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LOWER BOUNDS FOR THE DIFFERENCE az" — by™

Y. BUGEAUD AND L. HAJDU™

ABSTRACT. In this work we give totally explicit lower bounds for |az™ — by™| de-
pending only on a,b,n, m and a, b, n, z, respectively.

1. INTRODUCTION

Let a,b,z,y,n and m be non-zero integers such that
(1) n>2,m2>2 |yl >2and ax™ # by™.

The first explicit lower bound independent of x and y for |az™ — by™| was proved
by Turk [10] when a = b = 1. A result of similar strength valid for arbitrary
a and b, however not completely explicit, can also be deduced from the work of
Shorey [9]. Recently, using a new approach of Brindza, Evertse and Gy6ry [3] for
bounding solutions of exponential diophantine equations, Bugeaud [4] was able to
considerably sharpen Turk’s estimate in the case a = b = 1. The purpose of the
present work is to extend Bugeaud’s result to arbitrary a and b, and thanks to some
refined arguments, also to improve his lower bound.

2. THE MAIN RESULTS

Throughout the paper, for every positive real number s we put log, s = max{1, log s}.

Theorem 1. If a,b,x,y,n and m are integers satisfying (1), then we have
1 -1
2) laz™ — by™| > m2/5"(20n)_2_11/"(|a| log? |b|) .

Remark. Our Theorem 1 extends Théoréme 1 of [4] and sharpens it in the par-
ticular case when a = b = 1. The improvement occurs essentially in the factor
n~2, which replaces n~°. This is the consequence of three refinements. First, we
use the fact that the unit rank of the field in which we work is at most equal to
half of its degree. Secondly, we work with an independent system of units, rather
than a fundamental one: there are almost no changes in the proof, but a slight

gain. Finally, to bound our linear forms in logarithms we use the estimate of Baker
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and Wiistholz [1], which is more convenient for our purposes, instead of the one of
Waldschmidt [11].

As in [10] and [4], by combining Theorem 1 with an estimate for the size of
the solutions of superelliptic equations, we derive a lower bound for |az™ — by™| in
terms of az™.

Theorem 2. If a,b,z,y,n and m are integers satisfying m > 3 and (1), then we
have "
— =2 1
laz™ — by™| > c1n~% |a| ™" logs ™" |b|(log, log, |az™|)3n,

where ¢1 denotes an absolute, effectively computable constant.

Remark. Let F(X) € Z[X] be a polynomial of degree n > 2, and let b, z,y and
m be integers with m > 2 and |y| > 2. Suppose that F(z) — by™ # 0, and if
F is of the special form t;(X — t2)" + t3 with t1,¢5,t3 € Z then also assume that
F(z) — by™ # t3. In the terms of n,m,b and the height of F' (or in the terms of
n,x,b and the height of F'| respectively) one can give lower bounds for |F(z) — by™|
of similar types as our Theorems 1 and 2. We do not work out the details here.

3. AUXILIARY RESULTS

For a non-zero algebraic number «, we denote by h(«) the logarithmic height of
a. Let K be a number field with degree dg, unit rank rg and regulator Rg. In the
course of our proof, we use an independent system of units in K with small height,
provided by the following lemma.

Lemma. There exists an independent system {e1,...,&m} of units in K satisfying
TK

(3) I n(e0) < dg™ ! R
i=1

and

(4) he:) < rx! dg' (9 (log3dx)?/8)™ " Rx, i=1,...,r%.

Moreover, for all non-zero algebraic integer o € K, there exists a unit € in the
multiplicative subgroup generated by €1, ...,er, such that

(5) h(e @) < (log Ngg())/(2dk) + (rx + 1) 1og®™*3(3dk) Rx.

Proof. This is implied by Lemme 1 and Lemme 2 of [5]. O

Our proof ultimately depends on Baker’s theory of linear forms in logarithms,
and for our purpose the sharpest estimate is due to Baker and Wiistholz [1].

Theorem BW. Let ay,...,a, be algebraic numbers different from 0 and 1. Let
d > [Q(ay,...,an) : Q] and define the modified height h' by

h'(a) = max {h(a), |10§a‘ , ;} ,
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for every non-zero o in Q(ay,...,an). Let by, ..., by, be rational integers not all 0,
and with absolute values less than B > 3. Setting

A=0b; logas +---+ b, logan,
we have
log|A| > —C(n,d) h'(ai)...h (o) log B,
with
C(n,d) =18 (n+1)! n" Tt (32 d)"2 log(2nd).
Proof. This is the Theorem of Baker and Wiistholz [1]. O

We deduce Theorem 2 from Theorem 1 by using an explicit upper bound for the
size of the solutions of superelliptic equations.

Theorem B. Let f be a monic polynomial of degree n > 2 with non-zero discrimi-
nant Ay, and denote by H its height, i.e. the mazimum of the absolute values of its
coefficients. Let b and m be non-zero integers with m > 3. Then all the solutions
(x,y) € Z* of the diophantine equation

satisfy
c nzm nm nzm nzm
lz| < H™ ' exp {(CQ nm)™® |Af|5 || (log, |bAf|)2 } )

where co and cg are effectively computable numerical constants.

Proof. This easily follows from the Proposition of Bugeaud [6]. O
4. PROOFS

Let ¢ and k be non-zero integers and put f(z) = az™ — k. Denote by Ay the
discriminant of f. The following Proposition is a variant of a result of Brindza,
Evertse and Gydry, cf. [3], who delt with the case where b = 1 and f is an arbitrary
monic, irreducible polynomial with rational integer coefficients. Other versions can
also be found in [4] and [2]. Here we formulate this result in the form which is the
most suitable for our application.

Proposition. Let b denote a non-zero integer and m a positive integer. Using the
previous notation, the equation

(6) f(x) =by™

in integers x,y with |y| > 2 implies

m < 205715427 o | F (log, [b])3 .

Proof of the Proposition. We will more or less follow the proof of the similar results
given in [3], [4] and [2]. Put g(t) = t" —a" "'k, and let A, denote the discriminant
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2 -
of g. Tt is easy to verify that |As| = |ak|" "'n™ and |A,| = |a[" ~*""?|A;|. By the
definitions of f and g, putting ¢ = ax, equation (6) is clearly equivalent to

(7) g(t) =a""by™

First suppose that either deg(g) > 2 or a” 'k is not a perfect square, and let (3;
be a non-rational root of g. Set K = Q(8;), and denote by dg, Dx, Rk, hx and rg
the degree, discriminant, regulator, class number and unit rank of K, respectively.
Further, we denote by 3;, i = 1,...,dkg the conjugates of 3;. Combining the
inequality

d]K S 10g|DK|,

2
log 3
due to Gydry [7], with a result of Lenstra [8], we have

1 _
(8) hxRg < mlelé log®™ 1 | Die].

Further, we clearly have
(9) rg < dg /2 < n/2.

,y) be a fixed solution to (7). The g.c.d. of the principal ideals (t — 1) and
< ( )/(t — B1)) divides Ay, hence there are integral ideals A, B, C' in K with

(10) Alt = p1) = BC™

max{Ni/q(A), Nijg(B)} < a" ™" - b- Agl.

Hence, using (8), the Lemma, and the fact that the discrminant of K divides |A],
we obtain by a simple calculation that the ideals A™ and B"* have generators o
and (3, respectively, with

(1) max{h(0), h(3)} < calog, |a] log, [o]|As|* log?* |A],
where ¢, = 41" (TK+18;::5}0’@(3@))3%%. Thus, equation (10) can be written as
(12) aft — ) = epy™

where 7 is a generator of C" and ¢ is a unit.

We may assume that K is not an imaginary quadratic field, otherwise the fol-
lowing argument would be much simpler. To obtain a better estimate than in
[4], we work with an independent system of units in K, instead of a fundamen-

tal one. Let €1,...,e,, be an independent system of units for K provided by the

Lemma. Using (5), we can express € as € = 8/€l1 .erg, where &' is a unit with

h(e') < (rg + 1) (log(3dk))*™ * Ry, and, modifying ~ if necessary, we may as-
sume that  Max ;] < m.
SUSTK
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We can suppose that [t| > |a""1k|™ +1, for otherwise we obtain m < 2nlog(2ak),
and the Proposition is proved. Hence, |t— ;| > 1 fori =1,...,dk, and (12) implies

| n— 1bym|h]K > max |t— |th >m dK‘H'—‘ ﬁ m m dK+1ﬂ

where [z] denotes the house of the algebraic number z, i.e. the maximum of the
absolute values of its conjugates.
Using (4) together with (8), we obtain

TK
[T1e] < exp (es 1A 10g2 7 A1) and [7] < exp (eadc [A,]3 10gt 1[4, 1),

i=1

with ¢5 = ¢4/(4(n — 1)®). Supposing m > n—1 (otherwise the Proposition follows),
the last two inequalities and (11) yield

h(7) < 6eadx log, |al log, [b]|Af] % log |Af| log, |y-

We may assume that [t| > 1|y|%, or else we obtain m < 2nlog(2ak), and the

Proposition is proved. Hence we get |t — 8;| > i\yﬁ for: =1,...,dg. We can
suppose that for all 1 <1 # j < dg, #1 and [, satisfy the inequality

\ﬁi—ﬁﬂ |B2 — B

t—Bil ~ [t—pal

Thus we have e
H |ﬂi—ﬂj|<4(71)'|Ag|.
RIS

1<4,5<dx
i#£]

Hence, provided that |y|™/?" > 2|A,|hk (otherwise we would obtain a much better
estimate for m), we get

(F3)
t— [

t—=p
t—p2

hi
t—p
(=) -

t— [
t— (3

log

1| < log* (hK

m
—1]) <=2 .
D < -5, og, |yl

K
In the trivial case ( ) = 1 one can easily obtain a very good bound for m,

as well as in the case

> %. Otherwise, using Theorem BW, (3), (8)

and (9), we get

t ﬂ l1hg HKhK /@/ mhK
it L1 Erx @ . —
7 (t—@ (g ) (4@) g () 1|2
1
—|bplog(—1) + l1hg log | —=~ oo+l hi log
2 :([ s’gK)

£'B/a gl
+10g <5/(2)ﬁ(2)/a(2)> +mhK10g <’7( )) '
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3
> exp (—cs(n) log? [l log? [B|A ] Tog?" " |A [ log, |yl log.(m))

where by is an integer with |bg| < mhx(r + 1), and cg(n) = 1.35 - 1019 - 333" . 25,
Here the superscript (2 denotes the image by the isomorphism Q(81) — Q(fs).
The comparision of the upper and lower bounds, using the explicit form of Ay,
completes the proof of the Proposition in this case.

If deg(g) = 2 and a™ 'k is a perfect square, then g(t) is of the form t? — s2. Now
we can repeat the whole process for the factors ¢t + s and ¢ — s, and we get a much
better bound for m than stated. Hence, the Proposition is proved. O

Proof of Theorem 1. Put k = ax™ — by™. Using the Lemma we have
n Z
m< 205n+17n5n+27|ak|57 log? |b),

which leads to (2), and Theorem 1 is proved. O

Proof of Theorem 2. Set k = axz™ — by™. By Theorem B we obtain a bound for ||,
hence for |az™|, in terms of a,b,n, k and m. Namely, we get

log, log, |az"| < ezn®mlog(m)log, |a|log, |b|log, |k|,

where c¢; is an effectively computable absolute constant. Further, we can derive an
upper estimate for m in terms of a,b,n and k. Indeed, by the Proposition we have

m < 20571 A2 o F (log, [b])3 .

Combining these estimates, Theorem 2 easily follows. 0O
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