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Abstract. For a sequence of arbitrary integers B = (Bn)∞n=0 let GB denote the smallest
number such that for every k ≥ GB one can find k consecutive terms of B with the property
that none of these terms is coprime to all the others. If GB exists we say that B is a Pillai
sequence. This paper links up with our recent works by giving a full characterization of this
property for associated Lucas and Lehmer sequences. The more general T -Pillai property is
also considered.

1. Introduction

Pillai [14] asked the following question. Is it true that in every set of k ≥ 2 consecutive
integers one can always find an element which is coprime to all the others among them? Pillai
[14], showed that the answer to the above question is positive for 2 ≤ k ≤ 16, but negative
if 17 ≤ k ≤ 430. Later Brauer [3] extended Pillai’s result by proving that the latter is valid
for k ≥ 431 as well. The problem has already been generalized in many ways, for example
by replacing the coprimality property with severely relaxed requirements. For results in this
direction we mention the papers of Caro [4], Hajdu and Saradha [5] and the references given
there.

The content of this article is strongly related to another type of generalization, namely if we
replace consecutive integers with consecutive terms of an integer sequence. So let B = (Bn)∞n=0

be a sequence of arbitrary integers and write gB for the smallest number k with the property
that there exists k consecutive terms of B such that none of these terms is coprime to all the
others. Similarly, we define the quantity GB as the least value such that for every k ≥ GB
one can find k consecutive terms of B satisfying the latter property. We will say that B is a
Pillai sequence whenever GB exists. By the classical results of Pillai and Brauer we have that
gN = GN = 17, hence N is a Pillai sequence.

Ohtomo and Tamari [13] investigated the case when B is an arithmetic progression. They
proved that every such sequence is a Pillai sequence. In our recent works [6, 7] we considered
the problem in recurrence sequences, showing that apart from some degenerate cases every
linear and elliptic divisibility sequence is a Pillai sequence. We could also give the exact values
of the quantities gB and GB in the case of Lucas and Lehmer sequences. From these results one
might think that being a Pillai sequence is some kind of ”automatic” property for recurrence
sequences, but this is not the situation. We showed in [6] that a family of so-called associated
Lucas and Lehmer sequences is not Pillai and even the quantity gB does not exist.
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Associated Lucas and Lehmer sequences are integer-valued linear recurrence sequences of
order two and four, respectively. A well-known example of the former is the sequence of
Lucas numbers. Note that these sequences are also known as Lucas and Lehmer sequences
of the second kind. The arithmetic and divisibility properties of such sequences have been
investigated by many authors from many aspects. Here we just mention a few of the most
important and interesting results.

One of the main questions is about the greatest common divisors of terms of associated
Lucas or Lehmer sequences. A nice theorem of McDaniel [11], gives us a precise formula for
calculating the greatest common divisor of two terms in such a sequence. McDaniel [12], also
investigated the problems of factorizing Lucas numbers as product of two integers differing by a
constant, and representing them as difference of two squares. Building on earlier works, mostly
on that of Somer [16], Smyth [15] described the sets of terms of associated Lucas sequences
which are divisible by their indices. Smyth even showed that the numbers in these sets can
be represented as products of so-called basic numbers. Luca and Shorey [8, 9, 10] investigated
diophantine equations with products of terms of associated Lucas sequences, where the indices
are chosen under certain assumptions.

In this paper, we continue the investigation of Pillai sequences, that started in [6, 7], giving
a full characterization of this property in associated Lucas and Lehmer sequences. Our main
result shows that for such a sequence being Pillai depends on the parities of the coefficients
in their defining recurrences only. We treat the non-degenerate and degenerate sequences in
separate theorems. In each case, when the sequence v̂ proves to be Pillai, upper bounds for gv̂
and Gv̂ are provided. A result on the particular sequence L of Lucas numbers is also given.
This shows that while this sequence is not Pillai, the quantity gL exists.

We also give an insight into the more general T -Pillai property which is obtained by replacing
the coprimality condition with the so-called T -coprimality, where the ”unwanted” gcd-s are
from a set T of integers. In the case of Pillai sequences the set of ”unwanted” gcd-s is T = {1}.
On this topic two results will be presented, one for the associated Lucas and another one for
the associated Lehmer sequences.

2. Basic definitions and notations

In this section, we introduce the necessary background containing a brief overview of the
sequences we shall work with and our terminology concerning the T -Pillai property as well.

2.1. Associated Lucas and Lehmer sequences. Let M and N be integers, such that
N 6= 0. A sequence v = (vn)∞n=0 is called an associated Lucas sequence corresponding to the
parameters (M,N) if v0 = 2, v1 = M and for every n ≥ 0 we have

vn+2 = Mvn+1 −Nvn. (2.1)

A well-known example of such sequences is the sequence of Lucas numbers denoted by L =
(Ln)∞n=0, where (M,N) = (1,−1).

We shall also work with associated Lehmer sequences. Let M and N be as before. We say
that a sequence ṽ = (ṽn)∞n=0 is an associated Lehmer sequence corresponding to the parameters
(M,N) if ṽ0 = 2, ṽ1 = 1 and for every n ≥ 0 the terms satisfy the recurrence relation

ṽn+2 =

{
Mṽn+1 −Nṽn, if n is even,

ṽn+1 −Nṽn, if n is odd.
(2.2)
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An associated Lucas (or associated Lehmer, resp.) sequence is said to be non-degenerate if
the quotient of the roots of the polynomial

x2 −Mx+N (or x2 −
√
Mx+N , resp.)

is not a root of unity. Otherwise, we call it degenerate.

2.2. T -Pillai sequences. Let T be a set of arbitrary integers. We say that two integers p
and q are T -coprime if gcd(p, q) ∈ T . We would like to use this notion as a generalization of
coprimality, hence always suppose that 1 ∈ T . As one can easily see the case T = {1} gives
back the canonical definition of coprimality.

Replacing coprimality with T -coprimality in the definition of Pillai sequences leads us to
the notion of T -Pillai sequences. Let B be a sequence of arbitrary integers as before and let
gB(T ) denote the smallest number k such that there exists k consecutive terms of B with the
property that none of these is T -coprime to all the others. Similarly, write GB(T ) for the least
value such that for every k ≥ GB(T ) there exists k consecutive terms of B with the latter
property. To be consistent with the terminology presented in Section 1, we use gB and GB for
the case T = {1} and we call B a Pillai sequence if GB exists.

3. New results

We begin with a simple but important remark about the case when the corresponding
parameters are not coprime.

Remark 3.1. Let v̂ = (v̂n)∞n=0 be an associated Lucas or Lehmer sequence corresponding to
the parameters (M,N). Observe that if the parameters are not coprime then gcd(M,N) | v̂n
for every n ≥ 3. Hence v̂ is a Pillai sequence and gv̂ = Gv̂ = 2.

In view of this observation, from this point on we suppose that gcd(M,N) = 1, without
any further mentioning.

3.1. Results on the Pillai property. Our first result gives a characterization of the Pillai
property in non-degenerate associated Lucas and Lehmer sequences. Interestingly, the fact
whether they are Pillai or not depends on the parities of the two corresponding parameters
only. Moreover, an explicit upper bound for the g and G values is also given.

Theorem 3.1. Let v̂ be a non-degenerate associated Lucas or Lehmer sequence corresponding
to the parameters (M,N). Then v̂ is Pillai if and only if M is even and N is odd. Further, if
Gv̂ exists and v̂ is an associated Lucas sequence, then

gv̂ = Gv̂ = 2,

and if v̂ is an associated Lehmer sequence, then

gv̂ ≤ Gv̂ ≤ 1543.

The following statement concerns the well-known sequence of Lucas numbers. It turns out
that it is not Pillai, but the corresponding gL quantity exists and can be calculated precisely.

Theorem 3.2. The sequence of Lucas numbers L = (Ln)∞n=0 is not a Pillai sequence, but gL
exists and gL = 171.

To complete the investigation of the Pillai property in associated sequences we shall handle
the degenerate sequences as well. The following theorem involves two separate statements, one
for degenerate associated Lucas and another one for degenerate associated Lehmer sequences.
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Theorem 3.3. Let v be a degenerate associated Lucas sequence corresponding to the param-
eters (M,N). Then v is Pillai if and only if (M,N) = (±2, 1) or (0,±1) and in these cases
gv = Gv = 2.

Now let ṽ be a degenerate associated Lehmer sequence corresponding to the parameters
(M,N). Then ṽ is Pillai if and only if (M,N) = (0,±1) and gṽ = Gṽ = 171 in both cases.

3.2. Results on the T -Pillai property. In this part, we investigate the more general T -
Pillai property. Recall the assumption that 1 ∈ T always, hence if an integer sequence is not
Pillai then it cannot be T -Pillai. Our first theorem gives a characterization of the T -Pillai
property in non-degenerate associated Lucas sequences.

Theorem 3.4. Let v be a non-degenerate associated Lucas sequence corresponding to the
parameters (M,N) such that M is even and N is odd, and let T be an arbitrary set of integers
with 1 ∈ T . Then v is a T -Pillai sequence if and only if 2 6∈ T . Further, if v is a T -Pillai
sequence, then

gv(T ) = Gv(T ) = 2.

Note that the above statement is not valid if we replace v by a non-degenerate associated
Lehmer sequence. It can be easily checked with the extreme example T = N \ {2}. Our last
theorem shows that the T -Pillai property in non-degenerate associated Lehmer sequences can
still be described under an extra assumption on T .

Theorem 3.5. Let ṽ be a non-degenerate associated Lehmer sequence corresponding to the
parameters (M,N) such that M is even and N is odd, S be a finite set of arbitrary primes
with s elements and T be an arbitrary set of integers whose prime divisors are in S. Then ṽ
is a T -Pillai sequence if and only if 2 6∈ T . Further,

gṽ ≤ Gṽ ≤ 20(s+ 15) log(s+ 15)

Observe that Theorem 3.4 and 3.5 do not say anything about the cases apart from M is
even and N is odd. However, we have the assumption 1 ∈ T , that is, a sequence which is not
Pillai cannot be T -Pillai. Thus, we consider these cases trivial.

Finally, we note that since there are only finitely many degenerate associated Lucas and
Lehmer sequences, for such sequences the T -Pillai property can be easily checked for any given
set T (see also the proof of Theorem 3.3).

4. Proofs

4.1. Some lemmas. The first important result we mention is due to McDaniel [11] who has
described the gcd-s of terms in associated Lucas and Lehmer sequences. Before giving the
precise statement we need to introduce a new notation. If q is an integer then denote by ν2(q)
the exponent of 2 in the prime factorization of q.

Lemma 4.1 (Main Theorem in [11]). Let v̂ be an associated Lucas or Lehmer sequence cor-
responding to the parameters (M,N). Then we have

gcd(v̂i, v̂j) =

{
v̂gcd(i,j), if ν2(i) = ν2(j);

1 or 2, otherwise.

Our second lemma is on the multiplicity of terms in non-degenerate associated Lucas and
Lehmer sequences with value ±1. It is an immediate consequence of the celebrated result
of Bilu, Hanrot and Voutier [1] concerning the primitive prime divisors Lucas and Lehmer
sequences.
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(M,N) n
(±1 + 3N,N), N 6= ±1 1, 3

((Lk + 5Fk)/2, Fk), k 6= 0, 1, 2 1, 5
(22, 9) 1, 7

Table 1. Values of (M,N, n) such that v̂n = ±1

Lemma 4.2. Let ṽ = (ṽn)∞n=0 be a non-degenerate associated Lehmer sequence corresponding
to the parameters (M,N) with even M and odd N . Then all the triples (M,N, n), where
ṽn = ±1 are given in Table 1. Here L = (Ln)∞n=0 and F = (Fn)∞n=0 stand for the sequence of
Lucas and Fibonacci numbers, respectively.

Proof. First, observe that from the parities of the parameters and (2.2) every term with an
even indice is even too. Hence we can confine our attention to odd indices only. A well-
known relation between the ordinary Lehmer sequence ũ = (ũn)∞n=0 and the associated Lehmer
sequence ṽ = (ṽn)∞n=0 both corresponding to the parameters (M,N) that

ṽn =
ũ2n
ũn

.

That is, whenever ũ2n have a primitive prime divisor, then ṽn also has one. Hence, we can
use the tables in [1] and with some more, but simple calculations, including the solution of a
Thue equationby Magma [2], we obtain Table 1. �

We shall also need some tools concerning the Pillai and T -Pillai properties.

Lemma 4.3. Suppose that T is a finite set of odd positive integers and let O = (On)∞n=0 =
(2n+ 1)∞n=0 be the sequence of odd positive integers. Put

T ′ = {2α · t : t ∈ T, α = 0, 1}.

Suppose that

|T ′(X)| ≤ X

10 logX

holds for every X > X1, where

T ′(X) = {t ∈ T ′ : t ≤ X}.

Then we have

GO(T ) ≤ max(425, 2X1 + 1)

Proof. This result is an immediate consequence of Theorem 2.10 and Corollary 2.11 in [5] �

The last lemma gives a bit more insight into some details of the so-called prime covering of
the sequence of odd psoitive integers.

Lemma 4.4. The sequence of odd integers O = (On)∞n=0 = (2n + 1)∞n=0 is a Pillai sequence
and gO = GO = 86. Further, suppose that for some even non-negative integer t the 86
consecutive odd integers t + 1, . . . , t + 171 have the property that none of them is coprime to
all the others. Then for any i ∈ {2, 4, . . . , 170} there exists an even non-negative t′ such that
none of t′ + 1, . . . , t′ + 171 is coprime to all the others, t′ + j ≡ t+ j (p) for all primes p with
2 < p < 86, and ν2(t

′ + i) > ν2(t
′ + j) for every i 6= j ∈ {1, 2, . . . , 171}.
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Proof. The fact that O is a Pillai sequence is a consequence of Theorem 1 in [13]. The values
GO = gO = 86 are given by Theorem 2.8. of [5]. To prove the second part of the statement, one
can extend the construction given in the proof of Theorem 2.8. of [5]. Namely, the appropriate
values for t are constructed by the help of a linear system of congruences, where the moduli are
the odd primes < 86. Extending this system by a congurence modulo an appriopriate power of
2 (say 27), one can obtain infinitely many values for t′ satisfying the required properties. �

4.2. Proofs of the theorems.

Proof of Theorem 3.1. We split the proof into three parts corresponding to the parities of the
parameters involved. Note that the case when M and N are both even is excluded by the
condition gcd(M,N) = 1.

Case 1./a) Let M be even and N be odd and suppose that v̂ is a non-degenerate asso-
ciated Lucas sequence. The defining relation (2.1) gives that every term is even in v̂ which
immediately implies that v̂ is a Pillai sequence with gv̂ = Gv̂ = 2.

Case 1./b) Now let M and N be the same as before and suppose that v̂ is a non-degenerate
associated Lehmer sequence. Using Lemma 4.2 we obtain that the set

T = {i : v̂i = ±1},

is exactly one of the followings.

{1}, {1, 3}, {1, 5}, {1, 7}.

Consider k ≥ 2 consecutive terms of v̂, say v̂t+1, . . . , v̂t+k. Observe that the recurrence
relation (2.2) gives us that every second term of v̂ is even, hence by Lemma 4.1 it is sufficient
to show that for every odd i ∈ {t+ 1, . . . , t+ k} there exists an odd j ∈ {t+ 1, . . . , t+ k} \ {i}
such that gcd(i, j) 6∈ T . That is, if the sequence O = (On)∞n=0 = (2n + 1)∞n=0 of positive odd
integers forms a T -Pillai sequence then the same is true for v̂. The possibilities for T and
Lemma 4.3 with some simple calculation yield

gv̂ ≤ Gv̂ ≤ 1543.

Case 2.) Suppose that M and N are both odd and v̂ is a non-degenerate associated Lucas
or Lehmer sequence. Let k = 2α for some α > 0 and consider k consecutive terms of v̂, say
v̂t+1, . . . , v̂t+k. By the choice of k there exist two indices i, j ∈ {t + 1, . . . , t + k} such that
ν2(i) > ν2(j) > ν2(l) hold for every l ∈ {t+ 1, . . . , t+ k} \ {i, j}. Observe that by the defining
relations (2.1) and (2.2) we have that precisely every third term of v̂ is even. Obviously, i
and j differ by 2α−1, that is, cannot be divisible by 3 at the same time. Without losing
generality we can suppose that 3 - i. Then Lemma 4.1 gives us that gcd(v̂i, v̂l) = 1 for every
i 6= l ∈ {t+ 1, . . . , t+ k}. Thus v̂ is not a Pillai sequence in this case.

Case 3.) Suppose that M is odd and N is even and v̂ is a non-degenerate associated Lucas
or Lehmer sequence. Let k ≥ 2 and consider k consecutive terms of v̂, say v̂t+1, . . . , v̂t+k.
Then there exists an index i ∈ {t + 1, . . . , t + k} such that ν2(i) > ν2(j) for every i 6= j ∈
{t+1, . . . , t+k}. Lemma 4.1 gives us gcd(v̂i, v̂j) = 1 or 2, from which 2 is not possible because
by the recurrence relations (2.1) and (2.2) we have that every term of v̂ is odd. Hence, the
sequence cannot be Pillai and even gv̂ does not exist. �

Proof of Theorem 3.2. Let L = (Ln)∞n=0 be the sequence of Lucas numbers. The first part of
the statement, namely that L is not a Pillai sequence is a simple consequence of Theorem 3.1
because now (M,N) = (1,−1). We split the proof of the second part of the statement into
two. First we prove the existence of 171 consecutive Lucas numbers with the property that
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none of them is coprime to all the others, then we show that one cannot find such a string of
consecutive Lucas numbers with fewer terms.

From the first part of the statement of Lemma 4.4 we know that for some non-negative
even integer t the 86 consecutive odd integers t + 1, t + 3, . . . , t + 171 have the property that
none of them is coprime to all the others. Further, there exists a positive integer t′ such that
t′+1, t′+3, . . . , t′+171 are 86 consecutive odd integers having the latter property and 3 | t′+84
and ν2(t

′+84) > ν2(t
′+j) for every j ∈ {1, 2, . . . , 171}\{84}. Now consider the corresponding

consecutive Lucas numbers of the above indices, namely Lt′+1, Lt′+2, . . . , Lt′+171. Observe that
the reccurence relation (2.1) gives us that every third Lucas number is even, hence by 3 | t′+84,
Lt′+84 is even and cannot be coprime to all the others. As it was mentioned above for every
i ∈ {t′+1, t′+3, . . . , t′+171} there exists an index j ∈ {t′+1, t′+3, . . . , t′+171}\{i} such that
gcd(i, j) 6= 1. Note that besides L1 = 1 there are no other ±1 values in L. From Lemma 4.1 it
follows that in this case gcd(Li, Lj) 6= 1. Finally for every i ∈ {t′+2, t′+4, . . . , t′+170}\{t′+84}
there exists an index j ∈ {t′+2, t′+4, . . . , t′+170}\{t′+84} such that i 6= j and ν2(i) = ν2(j).
That is, gcd(i, j) ≥ 2, hence gcd(Li, Lj) 6= 1 which shows that Lt′+1, Lt′+2, . . . , Lt′+171 are 171
consecutive Lucas numbers none of which is coprime to all the others. Thus, gL ≤ 171.

Now it is sufficient to show that if one takes 170 or less consecutive Lucas numbers then one
of them must be coprime to all the others. Let 2 ≤ k ≤ 170 and consider k consecutive Lucas
numbers Lt+1, . . . , Lt+k. Observe that there cannot be 86 odd indices among t+ 1, . . . , t+ k.
Thus, by Lemma 4.4 we know that one of the odd indices, say i, is coprime to all the other
odd indices. Hence, from Lemma 4.1 it follows that gcd(Li, Lj) = L1 = 1 for every odd index
j 6= i. Note that if 3 | i would be valid then obviously there can be at most 5 consecutive odd
indices among t + 1, . . . , t + k. On the other hand, if 3 - i then gcd(i, j) = 1 for every j 6= i,
that is Li is coprime to all the other terms. This means that to complete the proof we shall
deal with the cases where k can be at most 11 and 3 must divide i. Using Lemma 4.1, one
can easily check that in such sets of consecutive Lucas numbers there always exists one term
with the property that it is coprime to all the others. �

Proof of Theorem 3.3. First let v̂ = (v̂)∞n=0 be a degenerate associated Lucas sequence corre-
sponding to the parameters (M,N). Recall that gcd(M,N) = 1, and N 6= 0. Let α and β be
the roots of the polynomial x2 −Mx + N . By definition, we have that the quotient of these
roots is a root of unity. This quotient can only be a rational or an algebraic integer of degree
at most two, hence, one of the followings:

±1, ±i, ±ε, ±ε2,

where ε = 1+i
√
3

2 . Suppose that α/β = −ε. Then M = (1 − ε)β and N = −εβ2 which gives

us M2 = N . From the coprimality of M and N , we have that (M,N) = (1, 1), because
(M,N) = (−1, 1) would imply α/β 6= −ε. Checking all the possibilites, in an analogous way
we obtain that the parameters of degenerate associated Lucas sequences correspond to one of
the pairs

(M,N) = (0,±1), (±1, 1), (±2, 1).

The related sequences are either periodic, or lead to trivial cases, like the sequences of
positive integers, and can be handled easily; see also the papers [3, 6, 13]. The situation for
degenerate associated Lehmer sequences is similar, so we omit the details. �

Proof of Theorem 3.4. In the proof of Theorem 3.1 we mentioned that if M is even and N is
odd then every term of the associated Lucas sequence v is even. Consider k ≥ 2 consecutive
terms of v, say vt+1, . . . , vt+k. There exists an index i ∈ {t+1, . . . , t+k} such that ν2(i) > ν2(j)
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for every i 6= j ∈ {t + 1, . . . , t + k}. Using Lemma 4.1, we have that gcd(vi, vj) = 1 or 2 for
every i 6= j ∈ {t + 1, . . . , t + k} from which 1 is not possible because all the terms are even.
Thus, if 2 ∈ T then the sequence is not T -Pillai but if 2 6∈ T , then it is. �

Proof of Theorem 3.5. Suppose that M is even and N is odd, ṽ is the corresponding non-
degenerate associated Lehmer sequence and T is an arbitrary set of integers, such that the
elements of T do not have prime divisors outside a given finite set S of primes with s elements.
First, suppose that 2 ∈ T and consider k consecutive terms of ṽ say ṽt+1, . . . , ṽt+k. There
exists an index i ∈ {t+ 1, . . . , t+k} such that ν2(i) > ν2(j) for every i 6= j ∈ {t+ 1, . . . , t+k}.
Using Lemma 4.1, we have that gcd(ṽi, ṽj) = 1 or 2. Hence ṽi is T -coprime to all the the
others and ṽ cannot be T -Pillai.

Now suppose that 2 6∈ T . Take
T ′ = {i : ṽi ∈ T}.

Recall the relation

ṽn =
ũ2n
ũn

and the primitive prime divisor theorem in [1]. From these we have that T ′ is a finite set with
at most s+ 15 elements. Recall that the reccurence relation (2.2) means that the parity of a
term is exactly the same as of its index. Taking k consecutive terms of ṽ, say ṽt+1, . . . , ṽt+k
and i with ν2(i) > ν2(j) for every i 6= j ∈ {t + 1, . . . , t + k}, we have that gcd(ṽi, ṽj) = 2 for
every even i 6= j ∈ {t + 1, . . . , t + k}. But since 2 6∈ T the remainder of the proof is exactly
the same as in Case 1./b) in the proof of Theorem 3.1 when v̂ is a non-degenerate associated
Lehmer sequence. We only have to replace T with T ′ there. �
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