra a is
a short exact sequence

0—=a5c5b—0, (5)

where «(a) is an ideal of ¢ and 7 induces an isomorphism of the factor algebra ¢/i(a) to b.
The extension (5) is splitting if there exists a subalgebra b of ¢ such that 7(b) is isomorphic
to b, in this case we say that ¢ is the semidirect sum of a and b. In the following we will
deal with anti-commutative semidirect sums a &; b of Lie algebras a and b defined by the
operation

(&X) - (nY) = (&n, XY +1e(Y) —1y(X)), &ne€a, X, Y €D (6)
on a® b, where [ : a x b — b is a given bilinear map.
For B = {ep,e1,...,en—1}, B ={é0,€1,...,6n_1} bases of an anti-commutative algebra g let

K™(B) and K"(B) be the anti-commutative algebras on the vector space K", such that the
linear coordinate maps ¢p : g — K" and ¢z : g — K" are isomorphisms. The composition
(;SBoqﬁgl : K™(B) — K"(B) is an isomorphism corresponding to the change of the basis B to B.
It follows that the general linear group GL(5,K) acts by (1) on the multiplication functions
via change of basis and the isomorphism classes correspond to the orbits of this action.

In what follows, operations of algebras are often given by listing the non-zero products with
respect to an appropriately chosen basis {eg, e1,...,e,—1}. Accordingly, the five-dimensional
non-decomposable solvable Malcev algebras over K are classified by the following multiplica-
tions (cf. [14]):

mp;: ejez = e4, €0€1 = €1, €pEy = €92, €pe3 = —e€3, €ptq — €3 -+ 264,
my 1 ejep = €4, €€ = €1, €0e2 = €2, €pe3z = —ez — 23, epeq = —ey,
mg: €162 = €4, €0€1 = €1, €02 = €2, €0€3 = —€3 — €4, €0€4 = —€y4, (7)
my @ er1ex = €4, €01 = €1, 6o = €2 + €3, €0e3 = €3, €04 = —€4,
ms(y) @ eres = eyq, epey = €1, epea = €3, €pe3 = ez, €pes = —€4.

3 MP-algebras and distinguished bases

Five-dimensional non-decomposable solvable Malcev algebras (7) belong to the following class
of solvable anti-commutative algebras:



Definition 3.1. A 5-dimensional non-decomposable anti-commutative algebra ¢ is called
Malcev-like algebra, or shortly MP®-algebra if

(i) the derived algebra ¢’ is a 4-dimensional nilpotent Lie algebra,
(ii) ¢ is an anti-commutative semidirect sum [ @; i of [, where i is an abelian ideal.

The derived algebra ¢’ is a nilpotent ideal in ¢, hence ¢ is a solvable anti-commutative
algebra, which is isomorphic to the semidirect sum Keg @y, ¢/, where A\g = L¢, | : ¢/ — ¢/. We
notice, that according to [7], the derived algebra of a solvable binary Lie algebra is nilpotent,
hence for such algebras the condition (i) is equivalent to the assumption that the derived
algebra is 4-dimensional. Any 4-dimensional nilpotent Lie algebra is isomorphic to one of the
following three algebras:

abelian a,

direct sum n = n3 @ K, where ns is the 3-dimensional Heisenberg Lie algebra, with
non-vanishing multiplication ejes = ey,

filiform nilpotent Lie algebra f with non-vanishing multiplications ejes = e3, eje3 = eq.

Clearly, the subspace spanned by the vectors es, e3, e4 is an abelian ideal in ¢, but the ideal
property of i in ¢ is guaranteed by the condition (ii) of Definition 3.1.

Definition 3.2. An Mb5-algebra ¢ = [ @; i is called M5 (t)-algebra or M?-algebra of type t,
if ¢ 2 t, where t € {a,n,f}.

A basis {eg, e1, €2, €3, e4} in an MP-algebra ¢ is called distinguished, if {e1, e2, e3,e4} is a basis
of ¢’ such that the multiplication in ¢’ satisfies

M>5(a)-algebra:  abelian
M?(n)-algebra:  ejes = ey,
Mb5(§)-algebra:  ejes = e3, eje3 = ey.

A distinguished basis {eg, €1, €2, €e3,e4} in ¢ = [ @; 1 is said to be special if ege; = e; holds
and the vectors eg, e3, 4 generate an abelian ideal.

For any distinguished basis {eg, €1, €2, €3, e4} of an M5-algebra the vectors e, €3, e4 gen-
erate an abelian subalgebra, which is not necessarily an ideal.

Lemma 3.1. An anti-commutative algebra ¢ is an M?®-algebra if and only if
(i) the derived algebra ¢’ is a 4-dimensional nilpotent Lie algebra,
(ii) ¢ has a special distinguished basis.

Proposition 3.2. Let ¢ be an M>5(t)-algebra, where t € {a,n,f}, and {eg,e1,e2,e3,e4} a
special distinguished basis of ¢. The matrix X of the map Ao = Le,|e : ¢ — ¢ has the form

S
x=|% % 0=[000], h=x=|s3 2} o (8)
o x| ’ =

Lo T3z Xy



where lp = X is the matrix of the map L.,|i : i — i induced on the abelian ideal i satisfying
the condition

vy 23 T 2 .2 2
det(X) # 0; rank R B (23 23 =z} #[0 0 0], 9)
2 T3 Ty

for a, n and f, respectively. The matrix of I = L¢,|i : i — i, k = 2,3,4 is the zero matrix.
The matrix Y of the map Iy = L, |i : i — i is given by

0 00 0 00 0 00
Y=|0 0 0f; Y=|0 0 0|; Y=1|1 00 (10)
0 00 1 00 010

for a, n and f, respectively.

Proof. The condition (10) follows from the definition of distinguished bases. Since for a
special distinguished basis one has ege; = e and es, e3,eq generate an abelian ideal, the
matrix of the map ly = Le,|; : i — 1 has the form (8). The conditions (9) given for the matrix
X hold since dim(c") = 4. O

We parametrize M?(t)-algebras, t € {a,n,f}, defined on the vector space K® having the
canonical basis {eg, e1, €2, e3,e4} of K® as a special distinguished basis by 3 x 3 matrices.

2 .2 .2
Ty X3 Ty

Proposition 3.3. Let X = |3 :cg z3| be an arbitrary matrix satisfying the conditions
vy @y wj

(9) with respect to t € {a,n,f}. The multiplication determined by the matrices A, I, K = 0,1
given by formulas (8) and (10) defines a unique M?(t)-algebra ¢(X) on the vector space K>,
such that the canonical basis {eg, €1, 2, €3, e4} of K is a special distinguished basis of ¢(X).
If (8) is the matrix of the map Ao = Le,|o : ¢ — ¢ for an M?>(t)-algebra ¢ having the
properties given by (9), then the M?>(t)-algebra ¢(X) constructed on the vector space K® is
isomorphic to c.

Proof. We define the multiplication with respect to the canonical basis {eg, e1, €2, e3,e4} of
K5 by the relations epe; = ey, epej = Zi:z xfek, erej = liej, j = 2,3,4, where the map
l1:ej — Leej is determined by the multiplication formulas of an M?5(t)-algebra ¢(X) with
respect to a distinguished basis described in Definition 3.2. We obtain an M?5(t)-algebra
¢(X), for which {eg, e1, €2, e3,e4} is a special distinguished basis and the multiplication with
the matrix X gives the map Ao = Leg|o(x) : ¢/ (X) — ¢/(X) and the multiplication with X the
map ly. Clearly, for a given M?(t)-algebra ¢ the M?>(t)-algebra ¢(X) defined by the above
construction is isomorphic to c. O

Definition 3.3. A 5-dimensional vector space V with a fixed basis B can be identified with
the vector space K°. For a matrix X satisfying (9) we denote by ¢(X) the uniquely defined
M5 (t)-algebra on V with special distinguished basis B constructed according to Proposition
3.3.



4 Partial isomorphisms of M?°-algebras

Definition 4.1. A map ¢ : ¢ — ¢ between M?5-algebras ¢ and ¢ is called partial isomorphism
if the induced map ¢|- : ¢ — ¢ is an isomorphism. A partial isomorphism ¢ : ¢ — ¢ is called
partial automorphism.

Partial isomorphisms preserve the type t € {a,n,f} of M5-algebras. If {eg, e1, €2, €3, €4}
and {ég, é1, 62, €3, é4} are distinguished bases of MP-algebras ¢ and ¢* of same type, then the
linear map ¢ : ¢ — ¢* determined by p(e;) = é;, 7 =0, 1,2,3,4, is a partial isomorphism. We
get immediately

Lemma 4.1. A linear map ¢ : ¢ — ¢* is a partial isomorphism if and only if its matrix with
respect to distinguished bases of ¢ and ¢* has the form

u’ 0 1,2,3 4
o Al u=[u'v?WPut], 0=[0000], (11)

where for an

(a) Mb5(a)-algebra: det(A) # 0,

b gt 0 0
() Mowalgebra: A= |7 G %0 |0l - £0,
bt ¢t ot plg® — g
pt 0 0 0
(© M(Gragebra: A= |V % D0 o
¢t ' ()¢

ot pl gt €K, i=1,2,3,4.
Isomorphisms between M?5-algebras induce isomorphisms between their derived algebras.

Corollary 4.2. Isomorphisms between M?-algebras are partial isomorphisms. The auto-
morphism group of an M?5-algebra is a subgroup of the group of its partial automorphisms.

Definition 4.2. A pair {V,p} of a 5-dimensional vector space V and a 4-dimensional nilpo-
tent Lie algebra p which is contained as a subspace in V and is isomorphic to t € {a,n,f} is
called partial Lie algebra.

A partial Lie-automorphism of a partial Lie algebra {V,p} is a linear automorphism of V
which induces a Lie algebra automorphism of p. The group of partial Lie-automorphisms of
a partial Lie algebra {V,p} will be denoted by Aut?(V).

An Mb5-algebra defined on V is said to be adapted to the partial Lie algebra {V,p} if its
derived algebra is p.



Now, we fix a partial Lie algebra {V,p}. It is clear that the partial automorphisms
of any M?-algebra adapted to {V,p} are exactly the partial Lie-automorphisms of {V,p}.
Moreover, if p = t, then any M?5(t)-algebra is isomorphic to some M?(t)-algebra adapted to
{V,p}, hence for the investigation of isomorphism classes of M?(t)-algebras it is sufficient to
consider only M5 (t)-algebras which are adapted to the partial Lie algebra {V, p}.
Let B = {ep,e1,e2,e3,e4} be fixed basis of V such that {e;,ea,e3,e4} is a basis of p with
multiplication:

abelian, if p=a,

€169 = €4, if p =n

ejeg =e3, eje3 =eyq, if p=f.

Consider a vector space V with a fixed basis B = {eg, 1, €2, €3, e4} and all M5 (t)-algebras
on V having B as a special distinguished basis. These M?(t)-algebras ¢(X) have the same
partial automorphism group Aut?(V). Let be {cfj(X )} the system of structure constants of
¢(X), hence e;e; = Y, ¢l e;. Identifying the basis B with the canonical basis of the vector
space K, we denote by vy the multiplication on K° determined by {cf] (X)}. The group

Aut?(V) acts on the set I' of multiplications of M?(t)-algebras on K° by
yx(z,y) = M tyx(Mz, My), M € Aut’(V), z,y < K> (12)

Lemma 4.3. The orbits of the action (12) of the group Aut?(V) on I correspond to isomor-
phism classes of 5-dimensional M?3(t)-algebras.

Proof. The group GL(5,K) acts via change of basis on the set of anti-commutative bilin-
ear multiplications on K° by (g o v)(z,y) = g 'v(9z,9y), g € GL(5,K). An orbit O(v)
under this action consists of all anti-commutative bilinear multiplications giving isomorphic

A~

anti-commutative algebras, (cf. e.g. [?]). An isomorphism ¢ : ¢(X) — ¢(X) induces isomor-
phism between the ideals ¢/(X) and ¢/(X), hence the basis {¢(eq), o(e1), o(e2), o(es), o(eq)}
is also a distinguished basis of ¢(X). It follows that the linear map o defined by a(e;) = é;,
i = 0,1,...,4 is an isomorphism between the multiplications with respect to the bases

{eo, €1, €2,€3,e4} and {ég, €1, é2, €3, €4}, respectively. d

In the following we will use Einstein’s summation convention, i.e. we sum over all values
for repeated free indices in a term. The indices will take the following values:

hyi g,k €{2,3,4}, p,q,r,s,t € {1,2,3,4}, 9,k \p,ve{0,1,2,3,4}.

Using Proposition 3.3 we define partial isomorphic M?-algebras ¢ = ¢(X) and ¢ = ¢(X) of
same type t € {a,n,f} determined by the matrices

¥y 3 i R G

X= |23 23 2}| and X = |23 23 23|, (13)
4 .4 4 “d A4 A
Lo T3 Ty Lo T3 Ty

of the maps [y, respectively le, with respect to the special distinguished bases {eq, €1, €2, €3, €4}
and {ég, €1,€2,€3,é4}. Let 1 : ¢ — ¢ be the fixed partial isomorphism given by ¥ (ey) = é.
For any other partial isomorphism ¢ : ¢ — ¢ the map o = p o9~ : ¢ — ¢ is a partial



automorphism, the matrix of which has the form described in Lemma 4.1. Denoting the
matrix block A in (11) by {ag} we get

plen) =ao(er) = aléy), ¢leg) = uéy = u'éy + uléy, (eq) = aflét. (14)

Theorem 4.4. A partial isomorphism ¢ : ¢(X) — ¢(X) given by (14) is an isomorphism if
and only if there is a matrix A = {a;} satisfying the following equations:

(a) for M?(a)-algebra:

aj =ulaj, aja), =u’ay, af = u%ﬁa{, a;'-a:fl = uo:i;ai,
(b) for M5 (n)-algebra:
al = u%lf, ab = ulihak + (u'a? — u?ai)ol,
ajl-azi = uYa}, a?xf{ = uial + (u'a? — u?a})o}.

(c) for M5(f)-algebra: u® =1, al # 0, and

aj = #'a] + (u'al — v?a})ds + (u'al —v’a1)dy, a

x{t = a%é-ai +utaldh +ulalsh.
Proof. We find necessary and sufficient conditions for the partial isomorphism ¢ = a0 ¢ :
¢ — ¢ to be an isomorphism. The induced map ¢|s : ¢ — ¢ is an isomorphism, hence we
investigate only the identities p(ege1) = p(eg) x ¢(e1) and p(eger) = p(eo) * ¢(ex), where
(z,y) = x xy, z,y € ¢ denotes the multiplication in ¢. We have epey, = z€j, € * € = &7.€;
and

p(ever) = pler) = a(ér) = ajéy,
oleg) x pler) = (uWég + uley) x (atey + akey) = ulale; + uoalffciéj —ulajér xé; + uta{ét * €.
Since ép, x €; = 0, we get

1 0,1 0 k. 1.7

ai = uw’ay, ajé; =uafilé; + (ula] —ulay)ér xé;.

Similarly, ' ' ‘
p(eoer) = p(ares) = wpp(e;) = wjajer,

pleo) x plen) = (1980 -+ u'e,) e (abé + aey) = ok + afohen) + (wlaf — wiab)er x s,
consequently,
xi: Jl = u’ay, JJi ?éh = uoaia@?éh + (ulai —ula})ér * é;.

Putting into é; % é; the multiplication formulas of the nilpotent derived M5 (t)-algebras,
t € {a,n,f} we get the assertions. O



5 M?®(a)-algebras
If we rewrite the equations of Theorem 4.4 (a) in matrix form, we get

Lemma 5.1. The M?®(a)-algebras ¢ = ¢(X) and ¢ = ¢(X) given by the matrices (13) are

1
isomorphic if and only if there exist 0 # «° € K and a non-singular matrix A = [al c]

bl A
with
2 @ @
b=1[a? o} af],c=[a} a} al], A= |d} af o}l 6 a?cK
ay a3 aj
such that
1 0] 1[a ¢][1 0]fal ¢l 1 [1 0],
[ot f(]w[bt A} [ot X] [bt Al TAE o x|A (15)
Equivalently,
> 1 = 1
1 0.1 0 ¢ ¢ -1
= X = Xb'=—Db", X=—AXA"". 16
ai U ay, c u-C, UO UO ( )

Putting «° = 1, b = ¢ = 0, we obtain

Corollary 5.2. For any A € GL(3,K) the M?®(a)-algebras ¢ = ¢(X) and ¢ = ¢(AX A1) are

isomorphic.

Using the Jordan, respectively, rational normal forms of matrices (cf. for example chapters
6 and 7 in [11]) we obtain

Proposition 5.3. Any M?(a)-algebra is a Lie algebra isomorphic to an M?®(a)-algebra ¢(X)
determined by one of the following matrices X:

k 0 0 k 0 0 k 0 0
0 X 0], kAu#0, 0 X 0], kA#0, 1 k 0], k#0, (17)
0 0 pu 0 1 A 01 &
[k 0 0]
0 0 —\|, kKA#0, t2+ put + \is irreducible,
01 —u
- - 18
0 0 —« (18)
1 0 =\, &0, t3+ ut? + M + & is irreducible.
0 1 —p]

Proof. According to Proposition 3.2 in the case of M?(a)-algebra and to Theorem 10.5 (c)
any M?(a)-algebra is a Lie algebra. Corollary 5.2 yields that the M?®(a)-algebras ¢ = ¢(X)
and ¢ = ¢(AX A1) are isomorphic for any A € GL(3,K). If the roots of the characteristic
polynomial x(t) of X are contained in the field K, then the matrix X has Jordan normal
form given in (17). If the characteristic polynomial x(¢) = det(tF — X) has an irreducible
non-linear factor in K, then the matrices (18) are given by the corresponding companion
matrices. O

10



Definition 5.1. The Lie M5(a)-algebras of normal form are the algebras determined by the
matrices (17) and (18), which are given by the multiplications

bIf (K, A, p): €ge1 = €1, €pea = Kea, €pe3 = Ae3, €geq = [ie4,

bIS(k, \): epe1 = €1, €gey = Kea, epez = Ae3z + €4, epes = Ney,
bI5(k): epe1 = €1, €pey = Keg -+ e3, epe3 = Keg + €4, epes = Key,
b (K, A, p): €pe1 = €1, gz = Kea, €0e3 = €4, €gy = —Ne3 — Jley,
bIE(k, A, p1): epel = e1, €epea = €3, €pe3 = €4, €0e4 = —KEy — \e3 — li€4

with respect to a special distinguished basis.

Remark 5.4. For an algebraically closed field K any M?®(a)-algebra is isomorphic to one
of the algebras of normal form given by bl{(x, A, 1), bl5(k,A), bI5(k). For ordered fields K
there exist algebras bl§(x, \, 1) of normal form, since the inequality 4> < 4\ implies that the
polynomial #2 + ut + X is irreducible. In the following we mark the algebras bl§(k, A, u)* and

bIZ(k, A, p)* with an asterisk, if their existence depends on the properties of the underlying
field.

Since isomorphisms of M?5(a)-algebras preserve the characteristic polynomials, isomorphic
M5 (a)-algebras of normal form have the same type of normal forms, bl%, z € {1,2,...,5}.

Proposition 5.5. The M?5(a)-algebras of normal form bl§(x) and bIZ(x, A, 1)* are uniquely
determined in the isomorphism class. Among M?5(a)-algebras of normal form there are the
following isomorphisms:
~ A ~ o ag(A)\ ~ (AN T
615 (m (1), w(A), m(w)) = bI (55, 2, 2y o pig (2, L 2Oy = pig (T, W L,
for any m,p,0,T € Sy ({K‘v ,/.L}), KZ)‘M ?é Oa

bI3(k, X) = bI(1, %),

bIG(r, A, p)* 2 BIG(L, 2, L),
Proof. It follows from (16) that for isomorphic Mb5(a)-algebras ¢ = ¢(X) and ¢(X) one has
X = LAXA-!. Moreover, according to Corollary 5.2, the M?>(a)-algebras ¢ = ¢(X) and
¢ = c(AX A=Y are isomorphic for any A € GL(3,K). The algebras (??) are given by Jordan
or companion matrices, they are determined by conjugation X + AXA™! A € GL(3,K).
Hence we can assume that ¢ = ¢(X) and ¢(X) belong to algebras (??). Now, we investigate
isomorphisms determined by (15) with u® # 1. Applying the primary decomposition theorem

0 X
into invariant subspaces defined uniquely up to order. For the algebras (??) there is one
two- or three-dimensional invariant subspace listed last in their order. The conjugations
exchanging one-dimensional invariant subspaces when there are more of them, and leaving
fixed the two-dimensional or three-dimensional invariant subspaces, we can obtain isomor-
phisms preserving the direct sum decomposition. All extended matrices of (17) and (18)

(see Section 6.8 in [11]) we get direct sum decomposition of the extended matrix % L 0]

11



have Ke; as a one-dimensional invariant subspace such that the complementary subspace is
also invariant. For the algebras bl§(x) and bIZ(k, A, u)* the invariant subspace Ke; is the
only one-dimensional direct sum component subspace, hence these algebras are determined
uniquely in the isomorphism class. For bl§(x,\) and bl§(k, A, 1)* the extended matrix has
Keq1, Keg as one-dimensional direct sum component subspaces corresponding to the charac-
teristic value 1 and k. If we swap them according to the formula (15), we get e; and e
as characteristic vectors with characteristic value % respectively -, respectively. Since the
characteristic value of eg should be 1, u® = & holds and the corresponding characteristic poly-
nomials are k2 (t) = (t— 1) (t—1)(t — 2)? for bI§(k, A) and ka(t) = (t—2)(t— 1) (12 + Lt + %)
for bl (k, A\, u)*. The polynomial ko(t) is a product of linear factors and r4(t) contains the
irreducible factor t? + Bt + %, since ¢ € K is a root of t2 + put + X if and only if % cKisa

root of 2 + Bt + % The corresponding Jordan, respectively companion matrices of X are

1 1

10 0 10 o0
0 2 0, 0 0 —%|,
01 2 01 -2

consequently bl3(k,\) = bIg(1,2) and bl§(k, A, )" = bIG(2, %, E)*. For blf(k, A, i) each
vectors eq, e, e3, e4 are characteristic vectors of the extended matrix of X with characteristic
values 1, K, A, i, respectively. Conjugations can result in any permutation of e, es, e4, leading
to permutations of the corresponding characteristic values &, A, u. Hence the M?®(a)-algebras

determined by matrices
0 =w(\) 0 |, meSym(k,A\ u)

are isomorphic, where Sym(k, A, 1) denotes the permutation group of the set {x, A\, u}. Sim-
ilarly to the case of bl§(k, \) and blf(k, A, u)*, a conjugation (15) can exchange any of eq, e,
eq with ey, and we get

respectively, as characteristic values. If we combine the exchanges es, e3, e4 with e; and the
permutations of the vectors es, es, eq, we get the isomorphisms for blf(x, A, 1)). Hence the
assertion is completely proved. O

Corollary 5.6. Any M?®(a)-algebra over an ordered field K is a Lie algebra isomorphic to a
unique M?(a)-algebra of normal form satisfying the inequalities

(1) bl (r, A ), —1<pu<A<rK<I, KALF#O,
(2) bIS(K, ), 0<|rl <1, A#0,

(3) bl3(x), K # 0,

(4) B0 A ), 0 <6l <1, A£D,

(5) bIS(k, A, )", Kk # 0.

12



We notice that the real M?®(a)-algebras belonging to the class of non-decomposable 5-
dimensional solvable Lie algebras with codimension one nilradicals are classified, (cf. p. 105
n [18]; p. 989 in [?]; pp. 120-121 in [21]).

6 M?(n)-algebras

An M>®(n)-algebra is an anti-commutative semidirect sum Keg @), ¢/, such that the ideal
¢ = n and the subspaces ¢”, C(¢') are preserved by all elements of Aut(c). Considering
M?5(n)-algebras with partial isomorphisms described in Lemma 4.1 (b) we obtain the following
assertion from Theorem 4.4 (b), whose 4-dimensional version is proved in [2].

Theorem 6.1. Let {eg, €1, ea,e3,e4} and {ép, €1, é2, €3, €4} be special distinguished bases of
M5 (n)-algebras ¢ = ¢(X) and ¢ = ¢(X), respectively, determined by the matrices (13). The
partial isomorphism ¢ : ¢ — ¢ given by (14) is an isomorphism if and only if there is a matrix
A of the form given in Lemma 4.1 (b) satisfying the matrix equation

' a3 ¢ 3 ¢}
P’ q 3 ¢°r3 ¢°r]
p3 x +r$§ x2+r 1:2+r =
pt q % + ri3+ q % + 7’430%—1- q Z + 7'4.@;1—1—
+('e* —p’q")ry +(0'e® —pPah)as +(p'e® —p7¢")7] (19)
- uOpl w0q! 0 0
B uoic?pj u%?qj u%?rj 023 (pt q2 —p q')
- u0ap! uldty/ witr! w'@g(p'e® —p’q')
u%;;pj +ulp? — u2p! uou%;;qj +ulg? — u2g! uofc?rj 034 (plq? — p2qh)

Lemma 6.2. A basis {eg, e1, ez, e3,e4} of the M5(n)-algebra ¢ = ¢(X) is a special distin-
guished basis if and only if

(a) {e1,e2,e3,e4} is a basis of the nilpotent ideal ¢’ such that es € C(¢), e4 € ¢’ and
€162 = €4,

b) the matrix X of the map A\g = L, | : ¢/ — ¢/ has the block shape
0

2 .2 .2
1 0 LTy Xy X4 22 22 22
X= , X = |23 23 23|, where rank| 3 "3 "1l =2 (20)
0t X 4 4 4 Lo T3 Ty
Ty Xy Xy

with respect to the basis {es, e3,e4} of i.
Proof. The form (20) of the matrix X means
eper = e1, and X(Keg + Kez + Key) C (Keg + Kes + Key),

hence it follows from ejey = e4 that the subspace i = Kes + Keg + Key is an abelian ideal.
The vectors ey, ege; span i if and only if the cosets epe; + Key span the factor space i/Key, or
equivalently, the first and second rows of X are linearly independent, hence ¢ is isomorphic
to n. Consequently, the conditions (a) and (b) imply that {eg,e1,es,e3,e4} is a special
distinguished basis. The converse statement is clear. O
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According to the definitions formulated in Section 4, an M?®(n)-algebra ¢ is a semidirect
sum ¢(X) = lo@;i of the 2-dimensional non-abelian Lie algebra l; and a 3-dimensional abelian
ideal i = Keg @ Kesz ® Kes with endomorphisms [y, ;7 whose matrices X and Y, respectively,
have the form

vy 23 g 22 22 22 000
X = |23 23 23| with rank [:{:g mg a:%] =2, and Y=|[0 0 0 (21)
T3 T3 T} R 1 00
Proposition 6.3. An M>5(n)-algebra ¢(X) =l @;iis a
3 0 0
1) Lie algebra if and only if X = |#3 3 0 |, z323+#0,
T3 13 13+1
2) non-Lie binary Lie algebra if and only if X has one of the following forms:
1 0 0
(a) X = |23 23 23|, a23(x]—2)#0foral=0,
(w5 75
[ 3 3 0
(b) X=|z@i-D@i-1) 28 0 |, (a3+a3—1)23#0,
i T3 ry z3+ 3
3) non-Lie Malcev algebra if and only if X has one of the following forms:
[1 0 O
(i) X= |23 23 0|, x3+#0,
3 x5 —1
1 0 0
(i) X = |23 1 — ] vi|, a}#£0,
i Lerri-aed) o
[ 3 x3 0
(i) X = |-z@dd+22-2) —@3+1) 0|, a3#0.
5 T3 -1
Proof. We identify the maps lp and /; with their matrices, then we have
[0 0 0 z3 0 0 w33 wix3 wiad
l% =0,llp=1{0 0 0]|,llh=|x3 0 0|, lolilo = |z}z3 mix% rir? |, (22)
|23 23 23 ri 0 0 rird xjx? xia?
[0 00 0 0 0 2y 00
hlgh = |0 0 Of,hig=| 0 0 0 | igh=|z3z} 0 Of. (23)
22 0 0 x?w% x?a:% x?wi x;fxi 0 0




According to Theorem 10.5 (c) ¢ is a Lie algebra if and only if Iy = lyl; — l1lp. This gives the

matrix equation

000 22 0 0 0 0 0 x3 0
00 0f=1|2z3 00/—-|0 0 0]= 3 0
100 zi 0 0 3 23 23 ri— 23 —al
3 0 0

hence ly = |23 3 0 |, proving the first assertion.
T3 x% 1+a2

0

0

)

Theorem 10.5 (a) yields that ¢ is a binary Lie algebra if and only if 11lpl; = 0, equivalently

$Z =0, and Ilplily + 11 — lllg — lply = 0. We get the matrix equation

0 0 O 0 0 O 0 0 0 0 0 0
ajxy xiag Ol +]|0 0 0= O 0O 0 |—|z8 00
zird xjzi 0 1 00 wirh airy wiw) zi 0 0

We obtain from the first and second rows

z3(x3 — 1) = 322 = 0.

o O O

0 0
0 0]. (24)
0 0

(25)

If 23 # 0, then 23 = 1, x% =0, and using 27 = 0 we get that the equations in the third row

of (24) are satisfied. Hence the matrix of [y has the shape

1 0 0
X =|x3 23 23|, xi#0.
1 .4 4

For 2 = 0 the equations (25) are satisfied and the third row of (24) gives

(3 — (g — a5 — 1) — 2323 = 0,

w3 (x] — w3 — 23) = 0.

In this case x% = 0 and 72 # 1 we get the Lie algebra condition, hence we assume x% =0,

23 =1 and 2 # 23 + 1 = 2, hence

1 0 0
X=|a3 23 0of, a3#0, x]#2.
vy @y g

The assertion 2) (a) is proved.
For 2§ = 0 and 23 # 0 we get the conditions

1
4 2., .3 3 2 3
Ty = T3+ I3, 952:?(952*1)(933*1)-
3
Consequently
2 2
T T3 0
X=|p@-D@Ei-1) 25 0 | a3#£0,
T3 ry z3+ 2}
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73 73

. . _ 2 3 o . .
satisfying det %(:c% (@ 1) ai| =72 + 23 — 1 # 0, proving assertion 2) (b).
Now, we determine the Malcev algebras among non-Lie binary Lie algebras given in the
assertions 2) (a) and 2) (b). According to Theorem 10.5 (b) a binary Lie algebra ¢ with
x? = 0 is a Malcev algebra if and only if lllg — lgll + loly + l1lp = 0. Using expressions (22)
and (23) we obtain

—x2x3 0 0 000
31— a3 —2}) 0 0 | =10 00
2323 + 23l — adad — afal + 23+ 2f (@3 + 23+ 1)k 2dad 000

giving the equations
i =0, 23(1—a3—2]) =0, (34+23+1)2i=0,
w223 +1) + 2323 — 23l + (1 — 2z = 0.
In the case (a) we have 23 = 1 and 23 = 0, hence from (26) we obtain

31— a3 —a]) =0, 2 — a3zl + (1 — 2]z} =0.
For z3 = 0 the roots of the equation zjx} — 2} —2 = 0 are 2, —1. Since 2] = 2 gives Lie
algebra, we get

1 0 0
X= |23 23 0], a3#0.
vy x3 -1

For x} # 0 we obtain the equations 3 = 1 — 21 and z3 = %(2 + xf — 2iz}) and we get
4

1 0 0
X = |23 1—a} 3 . xh #0.

11 4 A4\ 4
Ty ;2(2"‘534_5341’4) Ty

In the case (b) we obtain

x?));féO,xizo,xi:x%—kxg:—l,x%z—Q(azg—l)(:cg—l)— 5 ,
T3 T3
it follows
3 x3 0
X = —xi%(x%x%+$2—2) —(x%—l—l) 01, x%;ﬁ(],
T3 3 -1
hence the proof is finished. O
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7 Binary Lie M?(n)-algebras

As a consequence of Proposition 6.3 we obtain

Proposition 7.1. Every binary Lie M?®(n)-algebra ¢(X) belongs to one of the following
disjoint families defined by two equivalent conditions:

BIW : a) the subspaces ¢ and C(¢') are ideals in ¢(X),

(22 0 0]
b) X = |x3 23 0|, 23=1oraz}=2]—1+#0; and 2323 # 0,
75 @y )

BI@ : q) the subspace C(¢') is ideal in ¢, but ¢” is not,

10 0
b) X = |23 af af|, 2i#0,
ECREC IS

BI® : q) the subspace ¢ is ideal in ¢, but C(¢') is not,

x3 z3 0
b) X = %(x% —1)(x3-1) 3 0 . (224 as -1t #0.
s :zg 3 —i—a:g

Conditions a) for the ideal property show that isomorphic binary Lie M5 (n)-algebras
belong to the same family. We now examine the binary Lie M?®(n)-algebra families in detail.

7.1  BIW-family

By Propositions 6.3 and 7.1, a binary Lie M?5(n)-algebra ¢(X) belongs to the BI"-family if
and only if X is a lower triangular matrix satisfying x323 # 0, moreover, 3 = 1 if ¢(X) is a
non-Lie algebra and 23 = 2] — 1 # 0 if ¢(X) is a Lie algebra.

Proposition 7.2. Any binary Lie M?(n)-algebra ¢(X) in the BI()-family is isomorphic to

1
= 0 0
22 0 0 S
the algebra ¢(X), where X = |e 2§ 0| or X = | ¢ w2 0,0 € {01} The
0 & uxf 0 & =}
w3
isomorphism class of ¢(X) contains the algebras determined by the matrices:
- 1 -
= 0 0
23 0 0 =
i) [0 23 0] and |O é 0 |, if in each pair of conditions (23 = 0, 23 # x3) and

L x5
(z3 =0, 23 # x7) one of the conditions is fulfilled,

-1
- 0 0
3 0 0 3 5
< x
(i) |0 23 0] and | O 22 0|, if one of the conditions (z3 =0, 23 # x3) and both
L z32
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conditions (z3 # 0, ¥3 = z7) are fulfilled,

2
z5; 0 0
(i) |1 23 0], if both conditions (23 # 0, 23 = x3) and one of the conditions (z3 = 0,
0 0

73 # x}) are fulfilled,
1 00
(iv) |1 1 0], if the conditions 3 # 0, 3 # 0 are fulfilled.
011

Proof. Assume that 23 =1, xf #2, 83 =1, 2} #2, or 23 =2} —1#0, 33 = 3] — 1 # 0,
corresponding to the cases of non-Lie binary Lie algebras, respectively, Lie algebras. We
consider the isomorphism conditions given by the matrix equation (19) in Theorem 6.1 for
the matrix A of the partial isomorphism (cf. Lemma 4.1 (b)). The equations given by the
first two terms of the last row yields

0p® + (&5 — ;o)p
Clearly, any value of the vector u” . i Y can be
0q° + (24 — p23)q" — n73 — (p'q” — PPa") 553
1 2
expressed as a linear combination of the linearly independent vectors {Z 1] and [1(; 2} with

freely specified coefficients u? and u!. Hence these equations do not give any restriction for
the solution of the remaining equations.

Now, we assume p' # 0, hence v’ = 1. The last two diagonal elements imply 3 = 3,
1=l ly #3 = 3. It follows from th poaml _[p g Ty,
Ty = xy, consequently 25 = z5. It follows from the equation [ ] = [ } that
4 4 2 2 P gal 22p? 23¢?
for #3 # 1 one has p? = ¢! = 0. The additional equations are
4,1 2 4 3.4 3,.3 2 _ 3,3
z3p q” — (zy — ay)r zor” + (T3 — 75)q 3 3
0= 3 , €= 2 , (x5 —=1)p° =0,

where p'q? # 0 and 73 # 0 can take any value # 0, hence we can assume ¢, € {0,1}. We
obtain from the first equation that § # 0 for 23 # 0 and x} = 3, otherwise § = 0 can be
achieved by choosing suitable parameters 74, p!, ¢. From the second equation it follows that
g # 0 for x%’ # 0 and x% = a:%, otherwise € = 0 is possible with suitable parameters ¢2, ¢3, 3.

The only remaining equation (z3 — 1)p? = 0 is always solvable, e.g. by p? = 0. Hence we

2
x5 0 0
get solution with p! # 0 giving the matrix [y of the form | ¢ 23 0|, ¢,§ € {0,1}. If
0 & xf

e =0 =1 then 3 = z3 = x}, hence we obtain 23 = 23 = 2} = 1 in the case of BI")-family,

according to Corollary 7.1. It follows that the assertions (i), (ii), (iii) and (iv) are true.
Now, we consider the case if p! = 0 and p?q' # 0. We get from the first two rows that
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u®

T3 = % It follows from the equations of the last two diagonal elements that 3 =
2

t\? w‘waw

4
&% = 4. Hence the additional equations are
4= 22
(x3 _ :L'4)7’4 _ p2q1x4 (1 _ x3)p3
§ =3 423 37_p2q17£07 €= 23 7x%p27é0
x5 5D

3.3 2 3\ 3_ 29
xHr° + (15 — x3)q° = eq 5.

Similarly to the previous case we obtain that & # 0 for 23 # 0 and z] = 3, otherwise § = 0

with a suitable choice of 74. The second equation gives ¢ = 0 with the choice p? = 0. The

last equation is equivalent to :c%r?’ + (a:% - x%)qS = 0, it gives a contradiction if :1;% # 0 and

x5 = 13, since 3 # 0. Hence the matrix equation has a solution with p* = 0 such that the
5 0 0
2
~ 3
matrix g is of the form | 0 % 0|, 0 €{0,1}, if and only if 23 = 0 or x5 # 23, contained
4
0 ¢ ﬁ—%

in the conditions of the assertions (i), (ii). Thus we obtain the proof of the proposition. [

Definition 7.1. The binary Lie M?(n)-algebras bI} (A, i), bI3(N), bI§ (), b, bIE(k, ), bIE(k),
bl?(k), determined by the matrices:

1 0 0 1 0 0 1 0 0 1 0 0

0 A O] p#2, [0 X 0] A#£2, 110}##2, 11 0|,

:0 0 p 01 A 0 0 p 011 (27)
k 0 0 K 0 0 k 0 0

0 A 0o |, 0 k+1 0 Kk # =1, 1 k 0 )

10 0 k41 0 1 k41 0 0 k+1

respectively, where kA # 0, are called binary Lie M?®(n)-algebras of normal form. Their
multiplication are given by

bI(A, p): erez =eq, eger =e1, epez =e2, €pe3 = Ae3, €peq = [ley,

b[g()\) €1€2 = €4, €pe1 = €1, €p€Ea = €9, €pes — )\63 + €4, €ptq — )\64,

n . _ _ _ _ _
b5 () e1ex = e4, €ge1 =e1, epe2 = €2+ e3, €epe3 =e3, epe4 = le4,

n., _ _ _ _ i
bly: e1ea = e4, €pe1 =e1, €pez =€z +e3, €pez =e3+eq, €pes = €4,

bIE(k,A): ejea =e4, epe1 =e1, epe2 = Keaz, epez = Ae3, epes = (k+ 1)ey,
blg(k): elea = e4, epe] =e1, egeg = Kez, epes = (k+1)es+eq, epeqs = (k+1)ey,
bIZ(k): elea =eyq, epel =e1, e€pey = Keg +e3, epes = kez, epes = (K + 1)ey.

with respect to a special distinguished basis.

Remark 7.3. The matrices listed in (27) are in Jordan canonical form.
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Corollary 7.4. The M>5(n)-algebras b} (), u), bI5(\), bI3 (1), bl are non-Lie M5 (n)-algebras,
and bI2(k, \), bIE(k), bI}(k) are Lie M5 (n)-algebras.

From Proposition 7.2 follows

Proposition 7.5. Any binary Lie M?®(n)-algebra in the BI()-family is isomorphic to an
algebra of normal form. The algebras of normal form bI}(A, i), bl5(N), bl3(n), bl}, bIE(1,N),
blg(1), bl7(x) are uniquely determined in the isomorphism class. Isomorphic binary Lie
M3 (n)-algebras of normal form in the BIM-family are pairs of Lie algebras given by the
relations

1 A

1
bIg (K, \) = b[‘g(;, E)’ blg (k) = b[g(;), where k # 1.

Proof. According to Proposition 7.2 the binary Lie M?®(n)-algebras satisfy

a) if 21 # o3 and 23 # 23, then e = § = 0,

=3

)
) if 27 = 23 and 23 # 23, then ¢ = 0, § € {0,1},
)

c) if 2 # 23 and 23 = 23, then 6 = 0, ¢ € {0, 1},

d) if 22 =23 =2} =1and 6 € {0,1}, ¢¢€{0,1}.

We denote egea = kesa, eges = Aes, epeq = peyq, where k = 1 or kK = p — 1. It follows that for
any k, A, o there is the possibility ¢ = § = 0, hence we get bIT(\, 1) and bl (x, A). We have
£ =0, =1only if A =y giving bl5(\) and bl§(x). The case € = 1, 6 = 0 is possible only if
k = A hence we get bl5(u) and bl}(k). The case e = 0 = 1 gives the multiplication blj. O

We get according to Proposition 6.3.:

Lemma 7.6. The non-Lie Malcev algebras among the non-Lie binary Lie algebras in the
BIM_family are bI*(\, —1), A € K, bl}(—1), bl3(—1), which are isomorphic to the algebras
ms(A), A € K, mg, my, respectively, given in the list (7).

7.2  Bl?-family

Proposition 7.7. Any binary Lie algebra ¢(X) in the BI®)-family is isomorphic to the
1 0 0
algebra ¢(X) determined by X = [0 a3 + a7} 1f.
0 zizd—xix3 0
Proof. We consider the isomorphism conditions given by the matrix equation (19) for the
matrix A of the partial isomorphism (cf. Lemma 4.1 (b)). The equation u’ = 1 follows

Log! u’pt ulq! : : 1 (1.2 2 1
from 02 = WO0p?2 w02 | The last column gives the equations 73 = E(p q° —p°q),

rt = —%(plq2 — p%q¢'). With these replacements we get from the third column
i3 =3+ af, 25 =aiad —ajad. (28)
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The last two rows give the system of equations

3 4
D D 0
(3534‘933—1)[3]4‘[4]_[_33]7
q q
3 4 1 2
4.3 4.3y |P p 2 |P 1 (P 0
TaXy — T 4T — =u —Uu + .
( 304 4 3) |:q3:| [q”‘] |:ql:| [qZ] [r4x§+xi(plq2—p2ql)]

o 4 3
for pz’ qz7 1= 27 374 Puttlng |:z4:| = _J:% |:03:|7 |:p3:| = |:8:| we obtain

r q
1 2 0
2 |P 1 (P .
u — U = 3_..2,.3 .
[ql] [qz} [% e - p2q1)]
3_,2,..3
If p! # 0, then we get the solution u? = :’;—?ul, ul = —%pl. If p? # 0, then we receive

the solution u!' = %uQ, u? = —mg;ﬁpz. Hence there exist solutions of the matrix equation
4
and for any solution one has (28). This proves the claim. O
1 00
Definition 7.2. The M?®(n)-algebra ¢(X) determined by X = |0 X 1| is called binary
0 v O

Lie algebra of normal form and will be denoted by blg(\, v). Its multiplication of blg(\,v) is
given by

€1€2 = €4, €p€e1 = €1, €p€a = €2, €pes = )\63 + HEyq, €peq = €3.
From the proof of the previous proposition we get

Corollary 7.8. Any binary Lie algebra ¢ in the BI(?)-family is isomorphic to a unique M?®(n)-
algebra blg(\, ) of normal form.

According to the assertion 3) (ii) in Proposition 6.3 we have

Lemma 7.9. The binary Lie algebras in the family Bl are not Lie algebras. Moreover, a
binary Lie algebra in the BI(?)-family is a Malcev algebra if and only if its normal form is
the algebra blg(1,2), which is isomorphic to the algebra m; in the list (7).

7.3  BI®)-family

Proposition 7.10. Any binary Lie algebra ¢(X) in the BI®)-family is isomorphic to the
M3 (n)-algebra ¢(X) determined by

#2 1 0 3423 1 0
X=|1-23 0 0|=|1-a23—23 0 0
0 0 22 0 0 23 +a3
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Proof. We consider the matrix equation describing the isomorphism (19) of the M5 (n)-
algebras using the forms of [y and ly. The first row and the last two columns yield

3
. T 1
¢ =0, w0 =1, i) =af+a3, ¢ = ., ¢* = —aie, ¢ = 3" = (0'¢* — pPa")ws)
3 3

Replacing the values of ¢*, i = 2,3,4, into the second column we obtain first :fng =1, ﬁ:% =
23 + 23. Thereafter using 23 = x—lg(x% —1)(23 — 1) we get 23 = 1 — 22 — 23. At the end we
obtain the equation

g'a3 + il + pletay = (2 + af)gt +u'.

Since ¢? # 0 this equation can be solved by choosing a suitable value of u'. This proves the

assertion. O
k 10

Definition 7.3. The M°®(n)-algebra ¢(X) determined by X = [1—x 0 0|,k # 1 is called
0 0 &

binary Lie algebra of normal form and denoted by blg(x). Its multiplication is given by
€1€2 = €4, €epe1 = €1, €€y — KREQ + (1 — H)eg, €p€3 = €9, €peqs = Key.
From the proof of the previous proposition we get

Corollary 7.11. Any binary Lie algebra ¢ in the BI®)-family is isomorphic to a unique
M?(n)-algebra bl}(x) of normal form.

Lemma 7.12. The M?(n)-algebras in the BI®)-family are not Lie algebras. Moreover, c¢ is
a Malcev algebra in the BI®) if and only if its normal form is bI§(—1), which is isomorphic
to mg in the list (7).

8 Binary Lie M?(f)-algebras

According to the definitions formulated in Section 4, an M?®(f)-algebra ¢ is an anti-commutative
semidirect sum ¢ = [ @; i of the 2-dimensional non-abelian Lie algebra [3 and a 3-dimensional

0 00
abelian ideal i = Key @ Keg @ Key, where the matrix of endomorphism /; isY = (1 0 0f.
010

There are no non-Lie Malcev M5 (f)-algebras, since all solvable 5-dimensional Malcev algebras
are M?®(n)-algebras.

Proposition 8.1. An M5 (f)-algebra ¢(X) = I, @i is a

z3—1 0 0
(i) Lie algebra if and only if X = | 23 23 0 |, 25 #1,
vy a3 w41

1 0 0
(ii) non-Lie binary Lie algebra if and only if X = |23 23 0 |, 23 #2or a3 # 1.
3 xf ai+1
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Proof. Identifying the maps lg and [; with their matrices we get

00 0 0 0 0 23 23 0 2 0
B=10 0 0|, Lhip= |23 23 23|, lolh= |23 2} O, ll= |z} 0
1 00 3 23 ad 3 2 0 i 0
vdad + 2zl 2iad 4+ 22l ziad 4 2fad 0 0 O
lolilo = |z323 + 233 a3xd +adad 323 +adad|, Lol = |23 23 0
x%x% + xix% x%x% + xﬁx% x%xi + xﬁazi 33% :ci 0
x%x% + x%x% + xi:z:% x%x% + x§$§ + xix% x%xi + z%mi + xixi
3= |232d + 2323 + adad 2323 + adad + 2xd 2302 4+ 2dad + 2lad |
T3x3 + ﬂzgx% + zjT5 x%x% + xgxg + xﬁx% z3T3 + x%xi + zir]
0 0 0
WE = 2323 + 2323 + 2303 adad + 2323 + adad  a32d + xdad 4 23]

T3x3 + x%x% + 3] m%x% + azgwg + azi:pg r3xd + x%xi + z3x]

o O O

According to Theorem 10.5 (c) ¢ is a Lie algebra if and only if [; = lyly — l1lp. This gives the

matrix equation

0 0 0] —z3 —z3 0
00 0f=|1+23—23 22-a} 23|,
0 0 0] T3 — xd 1+ —xf a3
r3—1 0 0
hence ly = 3 :zg 0 , proving the first assertion.
3 a3 a3 +1]

Theorem 10.5 (a) yields that ¢ is a binary Lie algebra if and only if

lolilo + 11 — 1Wl2 —loly = 0, 113 — lyloly — 13 =0,

(30)

Using (29) equations (30) implies that ¢(X) is a binary Lie algebra if and only if one has

[0 0 0 vixd + 233 23r3 + 2323 2dad + 2%l
0 0 0| = |a32d+ 2323 +1  adad+adad adad+adad| -
0 0 0 r3rd +xfrd  aird+aded + 1 xda? 4 2lad
I 0 0 0 r3 22
— :ch% + xém% + x%x% xga:g + x§x§ + x%x% xém% + :cgmg + xém% — x% m% 0},
| Tox5 + X3X5 + TYXT5  THT3 + T3T3 + TyT3  Toxy + T3Xy + Tyxy T3 x; 0
and

23 0 0 0 0 0

r3 0 0| = 3 2 0

i 0 0 z3+1 23 0

2
z; 0 0

It follows that X = |z3 a3 0 satisfies (31) if and only if
3 xh ai+1
0

0 0 33 +1 B r373 0 | 3
0 0]  |2323+ (23 +1)ad3 (23 + ad+1 o373 + 2373 il '}
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Hence we get
(@ -3 - 1)(@3-1) =0, (¢} -ad)(a}-1)=0.

We obtain two possibilities: 1) #3 = 1 or 2) 23 = 23 — 1, 2§ = 3, hence assertion (ii) is
true. =

Corollary 8.2. If ¢(X) is a binary Lie M?5(f)-algebra, then X is lower triangular matrix.

The partial isomorphisms of M?5(§)-algebras are described in Lemma 4.1 (c). According
to Theorem 4.4 (c) we have

Theorem 8.3. Let {eg,eq,e9,€3, 64} and {éo, €1, é9,€3,¢é4} be distinguished bases of the
M5 (f)-algebras ¢ = ¢(X) and ¢ = ¢(X) corresponding to lower triangular matrices X and X.
A partial isomorphism ¢ : ¢ — ¢ determined by (14) is an isomorphism if and only if

p! o 0 0

p° 7 1'2 0 0 _

P’ ¢*z3 + p'¢*a; p'q*a3 0 B

p4 q 3 +p1q3w§+ (p ) q2x421 p1q3$§+ (p1)2q2964 (p1)2q2334
! 0 0 0 (32)
f%p2 #3¢? 0 0

- 27 +u'p? —uPpt @3¢ 4 u'g? i‘gpqu 0

i +ulp’ —ulpt @i +ule® a3l +aip'e® +ulp'e Ei(p

=

)2q2
Comparing the diagonal element in this matrix equation we get:

Corollary 8.4. If X and X are lower triangular matrices such that the corresponding MO (§)-
algebras ¢(X) and ¢(X) are isomorphic, then X and X have the same diagonal elements.

Lemma 8.5. A basis {eg, €1, €2, €3, e4} of an M?®(f)-algebra ¢ = ¢(X) is a special distinguished
basis if and only if

(a) {e1,e2,e3,e4} is a basis of the nilpotent ideal ¢ such that e, € C(¢) and ejeq = es,
€1€3 = €4,

(b) the matrix X of the map A\g = Le, | : ¢/ — ¢ is given by

2 2 42
1 0 2 3 4
X = ot x| X = |23 23 z}|, where [23 23 23| #[0 0 0], (33)
1 .4 4

Ty T3 Xy
with respect to the basis {eg, e3,e4} of i.
Proof. The form (33) of the matrix X means that
eper = e1, and X(Keg + Kez + Key) C (Keg 4+ Kes + Key).

The multiplications in ¢’ are given by ejes = e3 and eje3 = ey, hence the the centralizer
Co(¢") of ¢ in ¢/ is an abelian ideal. Since the first row of X is non-vanishing, ¢’ is isomorphic
to §. Consequently, the conditions (a) and (b) imply that {eq, e1, es, €3, e4} is a distinguished
basis. The converse statement is clear. O
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9 Normal forms of binary Lie M?®(f)-algebras

We know from Proposition 8.1 that if ¢(X) is a binary Lie M?®(f)-algebra then X is a lower
triangular matrix, and Corollary 8.4 shows that the matrices corresponding to isomorphic
M (f)-algebras have the same diagonal elements.

Definition 9.1. An M?(f)-algebra ¢(X) with lower triangular matrix X is called diagonal-

2
R R z5 0 0
izable if ¢(X) is isomorphic to the M?®(f)-algebra ¢(X), where X = [0 3 0 |. This
0 0 uxf

M5 (f)-algebra ¢(X) is called diagonal M®(§)-algebra.
Proposition 8.1 yields

Lemma 9.1. For any diagonal binary Lie M3 (f)-algebra ¢(X) the matrix X has one of the
following form

A—-1 0 O
(i) Lie algebra if and only if X = 0 A0 |, MNA£1,
0 0 A+1
10 0
(ii) non-Lie binary Lie algebra if and only if X = |0 A 0 [, A #2.
0 0 A+1

Now, we investigate diagonalizable binary Lie M?(f)-algebras determined by the matrices
given in Proposition 8.1 (i) and (ii), which correspond to Lie algebras and non-Lie binary Lie
algebras, respectively.

Proposition 9.2. An M5 (f)-algebra ¢(X) with lower triangular matrix X is diagonalizable
if and only if the system of equations

(a3 + i — 2a3)s = (x5 — 23)p', (2§ —2})s” + (23 — 2t +a3(p')* = 0 (34)

is solvable for some s,t € K.

Proof. According to Corollary 8.4, if an M>5(f)-algebra ¢(X) with lower triangular matrix
X is isomorphic to a diagonal M5 (f)-algebra ¢(X) then X and X have the same diagonal
elements. We get from the matrix equation (32)

P’ ¢’} 0
e 22 + plgtad P} _
ptod'zi+p' el + (01 ey pladas+ (p')ePas
w3p? 3¢ 0
— 1?%])3 + U1p2 _ U2p1 x§q3 + uqu $§p1q2

:L,leél + u1p3 _ u3p1 $3q4 +u1q3 l,jllplq?) + ulpqu
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Hence (23 — 1)p? = 0 and

u'p? + (3 — 1)p® —u’p' =0, —23p'q® + (2} — 23)¢* + u'¢* = 0,
u'p® + (g — 1)p* —u’p' =0, —p'Pad — (p")Pay +u' @ + (2] — a3)¢" =0

)
—x3p' ¢ + (5 — 23)¢’ +u'¢® = 0.

The parameters u', u?, u can be expressed by
3 2 3 3 4
ut =(z3 - x%)% +a3pt, u?= ulp—l + (x5 — 1)p—1, ud = ulp—l + (] — 1)1)—1
q p p
We get the additional equations
(23 + i — 223)¢° = (25 —a3)p'q®, (a3 —a)q" = (u' —a3p" )’ — (0’25 (35)

Replacing the expression of u! into the second equation of (35) we get
(23 — 21)d’q" + (a3 — 23)(¢°)* = —23(¢*)* ("), (36)

Equations (35) and (36) do not contain p?, hence we can assume that (23 — 1)p? = 0 is

fulfilled. Denoting s = Z—z, t = Z—i, the assertion follows from the first equation of (35) and
from (36). O

Proposition 9.3. A binary Lie M?(f)-algebra ¢(X) is non-diagonalizable if and only if the
matrix X has one of the following form

1 0 0 1 0 0
(&) X=1[8 2 0|,8#y (b)) X=1{8 0 0|, (y-p)"#40.
o v 3 o v 1
z3—1 0 0
Proof. If ¢(X) is a Lie M®(f)-algebra then X = | 3 23 0 |, 23 # 1, according
T3 3 a3+ 1
to Proposition 8.1. In this case the equations (34) reduce to s> — 2t = —x3(p")? having a
solution ¢ for every value of s, hence ¢(X) diagonalizable. If ¢(X) is not diagonalizable then
1 0 0
¢(X) is a non-Lie binary Lie M5(f)-algebra with X = |23 =3 0 |, 23 #2or a3 # xi.

5 xg 3+ 1
We get from (34) the equations

(2 —ad)s = (a5 —a3)p', (2§ —1)s* — ait +23(0")* = 0.

The first one is not solvable if and only if 23 = 2 and 23 # z3, giving condition (a). If 23 # 2
4 o3\,1
or ¥3 = x5 then the first equation clearly has solution, namely if 3 # 2 then s = %
3
Substituting a solution s into the second equation we get z3t = (z3 — 1)s? + x3(p')?, which is
4 3\2
not solvable for ¢ exactly if 3 = 0 and —s%+23(p!)? = (—% + x%) (p')? # 0. Denoting

B =13, v =13, 0 =3 we get the condition (y — 8)2 # 44. O
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Now, we find canonical forms of the matrices corresponding to non-diagonalizable binary
Lie M?®(f)-algebras, given in Proposition 9.3.

Lemma 9.4. The M?(f)-algebras ¢(X) and ¢(X), determined by the matrices

1 0 0 R 1 0 O
X=1|8 2 0|,8#~y and X=1|1 2 0f, (37)
5 v 3 0 -1 3

are isomorphic non-diagonalizable binary Lie algebras.

Proof. A partial isomorphism ¢ : ¢ — ¢ described in Lemma 4.1. (c) is an isomorphism if
and only if it satisfies the equation (32) with the given matrices (37). We obtain the system
of equations

p3_’_(u1_’_1)172_u2pl:07 q3:—(1—|—u1—plﬁ)q2:—(u1—1—p17)q2

2p4 4 (ul o 1)p3 o u3p1 — 0, 2q4 + ('LLl -1 _plﬁ)q?) — (pl)2q2(57 (38)
consequently,
1 2 3 1 1 2
P=g ¢°=—(u —1—p)q,
P’ =—(u' +1)p* +u’p', p'= —%((u1 —1)p* —uPpl), ¢ = %((pl)gq% —(u' = 1-p'B)¢*).

Replacing the formulas obtained for p! and ¢3 into the other three equations we get a partial
isomorphism satisfying the system (38), proving the assertion. O

Let K°2 C K° be the subgroup of squares in the multiplicative group K° of the field K.

Lemma 9.5. Let o : K°/K°? — K° be an arbitrary section of the factor group K° /K°2 in
the group K°. The M5 (f)-algebras ¢(X) and ¢(X), determined by the matrices

1 00 A 1 00
X=1|8 0 0|,(y=B)2?#45, and X=| 0 0 0f, (39)
| o(X) 0 1

whereo(X) =0 (60— 1(v— B )Q)KOQ), are isomorphic non-diagonalizable binary Lie algebras.
Moreover, the M?(f)-algebras determined by the matrices

, s, t € K°

»n O =
o O O
= o O

1
and 0
t

o O O
_— O O

are isomorphic if and only if s and ¢ belong to the same coset of K°? in K°.
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Proof. A partial isomorphism ¢ : ¢ — ¢ is an isomorphism if and only if the matrices (39)
satisfy

[p3 ¢ +p'd?B 0 B
p4 q4 +p1q25+(p1)2q25 (p1)2q2,y -
u1p2 _ u2p1 u1q2 0
= [0p2+p4+u1p3_u3p1 0q2+q4+u1q3 p1q3+u1p1q2 )

giving the equations

p’=u'p® —upl, ¢ = (' = p'B)d = (p'y —u)e,
op® +u'p® =’p!, o = F 'S+ (p')%6) —u'g’.

Equivalently, we obtain

u' = %pl(ﬁ +79), p*= (;(5 +)p° — u2> P, ¢ = %(7 —B)p'd,

e (40)

W= o %(5 +)p’, o= @)~ %(7 - 8.

Putting (p')? = % we get that the equations (40) have solutions if and only if

1 o 1 o
o) =0 ((6- 30— 8P € (5= o - 97 &2
ie. 0—1(y—pB)?and o(X) =0 ((6 — 2(v — B)?)K°?) belong to the same coset of K°? in K°.
It follows that the second claim is true. Hence the assertions are proved. O

Definition 9.2. The binary Lie M?(f)-algebras of normal form are the algebras b[fl()\)7 b[f27
b[g(é), b[i()\) determined by the matrices:

10 0 1 0 0

b(N): (00X 0 |, A#£2 bll, : 1 2 of,
00 A+1 0 -1 3
100 A—1 0 0

bii(5): |0 0 0f,deK", bl () : 0 A 0 |, #1
§ 01 0 0 A+1

given by the multiplications
b[fl()\> €1€2 = €3, €1€3 = €4, €p€]1 = €1, €pey = €2, €pe3 = )\63, €peq = ()\ + 1)64,
b[fzi e1e9g = €3, €163 = €4, €91 = €1, €pey = €9 + €3, epe3 = 263 — €4, €04 = 364,
b[g((;): e1es = €3, e1e3 = €4, €pe1 = €1, €ty = €9 + dey, epes = ey,

b[i()\): eres = e3, e1€3 = ey, €ge1 = e1, egez = (A — 1)ea, epes = Aes, epeq = (A + 1)ey.
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with respect to a special distinguished basis.
It follows from Lemmas 9.1, 9.4, 9.5:

Proposition 9.6. Any binary Lie M?(f)-algebra is isomorphic to a binary Lie M5 (f)-algebra
of normal form, where bl} (), bi}, b[;(é) are non-Lie, and bl,(\) are Lie M5 (f)-algebras.
The normal forms b} (X), bl,, bl (\) are uniquely determined in their isomorphism class.

The algebras b[g(él) and b[;(dg) are isomorphic if and only if §; and Jo belong to the same
coset of K°% in K°.

Since for real field R one has R°? = {t € R: t > 0} we get

Corollary 9.7. Any real M?®(f)-algebra is isomorphic to a unique M?5(f)-algebra of normal
form

bli(\), bl BIS), 6=+1, b\,

10 Summary

According to Proposition 5.3, Corollary 7.4, Proposition 7.5, Lemma 7.6, Corollary 7.8,
Lemma 7.9, Corollary 7.11, Lemma 7.12 and Proposition 9.6, we get the classification of
non-Lie binary Lie M?5(a)-algebras:

Theorem 10.1. The non-Lie M5-algebras are M?(n)- or M?>(f)-algebras, in particular, the
non-Lie Malcev M?®-algebras are M?®(n)-algebras.
Any non-Lie M?-algebra is isomorphic to an algebra of normal form given in

M?(n)-algebra MP(f)-algebra
binary Lic | b6 (h o), B0V, (). b, bEO ), bE(x) | 60,(), b8, bli(5)
Malcev | bIT(\, —1), bI5(—1), bI5(—1), bI3(1,2), bI3(—1)

where k, A\, u,v € K,§ € K°. The non-Lie M?5-algebras of normal form are uniquely deter-
mined in their isomorphism class up to the isomorphism

bih(6)) = bl(da), if §K? = 6K°2

From Propositions 5.3, 5.5, Corollary 7.4, Proposition 7.5 and Proposition 9.6, we obtain
the classification of Lie M?5-algebras:

Theorem 10.2. Any Lie M?-algebra is isomorphic to an algebra of normal form given by
M5(a) MO (n) MC(F)
1§ (1 A\, 1), B (1, A), BIS (), B (e, A, )", BIS (s, A, o) | BIE(r, A, bI5(), bE(r) | 600

The M?®-algebras of normal form are uniquely determined in their isomorphism class up to

29



the following isomorphisms:

003 (e (), w(N), (1)) = 013 (e, L) LUy o e @) L 0Ny e 7))

Vo) p(s)" p(k)
0,0, T € Sym({/@ )\a ,u})a ’fA)u 7é 07

1 A
b5 (k, \) = bI5(—, — 1
2(’@ ) Q(va)a K’# )
cropal A
b[Z(’{a)\nu) :b[Z(;vﬁag)v K#la

1A
b[g(ﬁa )‘) = b[g(g7 ;)7 K 7& 11
1
R (R) 2 b03(), kA 1.

In the case of the real field K = R, from Corollaries 5.6, 7.4, 7.8, 7.11, 9.7 we obtain:

Corollary 10.3. Any real M5—algebra is isomorphic to a unique algebra of normal form
given by the list

bIi (K, A, i), bI5(K, A), BIS(K), bIZ(K, A, 1), BIS(K, A, 1), BIT(A, w), BIS(A), bl3(p), blL, bI5(k, A),
bIR(k), BIE(k), BIE(A, ), BIE(), bIL(N), bL, bIL(1), bI(—1), bI,()), satisfying the inequalities

bIf(k, A ), —1<pu<A<k<1, kAu#O,
bl5(k,A), 0<|k| <1, A#0,

bl (k, A, 1), 0< |kl <1, X#0,

bIE(k, A), 0< |kl <1,

bl (k), 0< |k <1

APPENDIX: Anti-commutative semidirect sum

In this section we investigate binary Lie anti-commutative semidirect sums [, ®;i with respect
to a bilinear map [ : [ X i — i, where [ is the 2-dimensional non-abelian Lie algebra with
multiplication epe; = e1 and i is an abelian algebra. We denote by l¢ : i — i the map induced
on the abelian ideal i by the left multiplication L o) : l2 @i — Iz @, i for given & € lo.

Theorem 10.4. The semidirect sum [ P;iis a
(i) binary Lie algebra if and only if
0 =1y le-lny—1le-ly-ly+leny =y lye, (41)
(ii) Malcev algebra if and only if

lec ~ln = —l¢ by~ le +lenc —lg - Iy + 1y - le - e (42)
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Proof. Since [ @0 is a subalgebra of [, @; i we investigate only the second components of the
expressions on the left, respectively, right hand side of the Sagle identity (4). As i is abelian,
the left hand side of this identity is the sum of cyclic permutations of

len¢(T) = lr (Iey(Z) = Lle(Y) + Uly(X)
for all (£,X), (n,Y), (¢,2),(7,T) € Iy @;i. The right hand side is

le¢(Iy(T) = 1(Y)) = lyr (1(2) = Uc(X)).
Hence [» ;i satisfies the Sagle identity if one has
len-c(T) + Lye.r (X) +lere(Y) + zTg 2(Z)—

—lr (leg(Z) = Ucle (V) + Lely(X)) = U (lne(T) = 11y (Z) + 1 1e (V) —

Iy (ler (X) = lele(T) + Ul (Z)) = L (Lre (V) = Unle(X) + Lyle(T)) =

=lec(In(T) = 1(Y)) = lr (Ie(2) = 1c(X)).
This is satisfied if and only if for £, n,{ € Iy the identity (42) holds, proving assertion (7).
Applying Remark 2.1 we put Y — Z, X — T, n+— (, £ — 7 into equation (43). We get

lenn(X) + lye.e(Y) = lelen(Y) + lelyle(Y) = lelyly(X) = lylye(X) + Lylely (X) = lylele(Y) = 0
for all (&, X),(n,Y) € Iy @1, which is equivalent to (41), hence the assertion (i) follows. [

(43)

Let & = &oeo + &1€1, 1 = moeo + 77161, ¢ = Coep + C1e1 € lp be the decomposition of the
vectors &,7,( € [y and denote ; = l,,, i =0, 1.

Theorem 10.5. The semidirect sum [ P;iis a
(a) binary Lie algebra if and only if
lolilg + 11 — W2 —loly = 0, 113 — Lol — 13 =0,
(b) Malcev algebra if and only if it is binary Lie and
W2 =121 + 1ol + il =0, 1Bly— Lol +13 =0,

(c) Lie algebra if and only if
L = loly — lilo.

Proof. According to the identity (41), lo @; i is a binary Lie algebra if and only if it satisfies

0 = (éomom — &mg) (lolilo + 11 — LI — loly) + (§omf — Exmomn) (lolf — liloly — 13),

for any &g, 10,&1,m € K. Hence [ @i is a binary Lie algebra if and only if the coefficients of
Eomom — &1m3 and &n? — E1momy equal zero, hence we get the assertion (a).
From the identity (42) characterizing Malcev algebras we obtain

Bl —lolily — lilo — 11 = 0, 1412 — 131y + loly + lilo = 0,  lolyly — I3 —loly +1; =0,
ol —1B3lg— 202 =0, hlgly —1l2 +13=0, [3ly— il +13=0.
The sum of the first three and the second three identities gives 0, so we omit the first and
fourth identity. We get the identities characterizing Malcev algebras, proving assertion (b).
The semidirect sum [3®;i is a Lie algebra if and only if l¢, = l¢-1;,—1;;-1¢, giving Iy = lpl1 — (11,
hence we get assertion (c). O
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