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Dedicated to Robert Tijdeman on the occasion of his 75th birthday.

ABSTRACT. We investigate certain arithmetic properties of facto-
rials. On the one hand, we are interested in the densities of sets of
n such that the exponents of given primes in the prime factoriza-
tion of n! hold certain congruence properties. On the other hand,
given M, we investigate the behavior of the M-free parts of factori-
als. In fact we study the combination of the above two properties.
Among others, we show that for any prime p and positive integers
a, b, the set of those values of n for which the exponent of p in
n!is a (mod p®), and the p-free part of n! is 8 (mod p®), has the
expected density for any «, 8. In the particular case p =2, a =1,
b = 3, our results extend and improve a result of Deshouillers and
Luca, yielding a better error term for the number of factorials up
to x, representable as a sum of three squares.

1. INTRODUCTION
It is long known that the equation
n! = z?

has no solutions in non-negative integers n,x for n > 1. This fact
follows e.g. from Bertrand’s postulate. Thus the question naturally
arises: is it still possible to find infinitely many vales of n!, such that
the exponents of all p € P is even, where P is a given finite set of
primes? In the case where P consists of the first ¢ primes for some t,
this question was posed by Erdds and Graham [10]. The question, and
its various extensions have attracted a lot of attention. We consider
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the following generalization, which contains all the problems studied
earlier.

Problem 1. Let py,...,p; be distinct primes, mq, ..., m; be integers
greater than 1, and r1,...,r; be given integers. Set

A=Ap1,- DMy o, My Ty Ty) =

{n:v,,(n)y=r;, (modm;) (i=1,...,t)},

where for ¢ being a prime, v,(k) stands for the exponent of ¢ in the
prime factorization of the positive integer k. Is it true that for any
choice of the parameters p;, m;,r; (i = 1,...,t) the set A is non-empty
(or even infinite)? Does the set A have a density? Is A relatively dense?
(That is, is there an absolute constant ¢ such that the differences of
the consecutive elements of A are bounded by ¢?)

A large part of the above problem is already solved. In the special
case where py, ..., p; are the first ¢ primes, m; =--- =m; = 2 and r| =
-+ =1, =0 (i.e. the original question of Erdés and Graham), Problem
1 was answered to the affirmative by Berend [1]. More precisely, Berend
showed that in this case A is infinite, and further, it is relatively dense.
Berend provided the same result in the case where m; = --- = my
is arbitrary (still only for py,...,p; being the first ¢ primes and r =
-+ =71, =0). Later on, Chen and Zhu [7] formulated Problem 1 in the
case m; = 2 with r; € {0,1} (i = 1,...,t). (In fact they asked only
about the relative density of A, but not about its density.) Among
other results they proved that (in their settings) either A is empty, or
it is infinite and even relatively dense. Sander [20] proved that if ¢ = 1,
then A is infinite, further, it has a density of 1/2. He also proved that
for t = 2, A is always infinite. Chen [6] could solve the problem of
Chen and Zhu [7] completely, i.e. he proved the relative density of A in
Problem 1 with m; = 2 and arbitrary r; € {0,1} (i = 1,...,t). Problem
1 with arbitrary moduli m; (i = 1,...,t) was first considered by Luca
and Stanica [18] (see their Conjecture 2; in fact they did not ask about
relative density). They could prove that under the assumption p; 1 m;
(1 = 1,...,t) the density of A exists and it is equal to 1/my---my.
Finally, Berend and Kolesnik [2] proved that Conjecture 2 in [17] is
true. That is, they showed that the density of A in Problem 1 always
exists, and equals to 1/my - - - my.

We shall also be interested in the behavior of the 'remaining’ part of
n! (obtained after removing some primes). Later we shall see that this
problem (in combination with Problem 1) has an application concern-
ing the set of those integers n for which n! is representable as a sum of
three squares. At this point we mention a related, classical question:
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what is the distribution of the numbers 1!,2!,... (p — 1)! modulo p,
where p is a prime (see F11 in [14])? Answering a question of Erdds,
Rokowska and Schinzel [19] showed that if 2!,..., (p — 1)! are all dis-
tinct modulo p, then the missing residue is —((p — 1)/2)!, and p = 5
(mod 8) must hold; however, there is no such p with 5 < p < 1000. Ac-
cording to a standard conjecture (see F11 of [14] again), approximately
p/e modulo p residue classes are not represented by n!, as p tends to
infinity. This problem has a huge literature; see e.g. the papers [13, 15]
and the references given there. For a related question, we also refer to
the paper [17].

Problem 2. Let m > 1 be a positive integer and take an integer r
coprime to m. Set M = Hp|mp and for any positive integer k, write

kM) for the M-free part of k, that is, set kM) .= k/ HmMp”P(k). Put
B=DB(m;r)={n:(n)™ =r (mod m)}.

Is it true that for any choice of the integers m, r, the set B is non-empty
(or even infinite)? Does the set B have a density? Is B relatively dense?

As a combination of Problems 1 and 2, we also consider

Problem 3. Let pq,...,p; be distinct primes, and let mq, ..., m; and
r1,...,7r; be integers with m; > 2 (i = 1,...,t). Further, let m > 1
be a positive integer and r be an integer with ged(m,r) = 1. Put
M =T, p- Let

C:C(pl,---,pt;ml,--~,mt;T17---,rt;m;r):

{n:v, () =7 (modm) (i=1,...,t)and ()™ =+ (mod m)}.

Is it true that for any choice of the parameters pq,...,p;, mq,...,my,
T1,...,T, m, r the set C'is non-empty (or even infinite)? Does the set
C have a density? Is C' relatively dense?

We think that in case of all the problems, the answers to all the ques-
tions are affirmative. In particular, we conjecture that for any choices of
the parameters, both sets B and C' have densities, and these are given
by 1/¢(m) and 1/my - - - myp(m), respectively. (As we mentioned be-
fore, the fact that the density of A exists and equals 1/my - --m;, was
proved by Berend and Kolesnik [2].) This would mean that the prop-
erties required in the definitions of the sets A and B, are independent.
Later on, we shall give some support for this conjecture.

In case of Problems 2 and 3 we know about only very restricted
results, which are related to the problem of representing factorials as
sums of squares. As we already mentioned, for n > 1, Bertrand’s
postulate implies that n! is never a square. As it was noted by Erdds
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and Oblath [11], the equation
n! = a® +y?

has no solutions in non-negative integers n,x,y for n > 6. (We have
6! = 720 = 122 + 24%.) This follows from the fact that for n > 7 there
exists a prime p of the form 4k + 3 between n/2 and n (see [4] and [9]).
On the other hand, by a classical result of Lagrange we know that the
Diophantine equation

n! = 2%+ y* + 2% + w?

is solvable for every n, in non-negative integers x, y, z, w. Consider now
the remaining case

(1) n!=x>+y*+2°

in non-negative integers n,x,y, z. By a classical result of Gauss, it is
known that an integer is not representable as the sum of three squares
if and only if it is of the form 22%(80+7) with non-negative integers a, b.
That is, we arrive at Problem 3 witht =1, p; =2, 7, =0, m = 8 and
r = 7. In this particular case, Deshouillers and Luca [8] proved that the
set of values of n satisfying (1) has a density of 7/8. They also provided
an asymptotic formula, saying that the number of n with (1) up to N
is (7/8)N + O(N?/?). We mention that for the set of positive integers
themselves, the corresponding qualitative results are long known. As
one can easily check (and it must also be long known, though unfortu-
nately we could not find any related reference), the density of the set of
positive integers with even exponents of 2 in their prime factorization,
is 2/3. Further, the density of the set of positive integers having odd
part congruent to 7 modulo 8, is clearly 1/4. So it is not surprising
that the set of positive integers not representable as the sum of three
squares, is 1/6. The latter statement was proved by Landau [16]. (See
Wagstaff [22] for a similar result concerning the Schnirelmann density
of the same set.)

As we saw, the question of representing n! as the sum of at most
two squares is treated by the knowledge concerning primes in the block
of the first n positive integers. The much more general problem of
describing the size of the largest prime factor in a block of consecutive
integers has been investigated by many authors. For related results,
we refer to the excellent, recent survey paper of Shorey and Tijdeman
[21], and the references therein.

In this paper we prove several results concerning the most general
question formulated, namely Problem 3. We take up the problem where
the moduli are any powers of some prime p. We prove that for all
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choices of the other parameters, the conjecture formulated above is
true; that is, in all cases C' has the suspected density. We also prove
that C'is relatively dense, with an explicit bound for the gaps of the con-
secutive elements of C'. In the particular case p =2 and m; =2, m =8
we also prove that asymptotically, the error term is O(N'/?1log® N) up
to NV, thus improving the result of Deshouillers and Luca [8]. In this
special case we give a sharp upper bound for the gaps between the
consecutive elements of C', as well.

2. MAIN RESULTS

To formulate our general results, we need some notation. Let p be a
prime and a, b be positive integers. Put

L={0,1,....p° =1}, L={i : 1<i<p’ pti} and I=1 x1D.

Observe that |I| = (p — 1)p?™*~1. To simplify the reference to these
sets, by writing o € I; and § € I, for arbitrary integers a and § with
p1 B, we shall always mean the elements o/ € I and 5 € I, for which
o = a (mod p*) and f' = (mod p°), respectively.

In what follows, we shall always assume that p,a,b are fixed. For
(a, B) € I put

HP) = {n:y(n)=a (modp?), (n)® =4 (mod p")}.
Finally, we shall use the conventions
1,(0) =0 and 0@ =1,

Our first two theorems solves the question of density and relative
density in Problem 3 for t = 1 with m; = p® and m = p°, where
a,b are arbitrary positive integers, p; = p is an arbitrary prime, and
r1 and r are arbitrary integers. The following statement shows that
the pairs (v,(n!) (mod p%), (n!)® (mod p*)) are uniformly distributed
among the possible pairs.

Theorem 2.1. For all (a,3) € I, the set H P has a density of
1/(p— 1p**+.

In case of relative density, we can even give an explicit upper bound
for the differences between the consecutive terms of H (@),

Theorem 2.2. For all (o, 3) € I, the set H®? is relatively dense.
Further, if we write HI(O‘”B) < Héa’ﬂ) < Héa’ﬁ) < ... for the elements
of H@P) | then we have Hi(iiﬁ) - Hi(a’ﬁ) < pmax(@b)Th(p=1p b
alli> 1.
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As a simple consequence of the above theorems we obtain the fol-
lowing.

Corollary 2.1. For any o € Iy and B € I, the sets

{n:y,(n!)=a (modp*)} and {n: (n!)(p) =4 (mod p°)}

are relatively dense and are of densities 1/p* and 1/(p—1)p®~t, respec-

tively.

Note that the fact that the density of the first set is 1/p®, follows
from the earlier mentioned results of Berend and Kolesnik [2].

Now we give alike, but more precise statements in the special case
of p=2,a=1and b= 3. This case is of particular interest, since it
describes the density of the set of values of n for which n! is expressible
as a sum of three squares.

The next theorem improves and extends an earlier mentioned result
of Deshouillers and Luca [8]. In that paper only the case (a, ) = (0,7)
has been investigated (though it seems to be clear that the methods
applied in [8] are capable to handle all the other choices of (a, 3)). Our
result significantly improves the error term O(z%?) in [8] too.

Theorem 2.3. Let p=2,a=1,b=3 and (o,3) € I. Then for all
x > 0 we have

|[H@P 0 [0,2)| = (1/8)x + O(z'/*log? z).

Our final theorem gives the precise value for the maximal gap length
in the sets H(®#) in this special case.

Theorem 2.4. Letp=2,a=1,b=3 and (o, ) € I. Then the set
H@B) s relatively dense, and if we write H™" < H* < H™? <
... for the elements of H®P) then we have Hi(f_"lﬁ) — H™P < 42 for

7 —

all i > 1. Further, the upper bound 42 is sharp for all (o, 5) € I.

Remark 1. Clearly, for the special choices p = 2, a =1 and b < 3
Corollary 2.1 also follows from Theorems 2.3 and 2.4.

3. PROOFS

To prove our theorems, we need several lemmas. The first lemma
reveals a pattern in the behavior of v,(n!). For similar statements and
assertions see [7, 20, 17, 2].

Lemma 3.1. Let a be a positive integer. Then for any positive integers
t and k with 0 <t <p and k > a we have

(19 +0)) Z 0,0 + T (mod ) (0 < i <)
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with the usual convention 0! = 1.

Proof. We clearly have

v ((tp*+i)!) = v, ((tpk)! H(tpk +j)> = v, ((tp"))+1, (i) (mod p*).
j=1

Using the Legendre formula this gives

ph-1

p—1

and the lemma follows. O

v ((tp"+0)!) = v, (iIN+t(14p+- - +p" ) = v, (i) +t (mod p?),

Our next two lemmas provide similar information about the behavior
of (n!)®) (mod p®).

Lemma 3.2. Let b > 1 and further assume that b > 3 if p = 2. Then
for any k > b—1 and for any positive integer t we have

(o = {70 (od ), o2
P = (—1D)E=HD((tpb=HN®) (mod pb),  otherwise,

or, shortly
(tp")N® = (=1)HE=b+Dp((1p=1®  (mod pb)
for allp > 2.
Proof. We proceed by induction on k. For k& = b — 1 the statement is

an identity. Suppose that the assertion is valid for some £ > b—1. We

can write

pk+1

t
(e = (@ T i
i=1
pti
Since by the induction hypothesis we have
(gt = (27D (mod 2, =2
T (=D (#pbN @) (mod pP),  otherwise,

we only need to show that

t’ﬁl, B {1 (mod 2%), it p=2,

(—=1)! (mod p’), otherwise.

(2)
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To prove this, observe that

tpk+1 pht1

H P = Hz (mod p**t).
i—1 i=1

it it

Now in view of k+1>b>3if p=2and k+1 > b > 1 otherwise, we
have that u?> = 1 (mod p°) if and only if v = +1,2% £ 1 (mod 2*1)
for p=2, and u = £1 (mod p**1) for p > 3. Hence we get

phtt .

_ 1 (mod 281)  if p=2,
IIi= o .
Pl —1 (mod p**'), otherwise.
pti

This in view of k£ + 1 > b gives (2), which proves the lemma. O
The following lemma plays a key role in our arguments.

Lemma 3.3. Let b > 1 and k > b—1. Ifp = 2 and b = 2 then
assume that k > b. Then for every t > 1 with p{t there exist uniquely
determined numbers v;(j) € I, (1 < j < p1), such that for all i,j
with (j — 1)pF=0+t <i < jpF=t 1 <5 < pP~t we have

((tp" + )P =% () EN™  (mod p°).
Further,

i) if p = 2, then the numbers v(j) (j = 1,...,2°71) form a per-
mutation of Iy for any odd t,

i) if p > 3 then v,_1(p*~1) = —1, and the numbers v,(j) (1 <t <
p—1, 1< j < p ) generate the multiplicative group Z;b of
invertible elements of Z,p.

Proof. For p =2 and b =1 the lemma is trivial. Further, if p = 2 and
b = 2, then the statement can be easily proved by induction; we get
71(1) = 3 and 71(2) = 1 in this case. So from this point on we shall
always assume that if p = 2 then b > 3.

First observe that for any s with #tp* < s < (¢ + 1)p* such that
vp(s) < k — b we have

sP) = (s —tp")P  (mod pb).
This immediately gives that writing

(tp* + (j — 1)pk—t+1)®)
((j — 1)pk=o+1)@)

8u(j) = (1<j<p™
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with the convention 0% = 1, we have

(3) ((tp* + )@ = ()P5,(0) [ [ 6:(¢) (mod p")
=1

for all 4,5 with (j — 1)pF=0*1 < i < jpF=0* 1 < j < p*~1 where
6:(0) = (—1)1E=0+Dp((#p>=1)1) Pt~ Here we used that by Lemma 3.2

(1" = 1)) = (p))P1 = (1) ST (mod ).
So by choosing

j
@ ) =000 moedp) (1<j<p™)
=1
and noting that these numbers are clearly uniquely determined, the
first part of the statement follows.

To prove the second part of the lemma, we have to distinguish the
cases p =2 and p > 3.

The case p = 2. To prove the second statement in this case, we show
that the ~,(j) are all distinct. This clearly implies 7). For this, we need
to show that the products Hgiel 5:(¢) are all distinct from 1 modulo 2°,
for 1 < ¢; < fy < 271 (Recall that here we may assume that b > 3.)
Putting u;_; = (( — 1)®)~! (mod 2°) for j > 1, we have

6 (j) = 12071720 Dy, ) 11 (mod 2).

Since for any j > 1 obviously &;(j) Z 1 (mod 2°), we may assume that
{1 < 5. Thus we need to show that

Lo

[T+ 1) #£ 1 (mod 2°) (1< < b <27,

=t
Suppose to the contrary that the above congruence holds for some ¢4, 5
as above. Then for these values of /1, 5 we have

Oy Lo

H (#2172 =Dy, | 4 1) H (#2012, 4+ 1) =1 (mod 2°).
=t =t
210—1 2401

However, then the same congruence certainly holds also modulo 2°71.
Thus, observing that the second product is clearly 1 modulo 2°7!, in
case of 2 | £ — 1 letting ¢/ — 1 = (£ —1)/2 we get
[(£2+1)/2]
[T @Yy +1)=1 (mod2").
O=[(£1+1)/2]
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Here we used that vy(£ — 1) = v((£ —1)/2) + 1 and ((¢ — 1)/2)® =
(—1)@ for £—1 even, whence uy_; = up_; (mod 2°). Since up_1-(¢'—
1)® =1 (mod 2°), we certainly have up_1- (¢’ — 1) =1 (mod 2°71),
as well. Finally, observe that 1 < [(¢; +1)/2] < [(ly +1)/2] < 2072,
Hence our claim that the products Hﬁigl 6(0) (1 < by <y <2071
are all different from 1 modulo 2% follows by induction on b. Thus the
products []/_, 8:(¢) ( = 1,...,2°7!) are pairwise distinct modulo 2°.
Hence the lemma follows in this case.

The case p > 3. To prove the second statement in this case, first
observe that by Lemma 3.2, (3) and (4) we have

(=D ()P (07 = (M) P (PP =

= ((P"NW = (12N (mod p°).
This gives
Y1 (P =1 (mod p’).
Now we construct an element of the subgroup generated by the elements
() (1<t <p—1, 1 <j<p’1!) which is a generator of Ly, In fact
we shall prove that already the subgroup G of Z;b generated by
+6,(0)0,(1) (1<t<p-—1)
contains such an element. It will be sufficient, since
Y1 (PP = =1 and (1) = 6:(0)5,(1) (1<t <p—1).
As §;(1) =t (mod p®), we have
+6,(0)5,(1) = (" ))P (mod p) (1<t <p—1).

Observe that for b =1 we have t! € G forall t =1,...,p — 1 implying
G = Z;. Let now b > 2. We show that G contains an element which
is generator modulo p?. As it is well-known, this element will be a
generator also modulo p°. Since by Lemma 3.2 we have

(" P = £((tp))®  (mod p?)

for any b > 2, we need to check the statement only for b = 2. That is,
it is sufficient to show that for b = 2, the group G contains a generator
modulo p?. For this, first observe that for any ¢ we have

(p) p-l
(((t((jpl);i))!)@) - tH((t -lp+i)eG (t=1,...,p—1).

Recall that if ¢;, go are generators modulo p such that

g1 =g, (modp) but g #go (modp?),
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then one of g1, g is also a generator modulo p?. Let g be any generator
element modulo p with 1 < g < p. Then by Wilson’s theorem we have
p—1 p—1
—g[[(a-p+d)=—-9)[[(0—9—Dp+i)=g (mod p).
i=1 i=1
If we Would also have
p—1

—gH g—Up+i)=@p—9) [[(b—9g—1Dp+i) (modp?),

=1

then
p—1 p—1
p—1)! p—1)!
g0 L g+ 2 odp)
j j
would also hold. However, this by
p—1 p—1
-1
Z—,Ezljzp—(pQ >EO (mod p)
j=1 j=1

is impossible. This implies that one of

p—1 p—1

—g[[a—1p+0), p—9)[[(p—9-Dp+i)eC

i=1 i=1
is a generator modulo p?. Hence the lemma follows. U

Remark 2. The combination of Lemmas 3.1 and 3.3 allows us to
follow how the classes corresponding to («, ) € I ’switch’. To see this,
just observe that combining these lemmas, for any k > max(a,b) we

have that
(1p(i1), () = (o, B)
if and only if

. . t
(19" + D). (19" + )W) = (‘“ T ——p,%o)ﬁ)
for any ¢,j,i with 0 <t <p—1,1<j<p’land (j —1)pF " <i<
- k—b+1
Jp .
Now we can give the proofs of Theorems 2.3 and 2.4.

Proof of Theorem 2.3. First we prove the statement for numbers of the
form 2 = (2%)!. For this, we use linear recurrence sequences of vectors.
We need to introduce some notation. For (o, 8) € I and x >y > 0 let

|H P (y, z)|

HD(y,z) .= H*P N [y,z) and APy z):=
r—y
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[n [ 2720 2@ [ 2200 @ [ (0, 8) [ n [ 227 0@ [ 2200 @ [ (a,8) |

0 1 1 (0,1) ][ 16 27 2153 (1,3)
1 1 1 (o,1) || 17 1 215.3 (1,3)
2 2 2.1 (1,1) || 18 2.1 2163 (0,3)
3 3 2-3 (1,3) [[ 19 3 2161 (0,1)
4 27 27.3 (1,3) [ 20 275 2185 (0,5)
5 5 257 a7 |21 5 218 .1 (0,1)
6 2.3 275 0,5) [ 22 2.3 2193 (1,3)
7 7 2%.3 0,3) || 23 7 2.5 (1,5)
8 23 273 (1,3) [ 24 27.3 2777 (0,7)
9 1 27.3 (1,3) [[ 25 1 2777 (0,7)
10 2.5 287 0,7) || 26 2.5 2733 (1,3)
11 3 255 0,5) | 27 3 2731 (1,1)
12 27.3 2107 0,7) || 28 27.7 2757 (1,7)
13 5 2103 0,3) [ 29 5 275.3 (1,3)
14 2.7 215 (1,5) [[ 30 2.7 2765 (0,5)
15 7 2113 (1,3) [ 31 7 275.3 (0,3)

TABLE 1. Exponents of 2 and odd parts of n! for 0 < n < 31.

If y = 0, then we shall simply write (%) (z) and h(®#) (z), respectively.
Define the vectors vy (k > 0) by

ST

Any term of the sequence (¥)) for k > 4 can be expressed by the help
of the previous four terms. The initial vectors vy, v, U5, U3 can be easily
obtained by the help of Table 1. These are the following:

OO OO OO OoON

=

OO == OO OoON

2

—_— O N = O ==

== Ot NN NN
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As we already mentioned, for every k > 4 the coordinates of v}, can
be given by the help of the previous four vectors. The first entry of
Uy, namely h(®1(251) can be obtained in the following way. We start
with

h(O,l)(2k+1) — h(O,l)(2k) + h(O,l) (2197 2k+1).
Cutting the interval (2%, 21) into four parts, we get
h(O,l)(2k‘+1) — h(O,l)(2k)+h(0,1)(2k’2k+2k—2)+h(0,1)(2k+2k‘—2’2k+2k—1)
+h(0,1)<2k + 2]’6717 2k + 2k71 + 2k72) + h(O,l) (2k + 2]{*1 + 2k72’ 2k+1>'
In what follows, we shall apply Lemmas 3.1 and 3.3 repeatedly, in the

way explained in Remark 2. In the latter statement, as one can easily
check, now we have

(71(1),7(2),m(3),m(4)) = (3,7,5,1).
We get
h(0,1)<2k+1) — h(O,l)(2k> + h(l,S)(Qk—Q) + h(l,?) <2k—27 2k—1)
+h(1,5) (2’6717 2[{:71 € 2]672) + h(l,l) (2’671 + 2k72’ 2k)
From this we obtain
h(O,l)(2k+1) — h(O,l)(2k) + h(1,3)(2k—2> + (h(1,7)<2k—1) . h(1,7)(2k—2))
4 (h(0,7)(2k73) +h(0,3)(2k7372k72>) i
+ (h(l,l)(2k) . h(l,l)(zkfl) . h(1,1)<2k71, 2]971 + 2k72)) —
— h(o’l)(Qk) + h(1,3)<2k—2> + (h(1,7)(2k—1) . h(l,?)(2k—2)) +
4 (h(0,7) (2k—3> 4 h(0,3) (2]6—2) . h(0,3) (Qk—?))) +
(h(l,l)(Qk) . h(l,l)(Qk—l) . h(0,3)(2k—3) i h(0’7)(2k_2) + h(0,7)(2k—3)> )
After rearrangement, this yields
h(O,l)(2k+1) _ h(O,l)(Qk) + h(1,1)<2k> . h(l,l)(2k—1)+
—l—h(l’7) (2k—1) + h(0,3)(2k—2) . h(O,?)(2k—2)
+h(1,3)(2kz—2) . h(l,?) (Qk—2> —9. h(O,S)(Qk—?)) +2. h(0’7)(2k_3).
Thus the first coordinate of v}, is given by
ﬁk = (17 07 Oa 07 17 07 Oa 0) : Q_fk—l + (07 07 O’ 07 _17 07 0; ]-) . 17]@—2"‘
+(0,1,0,—1,0,1,0 — 1) - Gp_s + (0, —2,0,2,0,0,0,0) - F_a.

Similar calculations yield the other coordinates of vj, as well. Alto-
gether, we get the recurrence relation

U = G- Upo1 + Go - Upmo + G3 - Upmg + Gy - Upma (kK > 4),
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where
1 0001000
01 00010 0
001 000 T1 0
G- |0 00 10001
1 000100 0]
01 00010 0
00100010
000 10001
o o 0 0 -1 0 0 1
0 0 0 0 0 -1 1 0
0o 0 0 0O 0 1 -1 o0
a0 0 0 0 1 0 0 -1
2“l-1 o o 1 0o o o0 0]
0 -1 1 0 0 0 0 O
0 1 -1 0 0 0 0 O
1 0 0 -1 0 0 0 o0
0o 1 0 -1 0 1 0 -1
1 -1 0 1 0 -1
0 -1 1 -1 0 1
-1 0 1 0 -1 0 1
Ga=1¢o 1 0o -1 1 0 -1
1 -1 0 1 -1
-1 0 1 -1 0 1
-1 0 1 0 -1 0 1 0
0 -2 0 2 0 0 0 O
-2 0 2 0 0 0 0 O
0 2 0 -2 0 0 0 O
Go—|2 0 20 0 0 0 o0
0 0o 0 0 0 -2 0 2
0 0 0 0 -2 0 2 0
o 0o 0 0 0 2 0 -2
0 0 0 0 2 0 -2 0

By a theorem of Cerrucci and Vaccarino [5] we know that the above
relation can be written as a system of coordinatewise recurrence rela-
tions, and the common generating polynomial g(x) of these relations
is the characteristic polynomial of the matrix

O O O Gy
G E O O Gjg
O E O G,
O O E G
Here O is the 8 x 8 zero matrix, and F is the 8 x 8 unit matrix. Hence

for g(z) we get

g(z) = 2" (2 —2) (2% +2) (2 — 222 +4) (x* — 223 +22° — 4o +4) (2* — 204 2)? (22 - 2)3.
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Now using the standard theory of recurrence sequences (see e.g. [12]),
we get that every coordinate of U}, can be written as

3 3
128 + e (iV2)F 4 c3(—iv2)F + Z Capicly + Z CavifBf+
=0 =0

(Clgl{? + 613)(1 + Z)k + (014]€ + 615)<1 — Z)k+
(CleQ + 017]{ -+ 018)\/§k + (019k2 -+ ngk -+ 621)(—\/§)k

with complex numbers ¢y, ..., o1, which can be different for different
coordinates. Here aq, a, i, ay and 31, fa, B3, B4 are the (distinct) roots
of 1 =222 +4 and 2% —2x3+22% —4x+4, respectively. It is easy to check
that all these roots have absolute value v/2. Calculating the vectors
Uy, for K =0,...,20, the constants ¢y, ..., co; can be obtained for each
coordinate by solving a system of linear equations. Using Magma [3]
we get that ¢; = 1/8 in all cases. Thus

(5) (@) (k) = % Lo <k2\/§k)

for every (a,3) € I. As k = log, 2" and V2 = (2%)1/2) hence the
formula in the theorem follows for z = 2¥. As we have

h(avﬁ)@k’ 2k+1) _ h(aﬂ)<2k+1) _ h(a,ﬂ)(Qk)7

thus also
(6(3) B ok opr1y 2T 2 2, /3t 2" 2, /3"
h@B) (2 9 ):T—ngO((k:Jrl) 2 ):§+O<k 2).

Let now N be an arbitrary positive integer. Then we can write

N = iin,
=1

with f; > fo > -+ > f; > 0. Clearly, h(*#)(N) can be written as
OB (N) = @B (/) 4 pleB)(2h oh Loy 4o 4
_|_h(aﬂ)(2f1 42l 2t g9l
Any term of the above sum can be expressed as
B (f o ofe oft oy ofe 4 ofeny — p(@B) (4ol yofe 4 ofeiy,

where t is odd. By Lemmas 3.1 and 3.3, using (5) and (6), we easily
get

2f€+1

p(@:B) (thZ, 127 + 2fz+1) —

+0O <f£2+1\/§f”1> :



16 L. HAJDU AND A. PAPP

Thus
BB (N) — 2/ 2/i o 2\/§fl O 2\/§fj
0= (L s L) 0 (8« v (1),
whence
fi+1
(o, 8) v 2\/5 -1 :E 2 f1
RO (N = +O<1 ﬁ_1> 8+O(f1\/§).

Now using f; < log, N we get
N
M”WN%:§+{NM§NUNW%
and the theorem follows. U

Proof of Theorem 2.4. The assertions can be readily checked. For this
purpose, we used simple Magma [3] programs. Checking all the values
of n! with 0 < n < 127, we find that all the intervals [0,32), [32,64),
(64,96), [96,127) contain at least two elements from all the sequences
H©@P) ((a, ) € I). Obviously, the consecutive elements of any H(*#)
inside any of these intervals, have distance less than 42. Further, as
one can easily check, all the intervals [0, 14], [21,31], [32,48], [47,63],
(64, 78], [85,95], [96,122], [100, 127] contain at least one element from
each H@®  This immediately shows that all the differences of the
consecutive elements below 27 inside all the sets H(®#) are bounded by
42. Further, in view of that all the numbers (127 — 100) + (14 — 0) + 1,
(31—21)+(48—32)+1, (63—47)+ (78 —64)+1, (95—85)+(122—96)+1
are at most 42, we also have no problem with merging the four intervals,
the first two statements follow by induction using Lemmas 3.1 and 3.3.
To see that the bound 42 cannot be improved for any (a, 8) € I, one
can check that

(4836, 4878), (39652,39694), (2788,2830), (23268,23310),

(6884, 6926), (740,782), (13028,13070), (19172,19214)

are pairs of consecutive elements of the sets
H(071)7 H(073)7 H(075)7 H(077)7 H(171)7 H(173)7 H(175)7 H(177)7

respectively. In fact, these are the first instances of pairs of consecutive
elements with difference 42 in each H(®%), O

For the proof of Theorem 2.1 we need a further lemma.
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Lemma 3.4. Let p be a prime, u be a positive integer and ay, . .., Gy
be real numbers. Fort=1,...,u—1 put
0 _ 1§~
t) t—1 . w—t
j=1

with ago) =a; (i=1,...,p%). Suppose that

(7) max |a;| > C4
1<i<p®
and
(t) ¢
(8) |y, — aép)+jz| < Gy

forany 0 <t<u—1,0<l<pvt—1and 1l < j < jo < p, where
Cy and Cy are some real numbers with C; > (u+ 1)(p — 1)Cy/p > 0.

Then ay,...,au have the same sign, and we have
min |a;| > Cy — (u+1)(p — 1)C2/p.
1<i<p®

Proof. We proceed by induction on u. For v = 1 conditions (7) and (8)
reduce to
max(|ail,...,|a,]) > C1 and |a;, —aj,| <Oy (1 <71 <ja <p),
respectively. These simply yield
min(|a4|,...,|a,|) > Cr —Cy > Cy —2(p — 1)Cy/p,

and it is also clear that ay,...,a, are of the same sign. So the lemma
follows in this case. Assume now that the statement is valid for some
u > 1, for any real numbers as,...,a,. Take any real numbers
ai,...,amu+, satisfying the properties (7) and (8), with u replaced by
u + 1; in particular, with C7 > (u+2)(p — 1)Cy/p > 0. Put

1< , .
bi:_za(i—l)p—l-j (i=1,...,p").
pj:l

By (7) and (8) we get that
|b€p+j1 - bfp+j2| < Gy
forall 0 </ <p* ! —1and 1< j; <jo <p, whence
01 + (p — 1)(01 — Cg) .
ax, |b;| > p =C,—(p—1)Cy/p.

Thus the numbers by, ..., by satisfy the conditions (7) and (8), with
C replaced by C; — (p — 1)Cy/p. Hence by the induction hypothesis
we have

1<i<p
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and that the b;-s are of the same sign.
Let i be the index for which |a;| is minimal. Without loss of generality

we may assume that ¢ = 1; all the other cases are similar. Then we

have

ap+---+ Qp

Ci—(u+1D(p—1)Cqy/p < |by] = ’

This by (8) immediately gives
min |a;| = |a1] > C1 — (u+2)(p — 1)Cy/p.

1<i<putt
It is also clear that the a;-s are of the same sign. Thus the lemma
follows. U

Now we are ready to prove Theorems 2.1 and 2.2.

Proof of Theorem 2.1. As in the proof of Theorem 2.3, for («, 3) € I
and x >y > 0 set

H(.p)
H(aﬁ) (ya l’) = H(aﬁ) N [y7 .73) and h(Oé”B) (y7 23) = M
r—y
If y = 0, we simply write H(®#)(z) and h(*9 (x), respectively. To prove
the theorem, by the above notation we need to show that
lim A(@#) (x)=1/(p — 1)petot
T—r 00

for every (a, B) € I. For this, first we prove the following assertion: we
have

) lim ACD(( = DpF Gt = 1 (p— 1)
for any (o, 8) € I and 1 < j < p*~!. Note that in particular, this
immediately gives

lim AP (p") =1/(p - p**7"

k—o0

for all (o, 8) € I. To show (9), for k > max(a,b) and 1 < j < pP~! set
A§k) =[(j - 1)pk7b+17jpk7b+1>’
and for 1 <t <p—1 put
Bt(s) — [tpk + (j _ 1)pk*b+17tpk _'_jpkfb%*l)‘

Observe that we have

(i—Vp+p
A= AP =107

i=(j-1)p
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and
(j—1)p+p
k41 k ) _
Aip;r_z)ﬂ. = U Bf’i) (t=1,....,p—1, j=1,...,p"7?).
i=(j—1)p
Set
= > Z Mo
] 7 )
(a,3)€I j=1
where

(o, B) = WD ((f = DpFL jph ) — 1/ (p — Dt
Applying Lemmas 3.1 and 3.3 with 1 <t < p—1, the recursive relation
for the sets A(k) yields that

b21 2
pas) =3 35 (LS o)

t=0 (a,B)el j=0 i=1

Here (aj(-;)H, 5j(p)+@) € [ is given by

t 13 a

gp)ﬂ + F— =a (mod p%), % (J )ﬁ]pﬂ =43 (mod p®),
where the v;(j) are defined in Lemma 3.3fort > 1, and 70( ) = 1. Here
one should observe that ¢ € Aj if and only if tp* + ¢ € Bt .
an £ belongs to H e J(';)Jri)((j —1)pk=0+L jpF=b+1Y if and only if tpk +/
belongs to H @A) (tp* + (5 — 1)pF=bF tpk + jpo=o+) (5 = 1,...,p" ).
Hence, as for all possible values of 4, j,t the pairs (Oz(-t) , ,6’() ) yield

. . . . ]p+Z’ jp+’L
permutations of I, by a simple calculation we obtain
(10)

Pl (k) Gy 2
WPy = S Y <xj”+“(o"5)p%w(%ﬁ)> .

(a,p)el  j=0 1<i1<ia<p

and such

This immediately implies that the sequence D(k) is monotone decreas-
ing. Since clearly, D(k) > 0 for all k, this sequence is convergent; write
o for its limit. If o = 0, then assertion (9) immediately follows. So
assume that o > 0. Observe that the definition of D(k) implies that
for all £ > max(a,b) we have
my = max |x§k)(a,ﬁ)| > o /pTP.

(a,8)€l

1<j<pb=1
Now choose a k > max(a,b) such that D(k) < o + p, where pu is
to be chosen later. (For the moment, it is sufficient to consider pu
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to be ’very small’, also with respect to ¢.) Fix jy and (ay, 5y) such

that my = |$§§)(a0,ﬁo)|. We shall assume that here ng)(ao,ﬁo) > 0,
the other case is completely similar. Observe that by (10) we have
that D(k + i) — D(k+ ¢+ 1) < p for all ¢ > 0. This, choosing u
sufficiently small in terms of o, by Lemma 3.4 inductively shows that
x§k)(ao,ﬁo) > c1(0) holds for all j with 1 < j < p*~!. Here and later
on, ¢;(0) is an explicitly computable positive constant depending only
on o (besides a,b and p, which are considered to be fixed). At this
point we need to distinguish two cases.

Assume first that p = 2. Then by Lemmas 3.1 and 3.3, using the
recursive definition of the sequence ajg-k), together with a similar argu-
ment as above (choosing i to be sufficiently small), we get that there

exists a j with 1 < j < 2°~! such that x§k+1)(ao —1,08") > c3(0), and
then that in fact x§k+1)(a0 —1,8) > c3(o) for all j with 1 < j < 2071
where 8 € I,. Repeating the argument, we get that for all a* € [
there exists a f* € I, such that $§k+2a)(a*,5*) > ¢4(o) for all j with
1 < j <21 Now let (&, () € I be arbitrary. Then there exists a
[B* € I, such that x§k+2a)(d + 1, 5*) > c4(0). Then, since the v1(j) in
Lemma 3.3 yield a permutation of the invertible elements of Z,, we see
that for the index j defined by 7,(j)8* = 8 (mod 2°), with the usual

;k+2“+1)(&’ 3) > ¢s5(o). Then repeating the

argument once more, we get that in fact x§k+2a+1)(6¢, B) > cg(0) for all
j with 1 < j < 27! This is already sufficient for our purposes; we
shall draw the conclusion a bit later, after examining the case of odd

primes p as well.

argument we obtain that x

So let now p be an odd prime. Recall that x§k)(a0, Bo) > ¢1(o) for

all j with 1 < j < p®!, and let 8* € I, be arbitrary. By Lemma 3.3
there exists an ¢ depending only on p and b, and v, (j1), ..., %, (Je) €
I, such that v, (1) -, (je)Bo = B* (mod p°). This by the usual
argument gives that for every 8* € I, one can find an a* € I; such
that :UE-HS) (a*, B*) > c7(0) for all j with 1 < j < p®~!, with some s > 0
depending only on p and b. Now applying Lemmas 3.1 and 3.3 with
t =p—1and j = p® — 1, by the usual argument again, we get that
x§-k+s+1)(a* —1,-8%) > cg(0) for all j with 1 < j < p*~!. Repeating
this argument 2p® times, since p® is odd, we get that xg»k““p Na, £*) >
co(0) for all o € I; and for all j with 1 < j < p*~!. Since 8* € I, is
arbitrary, we get that in fact x§k+s/)(&,3) > c10(0) for all (&,5) € I
and j with 1 < j < p®!, for some s’ > 0 depending only on a, b and p.
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So in both cases we get x§k+s/)(d,ﬁ) > ¢11(0) for all (&, 5) € I and
j with 1 < j < p*~!, for some s’ > 0 depending only on a,b and p.
However, this contradicts the identity

Z $§k)(a,ﬁ) =0

(a,B)ET
being valid for all ¥ > max(a,b) and 1 < j < p*~!. This proves that
o =0, and consequently, klim my = 0 (hence also (9)).
— 00

Now choose an arbitrary € > 0, and let ky > max(a, b) be such that

. _ o 1
(1) \h@ﬁ)(u—l)pk ) - <

whenever k > ko, for any (o, 8) € I and 1 < j < p*~1. By (9) we know
that such a kg exists. In fact (11) is valid for any j > 1. This follows
by induction from the fact that by Lemmas 3.1 and 3.3, for any & > kg
we have

HOP (tpF+(j—1)p" o aphph 1) = HE)((j—1)pk0, jpk—tt),

with some (o/,3') € [ and ¢,j with0 <t <p—Tland 1< j<pt~L
Let Ny be a positive integer to be specified later, and let N > Nj.

Write
Nt
s=1

with integers f1 > --- > fy > 0and 0 < ¢1,...,¢s < p. Then for any
(e, B) € I we can clearly write
(12)

r cg—1 /—1 /—1
0] = S5 e (St S+ s )|

=1 i=0 g=1 g=1

Let M be the largest multiple of p¥o=+! with M < N, and set ¢ =
M /pFo=t+1 Using (11), for every 1 < j < ¢ we have

1 |HE@D)((j — 1)pE=o+L, jpk=btt)] L
1] ph—o+t ViR

whenever k > ky. Write

r r!

N = chpfs = Z CspfS +T,

s=1 s=1
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where T'= N — M; observe that 0 < T < pko=b*1 Thus, using (11),
we have both

r J: N-T
|H@P (N)| < ZCS (% +5pfs) +T< 7] +e(N-T)+T,
s=1

and

/

. fs N-T
a p s
|H( ’5)(N)]25 Cs(m—efpf)E 7l —e(N=T).

s=1

Recalling that h(*?(N) = |H®P)(N)|/N, taking N, sufficiently large,
the theorem follows. O

Proof of Theorem 2.2. The statement that for any (o, 8) € I, H®#) is
relatively dense, would follow from the arguments given in the proof
of Theorem 2.1 (in particular, from (9)). However, to give an explicit
bound for the largest gap in H(@?) we follow another (though similar)
method.

From the proof of Theorem 2.1, for & > max(a,b) we extend the
notation

AP = [( = DL

from 1 < j <p’'tol<j<p’ For all such j, set

W = {(a,8) € T HO) 0 AW 2 ).
Observe that by Lemmas 3.1 and 3.3 (see also Remark 2), T, ( b) 1, isan
injective map oij Jfort=0,...,p—1landj=1,...,p" 1. Further,
for any k > max(a, b) we clearly have

k+1 _
) UT pti (G=1,....p"h).

For k as before, let
=T+ + |75 .

Clearly, s®) is a positive integer with s < p*=!'I| = (p — 1)p*T20=2,

From what we know about the sets 7" and T+ we easily deduce
(k) _ (k)

that s*+1) > (k) Wlth equality precisely when ;7)) . = Ti57 ) 10

forall j = 1,...,p" ' and 1 < i; < iy < p. Using this observation

together with the inductive definition of the sets Tj(k)

some k we have

, we see that if for

s — g(ktl) _ S(k+b)7
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then in fact

k k ; ]
Tj(l) :Tj(z) (1 < g1 <o Spb)-

This implies that then, with this &, we have s+ = ) for all ¢ > 0.
Summarizing the above arguments, we obtain that there exists a K
such that sE+0 = 5K for all ¢ > 0, and that

K = max(a,b) + b(p — 1)p*T20=2

is an appropriate choice.

Now we show that with this K we have Tj(K) =Iforallj=1,...,p"
For this, it is in fact sufficient to show that this equality holds for all
j = 1,...,p" % Note that we already know that T]-(IK) = T]-(QK) for
1 < j; < ja < pP. At this point we split our argument into two parts.

Assume first that p = 2. Let («, 5) € Tl(K). Then, choosing the j for
which 7, (j) = 1 in Lemma 3.3, by Lemma 3.1 we see that (o« — 1, ) €

Tl(K) is also valid (in view of Tl(K) = TJ.(K)). This shows that for all a* €

I, we have (o, () € Tl(K). Let now (&,3) € I be arbitrary. Choose
the j for which v,(j)5 = B (mod 2°). Then, since (& + 1,3) € Tl(K),
we obtain (&, B) € Tl(K). This proves our claim for p = 2.

Suppose next that p is an odd prime. Let (o, ) € Tl(K). Then, in
view of 7,1 (p*~') = —1 (mod pP), applying Lemmas 3.1 and 3.3 with
t=p—1and j=p’—1, we get that (a — p* — 1, (=1)P"*1p) € Tl(K),
that is, (o — 1,3) € Tl(K). This shows that in fact for all o* € I3,

we have (a*,3) € T, Let now (& () € I be arbitrary. Based
upon Lemma 3.3, choose v, (j1),.-.,%,(j¢) € I2 in Lemma 3.3 such
that v, (j1)---,(je)8 = B (mod p?). Then we inductively see that
(o, B) € T with some o/ € I. Indeed, we know that (" v, (Je)B) €

TJ-(,KJFS) for some s and j', but then this pair also belongs to TI(K) - and

so on. By what we have proved so far, this yields (&, B) € Tl(K) . Thus
our claim follows in this case, too.

So by Lemmas 3.1 and 3.3 we conclude that any interval of the form
[(j — 1)pK=btL jpK=b+1y (j > 1) contains all elements of I. Thus the
largest gap in H(*#) cannot be larger than 2p% ~*+! for any (a, 8) € I.
Hence the theorem follows. U
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