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ON THE DIOPHANTINE EQUATION n(n+d)...(n+ (k—1)d) = by

K. Gy6ry!?, L. HAjpu'* AND N. SARADHA
Dedicated to Professor P. Ribenboim on the occasion of his 75th birthday

ABSTRACT. We show that the product of four or five consecutive positive terms in
arithmetic progression can never be a perfect power whenever the initial term is
coprime to the common difference of the arithmetic progression. This is a general-
ization of the results of Euler and Oblath for the case of squares, and an extension
of a theorem of Gy6ry on three terms in arithmetic progressions. Several other re-
sults concerning the integral solutions of the equation of the title are also obtained.
We extend results of Sander on the rational solutions of the equation in n,y when
b = d = 1. We show that there are only finitely many solutions in n,d,b,y when
k> 3,1> 2 are fixed and k£ +1 > 6.

1. INTRODUCTION

In this paper we consider the diophantine equation
(1.1) I =TI(n,d k) =n(n+d)...(n+ (k—1)d) = by’

in positive integers n,d,y,b, | > 2, k > 2 with ged(n,d) = 1, P(b) < k, where for
any integer u with |u| > 1 we write P(u) for the greatest prime factor of u and we
put P(£1) = 1. We also take b to be I-th power free.

First we take [ = 2. In this case, if k = 3, d = 1, then (1.1) has no solution
except when n € {1,2,48}. We refer to [17] for the details and history. Fermat
showed that there are no four squares in arithmetic progression. Euler proved the
more general result that a product of four terms in an arithmetic progression can
never be a perfect square. Oblath [11] extended this result to the case k = 5. Erdés
[4] and Rigge [14], independently showed that a product of two or more consecutive
integers is never a perfect square. Recently, Saradha and Shorey [19] proved that a
product of four or more terms in an arithmetic progression can never be a perfect
square provided that d is a power of a prime number.

Now we take [ > 3. Erd8s and Selfridge [5] proved the remarkable result that a
product of two or more consecutive integers can never be a perfect power. When
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d = 1, it was proved by Saradha [16] for £ > 4 and by Gyéry [8] for k = 2,3 that
(1.1) has no solution with P(y) > k. Gyéry [9] showed that (1.1) for £ = 3 does not
hold whenever P(b) < 2. His proof depends on the works of Wiles [26], Darmon and
Merel [3] and Ribet [13] on generalized Fermat equations. In this result of Gydry
P(b) < 2 cannot be replaced by P(b) < 3; for (k,1) = (3,3) equation (1.1) has
infinitely many solutions with P(b) = 3, see Tijdeman [25]. Saradha and Shorey
[18] showed that (1.1) with k& > 4, P(b) < k implies that d has a prime factor =1
mod [. Thus (1.1) with ¥ > 4, P(b) < k and | > 3 has no solution, if d has only
the prime factors 2, 3 and 5.

In this paper we show that, for K = 4,5 and b = 1, (1.1) has no solution. In
other words,

Theorem 1. Equation (1.1) with k = 4,5 and b =1 does not hold.

This gives an answer to a problem proposed by Guy; see D17 in his book [6].
In fact, for [ > 3 we show more.

Theorem 2. (i) Let k = 4. Then (1.1) with | > 3 and P(b) < 2 implies that | has
a prime factor > 3 and 8 || IL.

(i) Let k = 5. Then (1.1) with 1 > 3 and P(b) < 2 implies that l has a prime factor
> 3. Further, we have either 8 || II or 16 || II.

As will be seen below, for certain applications equation (1.1) is interesting also
in the case when n and b are not necessarily positive integers, and P(b) < 3. We
present some results (cf. Theorems 8 to 10) with these more general settings in
Section 2. Theorems 1 and 2 will be simple consequences of our Theorems 8 and 9.

Now we consider the equation

(1.2) z(x+1)...(z+k—1) = +2°!

in rational numbers z and z > 0, and integers k > 2, [ > 2 and a with -l < a < [.
We may restrict ourselves to the case 0 < « < [ by replacing in (1.2) «a,z by
I —a,z/2, respectively. If z and z are integers and « = 0, then by the result of
Erdés and Selfridge, we see that £ = —j, z = 0 for 0 < j < k are the only solutions.
These are also the solutions of (1.2) for each «; they will be called trivial. In
what follows, we shall deal only with non-trivial solutions. Equation (1.2) was first
considered by Sander [15], who studied it for 2 < k < 4 and a = 0. By putting
x =n/d and z = y/y; with ged(n,d) =ged(y,y1) =1, d >0,y > 0 and y; > 0, we
see that (1.2) reduces to

(1.3) nn+d)...(n+(k—-1)d) =+2%! o =27d"

where (u,v) = (y,y1) and 8 + v = a for some non-negative integers 5 and . Thus
solving (1.2) for rational values x and z > 0 is equivalent to solving equation (1.1)
with P(b) < 2 for integers n, y > 0 and d > 0 with the additional restriction that
27d* is an I-th power. With the help of our general Theorems 8 to 10 we shall prove

Theorem 3. Let 2 < k < 18 and | > 3 with ged(l, k) = 1. Then (1.2) with z # 0
implies k =2 and (z,z,a) = (=1/2,1/2,1 - 2), (-2,1,1), (1,1,1).

For small values of k£ we can remove the condition ged(l, k) = 1. In the cases
k = 2,3,4 and a = 0, Sander [15] proved that (1.2) has no solution. We find,
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however, in Theorem 4 below that for £ = [ = 3 there are two solutions which are
missing from the corresponding Proposition 2 of [15]. Hence Conjecture 1 of Sander
[15] stating that for & > 3, (1.2) with a = 0 has only the trivial solutions, should
be modified accordingly. We also completely solve (1.2) with @ = 0 for k = 5, a
new result. Thus we have

Theorem 4. Let 2 < k <5 andl > 3. Then the only non-trivial solutions of (1.2)
with o = 0 are given by k =1=3 and (x,2) = (-2/3,2/3), (—4/3,2/3).

For (1.2) when a # 0 we show

Theorem 5. Let k and | be as in Theorem /, with the assumption that | # 4 if
k=2. Let a > 0.

(i) If k = 2, then equation (1.2) has the only non-trivial solutions (z,z,a) =
(=1/2,1/2,1-2), (=2,1,1), (1,1,1).

(i) If k = 3,4 then (1.2) has no non-trivial solution.

(iii) If k = 5, then (1.2) implies thatl =5 and a € {3,4}.

Remark. The assumption that [ # 4 if kK = 2 is necessary. It is well-known that
there are infinitely many triples (p,q,r) of positive integers with ged(p,q,r) = 1
satisfying 2p* — ¢* = r? (see e.g. [12], pp. 152-164). By putting z = ¢*/r?, we see
that (1.2) with ¥ = 2, @ =1 and ! = 4 has infinitely many solutions in (z, z).

So far we have given complete solutions of (1.1) or (1.2) for small values of k. Now
we present some finiteness results on (1.1). For a complete survey on such results
we refer to [2], [9], [22], [23] and [25]. By applying Faltings’ theorem, Darmon and
Granville [2] showed that (1.1) with b =1, k > 3,1 > 4 fixed has only finitely many
solutions in n, d,y. We refine this result and extend it to the case b > 1.

Theorem 6. For fized k > 3 and | > 2 with k + 1 > 6, equation (1.1) has only
finitely many solutions in n,d,b,y.

Theorem 6 is best possible in the sense that for fixed k¥ > 3,1 > 2 with k+1 < 6,
(1.1) has in each case infinitely many solutions; cf. Tijdeman [25]. From the proof
of Theorem 6, we observe that the above result is valid for the solutions of (1.1)
with n < 0 as well.

Shorey [22] proved that if d > 1 and [ > 4 then the abc-conjecture implies that
k is bounded by an absolute constant. We refine this result as

Theorem 7. The abc-conjecture implies that (1.1) withd > 1, k > 3 and | > 4
has only finitely many solutions in n,d, k,b,y,1.

We note that if we use an effective variant of the abe-conjecture, then the above
theorem is also effective. The restriction d > 1 is obviously necessary; for d = 1
and n =1, (1.1) is solvable for every k > 2.

2. A GENERALIZATION OF EQUATION (1.1)

In this section we consider the following generalization of equation (1.1):

(2.1) I ="M(n,d k) =n(n+d)...(n+ (k—1)d) = by

in non-zero integers n,b and in d > 0,y > 0, | > 2, k > 2 with ged(n,d) = 1,
P(b) < k. Further, to make the representation by’ unique we assume here and in
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Theorems 8 to 10 that y is not divisible by primes < k. Thus while considering
(2.1), b is not taken as I-th power free. We note that if n,d, b,y is a solution of
(2.1) then so is —n — (k — 1)d, d, (=1)*b, y.

In what follows, v,(u) denotes the order of p in u for any prime p and non-zero
integer u.

Theorem 8. Suppose equation (2.1) holds.
(i) Let k = 3 and l > 3. Then either
(na da b’ y) € {(_45 37 8) 1)’ (_27 3) _85 1)}7
or 1t vs(b). Moreover, if P(l) > 3, then va(b) < 5.
(i1) Let k = 4 and suppose that P(l) > 3. Then v3(b) > 0, and either va(b) = 0,
Lt vs(b) or va(b) = 3.
(iii) Let k = 5. Suppose that P(l) > 3, and that I | v5(b). Then v5(b) > 0, and
either vo(b) =0, 1 {vs3(b) or va(b) =3 or 4.
Remark. For k = 3, v»(b) < 5 is sharp as is shown by the example
2024+ 7)(242-7) =3%.2°,
Similarly, for k = 4, v5(b) = 3 is sharp since
1-2-3-4=3-2°

For (k,1) = (3,3) and v3(b) = 1,2, it is known that (2.1) has infinitely many
solutions which can be seen by taking b = 3,6, 36; cf. Tijdeman [25].

For the cases | = 3,4 we prove
Theorem 9. (i) Let | = 3. Then equation (2.1) with k = 4 has only the solutions

(TL, da ba y) = (_65 Sa 216) 1)5 (_97 5; 2165 1)) (_37 2; 9; 1)) (1a 1; 24; 1)) (_45 1; 24) 1)

Further, (2.1) has no solution with k =5, 3 | v5(b).

(i) Let | = 4 and 4 | v3(b), 4 | vs(b). Then equation (2.1) does not hold with
k=4,5.

Theorem 10. Let d = 2"d) (h > 0), I | v,(b) for each prime p with 3 < p < k.
Suppose that 2 < k < 18 if va(d) < 4, and let 2 < k < 30 otherwise, i.e. if
vo(d) > 4. Further, in the latter case we suppose that | has a prime factor > 3.
Then the only solutions of (2.1) are as follows: k =2 and (n,d,b,y) = (—2,1,2,1),
(1,1,2,1), (-1,2,—-1,1).

3. NOTATION AND LEMMAS

By equation (2.1), we observe that if a prime p > k divides II, then it divides

Y

only one term in II and v, (II) = 0 mod I. Hence we deduce that
(3.1) n+id = a;z!

with P(a;) < max(P(b),k — 1), z; > 0, a; I-th power free for 0 < i < k. Also we
have ged(z;, ;) = 1 for each i # j if 2! > k. Further,

(3.2) n+id= A; X!
with P(4;) < k, X; > 0, ged| X, [ p] = 1 for 0 < i < k. Note that
p<k

ged(X;,X;) = 1 for each i # j. We need several lemmas for the proofs of our
theorems. We begin with a result of Gyéry [9].
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Lemma 1. Equation (1.1) with k =3, 1> 2 and P(b) < 2 has no solution.

GyOry derives the above result as a consequence of the following statement (cf.
[9], Theorem G) on a generalized Fermat equation.

Lemma 2. Let ] > 3, a > 0 be integers. Then the equation
gl 4yt = 20!
in relatively prime integers x,y,z > 1 has no solution for a # 1, and for a = 1 the
equation has only the trivial solution x = y = z = 1. Further, the equation
gl — gt =201
has no solution in relatively prime integers x,y,z > 1.

The above result was established by Wiles [26] for « = 0 mod [, by Darmon and
Merel [3] for @« =1 mod [, and by Ribet [13] for a Z 0,1 mod [ and ! > 5 prime.
For the other cases, see Gyéry [9].

n [18], Saradha and Shorey gave the following result on a more general Fermat

equation by using the contributions of Wiles [26], Ribet [13] and others. The first
such results were due to Serre [10] and Kraus [21]; see also Sander [15, p. 432].

Lemma 3. Let | be a positive integer having a prime factor > 3. Suppose that
a,b,c are non-zero integers such that either P(abc) < 3 or a,b,c are composed of
only 2 and 5. Then the equation
az' + by' = c2!
in non-zero integers x,y, z with ged(az',by', cz') = 1, v (by') > 4 has no solution.
Bennett and Skinner [1] proved the following
Lemma 4. The only solution to the equation
24yt = 222
in integers x,y, z,l with gcd(z,y,z) =1,z >y, 1 > 4 is (z,y,2,1) = (3,—1,£11,5).
We shall also use the following consequence of Lemma 4.

Lemma 5. The equation

al -yl =222
in integers x,y,z,l with ged(z,y,z) =1, x >y and | > 4 even with | # 6 has no
solution.

Proof. Suppose that the equation holds. We may assume that x,y, z are positive.
Let [ = 2%]; with k > 1, [; odd. If k > 2, we arrive at a contradiction by (iii) of
Lemma 7 below. Hence k£ =1 and /; > 5 odd. We now deduce that either

gl +yht =227, 2l —yh =23

or
zh +yl1 — Z%, .’Ell _yll — 225
with some positive integers z1, z,, which is impossible by Lemma 4. O

We also need results on several cubic and quartic equations. Cubic equations
were extensively studied by Selmer [20] in a long paper. We present here results
on these cubic equations which we come across in the proofs of our theorems. The
study of quartic equations dates back to Euler. We refer to the book of Ribenboim
[12], pp. 164-177, for the quartic equations we are interested in here.
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Lemma 6. The equations
¥ +2y° = 32% ¥+ 4y’ =327

have no solution in non-zero integers x,y,z with ged(z,y,z) = 1 and |zyz| > 1,
and the equations

2342 =323 23497 =427 23 447 =923

have no solution in non-zero integers x,y, z with gcd(z,y,z) = 1.

Lemma 7. Let x,y,z be positive integers with gcd(xz,y,z) = 1 and a > 0 an
integer.

(i) If z* — 2°%y* = 22, then a =1 mod 4.

(ii) If 2°2* — y* = 22, then a = 1 mod 4.

(iii) z* — y* = 2922 is impossible.

(iv) If * + y* = 2922, thenz =y =2 = 1.

Lemma 8. Let (2.1) be valid, and suppose that | | v,(b) for each prime p with
3 <p < k. There exist indices i,j with 0 < i < j < k such that in (3.1)

(3.3) ai =12%, aj =7;2%, j—i=2% for 2 <k <18
and
(3.4) a; =T;, aj =7j, j—1 =223 or 225° for 2 <k < 30 if d is even.

Here a;,aj,9, 0, denote some non-negative integers, and 7;,7; may assume %1,

Proof of Lemma 8. The assertion can be easily checked for k£ < 6. We explain the
case k = 7 and d odd. We observe that in this case 74 a; for 0 < i < k. Further we
have either 5 not dividing any a; or 5 dividing ag, as or 5 dividing a;, ag. Suppose
5% a; for 0 < i < k. Then the statement follows with i =0, j = 1 if 3t agas; i =1,
j=2if3|ap;i=0,j =2if 3| a;. Hence we may assume that 5 divides either
ag, as or ay,ag. The assertion follows with i = 2, j = 3if 3¢ aza3, withi =3,j =4
if 3| as, and with i = 4, j = 5 if 3 | ag. This procedure has been programmed
and (3.3) is checked. When d is even we observe that all the a;’s are odd and we
check that (3.4) is valid for £ < 30. The largest cases k = 29,30 took 8 hours of
computation. [

4. PROOFS OF THEOREMS 8-10

We will use the notation introduced in the previous section without any further
mention.

Proof of Theorem 8. Suppose equation (2.1) holds. For k = 3,4 and for k = 5 with
l| vs(b), (3.2) can be modified such that n +id = 4; X! with

(4.1) A; =7,2%3% =41, X; >0, ged(X;,6) =1for 0<i < k.

Let @ = max(ag,...,ar_1).

3
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(i) Let k = 3. First we show that in this case ! { v3(b). We assume that
(42) (nada bvy) ¢ {(_4537851)5(_2535_851)}‘

Suppose to the contrary that [ | v3(b). Then §8; = lt; with non-negative integers ¢;
among which at least two are zero. By Lemma 1, we may suppose that n < 0 and
n+2d > 0. In view of ged(n,d) = 1 we infer that (n,n+d) = (n+2d,n+d) =1
and (n,n +2d) =1 or 2.

If n + d is even, then n,n + 2d are odd and we deduce from (4.1) that

n+d=m2"3"X)), n=—(39X,), n+2d=(32Xy)

with 7 = +1 and a; > 1. Then

(4.3) —(39X,) + (37 X,) = n2n (3t X))

By Lemma 2 we obtain that there is no solution in this case.
If n+d is odd then there are two subcases to be distinguished. If n and n+2d are
also odd then we arrive at equation (4.3) with a; = 0, which leads to a contradiction.
Assume now that n and n + 2d are even. Then we get from (4.1) that

(4.4) n+d=mnB"X)), n=-2%(3%Xy)", n+2d=2%(3"X,)

where 11 = +1, o, as > 1 such that one of ag, as equals 1, and 3% Xy, 3% X, 32 X,
are relatively prime odd positive integers. If ap = 1, then we obtain that

—220- (30 X) 4+ (32 X,)' = 7 (31 Xy),
which by Lemma 2 gives ag = 2, 11 = =1, ¢t; = 0 for i = 0,1,2 and Xy = X; =

Xo = 1. We infer from (4.4) that (n,d,b,y) = (—4,3,8,1) which is excluded.
Finally, if ag = 1 then

—(3X,) +2% (32 X,) = (31 Xy),
and Lemma 2 implies that as =2, 74 =1,¢;, =0fori =0,1,2, Xg = X; = X, = 1.
Then, by (4.4) we get (n,d,b,y) = (—2,3,—8,1) which is excluded. So if (4.2)
holds, then It v5(b).

Assume now that [ has a prime factor > 3. We may suppose that d is odd since
otherwise v5(b) = 0. Further, we have

(4.5) AgX{ + AxXh =24, X1
If @ =1, then clearly v5(b) < 2. Assume that a > 1. We observe that
(Oé(], Qaq, a?) € {(aa Oa 1)’ (15 07 a)’ (Oa «, 0)}

Now we apply Lemma 3 to (4.5) to get o < 4. Hence v(b) < 5.
(ii) Let k = 4. In case of v3(b) =0, i.e. if

(60761:62763) = (070,070)
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we can use the results just proved for & = 3 to show that there is no solution. Hence
v3(b) > 0. Further, we have

(Oé(], a1, 2, a3) € {(Oa 07 Oa 0)7 (aa Oa 17 0)) (17 Oa «, 0)’ (Oa «, 07 1)5 (07 1) Oa Oé)}
If d is even, then v5(b) = 0. Suppose I | v3(b). Then we have

(607615/82763) € {(tl - 150705 1)’ (I,0,0,tl - 1)}

for some integer ¢t > 0. In both cases we see that
i (X1X:) — 7073 (3' X0 X3)' = (n + d)(n + 2d) — n(n + 3d) = 2d2.

As X; > 0 (i = 0,1,2,3), this equation has no non-trivial solution by Lemmas 4
and 5. Thus [ { v3(b).

Let d be odd. Then a > 1, whence (agp,a1,as,as) # (0,0,0,0). We take
(o, 01,a9,a3) = (,0,1,0), in the other cases the proof is similar. We apply
Lemma 3 to the equation

240X} + A3 XL =2n+ (n+3d) = 3(n +d) = 34, X|

to get a < 2. As clearly o > 2, thus v5(b) = 3 and part (ii) is proved.
(iii) Let k = 5 and P(b) < 5. Then we have

(Oéo,Oél,ag,Oég,Oé4) €

{(0)07 0)07 0)’ (a)07 ]‘)07 2)’ (27 0) 170)a)’ (1,0,0{, 0) 1)’ (O)Q)O) 170)’ (0) 1707 a’ 0)}'

Suppose (ag, ai,as, a3, as) = (0,0,0,0,0). Then we argue as in the case k = 4 to
see that [ { v3(b). In the next two possibilities, we observe that & > 2. On the other
hand, applying Lemma 3 to the equations obtained from the equalities

2n+ (n+3d) =3(n+d) and (n +d) + 2(n + 4d) = 3(n + 3d)

we get a < 2, a contradiction. For the last three quintuples we apply Lemma 3 to
the equations obtained from

(n+id)+(n+(G+2)d) =2(n+ (i+1)d), i =1,0,2,
respectively, to find a < 2. As a > 2, we get vo(b) = 3 or 4.

Further, if 8; =0 for i = 0,...,4, then by part (ii) of the theorem, (2.1) has no
solution with & = 5. Thus v3(b) > 0, and (iii) is also proved. O

Proof of Theorem 9. Suppose that (2.1) holds. Since k = 4 or 5, we can modify
(3.2) so that n +id = A; X! and

A; = 71;2%135 with 7, = £1, X; >0, ged(X;,6) =1fori=0,1,...,k—1.

Further, we have ged(X;, X;) = 1 whenever ¢ # j.
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Assume first that k¥ = 4. Let a = max(ag, a1, @2,a3), and observe that a = 0
or a > 2. Moreover, we have

(a0=a17a27a3) € {(0707070)7 (aaoz 170)7 (1,0,0(,0), (0,04,0, 1); (07 1,0,04)}-

Let | = 3. Suppose first that (5o, 81,82, 03) = (0,0,0,0). Then we may apply
part (i) of Theorem 8 to the first three factors of the left hand side of (2.1) to prove
that there is no solution in this case. Thus we may assume that

(607615/82763) € {(150705/8)) (/850705 1)7 (05/85050)) (0705/850)}

with 8 > 1.
Using one of the equalities

AoX? + Ao XD = 24, X7, AXP + A3 XD = 24, X5,

or
240X + A3 X5 = 341X}, AoX§ +2A3X5 =3A4,X5,

we can reduce each of the 20 cases arising to one of the cubic equations in Lemma
6. Hence by this lemma, we get all the solutions listed in the theorem in this case.

Let I =4. If 4 | §; for some ¢ and 3; = 0 for each j # 4, then we may use again
part (i) of Theorem 8 to conclude that there is no solution. There remains the case
(Bo, B, B2, B3) = (Bo, 0,0, B3) with positive By, B3 such that 4 | (8o + B3). Further,
we have 3 1d. In what follows, we assume that Sy = 4¢ — 1 (t € N), 3 = 1. In the
opposite case g = 1, 83 =4t — 1 (¢t € N), we can argue in a similar way.

When

(a[): aq, Qg, a3) € {(0, 07 0: 0)7 (1, 07 Q, 0), (Oé, 07 1: O)}a

by using the relation 249 X§ + A3 X3 = 34, X}, we get the equations
2(32t71X§)2 - T(]Tle - T[)Tng,

4(32t_1Xg)2 = T(]Tle — T07'3X§,
2a+1(32t71Xg)2 = T(]Tle —_ T[)TgXél,

respectively, which are all impossible by Lemma 7.
In case of (ag,a1,as,a3) = (0,a,0,1) we apply AgXg + 243X3 = 34,X3 to
obtain
103" 2 Xg + 134X5 = 1 X,

which by 2t X; (i =0,1,2,3) leads to a contradiction mod 16.
Finally, suppose that (ag, @i, as,a3) = (0,1,0,a). We have (Ag, A1, Az, A3) =
(7_034t71,7_12,7_2,7_32a3)_ By 2140)(6l + 143_)(?()l = 3A1X%, we get
703" 2 X( + 127 T Xg = X

As 2 { X;, the equation mod 16 gives a = 4. However, the relation AgX§ +
2143)(:;l = 3142)(5l yields

7'(]34)&72)(61 + T332X§ = Tng,
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which is impossible mod 16.

Now we take k = 5. If | = 3 then we may apply the statement proved above for
k = 4 to the first four factors of the left hand side of (2.1) and the assertion follows.
When [ = 4, the problem can be reduced to the case k = 4 by considering the first
or last four factors of the left hand side of (2.1), according as 3 | n or 31 n. Then
the statement immediately follows from the result just proved above for k = 4. O

Proof of Theorem 10. Suppose first that v5(d) < 4 and 2 < k < 18. Write dy =
21 dy with dy odd. Hence d = 2"*h1dl,: put hg = h+1h;. By Lemma 8, there exist
i,j with 0 <i < j < k such that (3.1) and (3.3) hold. Further, if p® divides z; and
z; for some prime p and integer 8 > 0, then p®! | (j — 4)d implying p®' | (j — i).
Hence p?! <17 givingp =2, 6=1,1=3;p=2, =1, 1 = 4. Thus we have

;2% gl — 1,2% gk = 2°d = 27T P gl

Now we write 2%z} = 2%zl and 2%z} = 22} with z; and z; odd. Then by the
preceding observation we see that ged(z;,z;) = 1. Also

20thodl, = 7,20 2t — 12tz

Since da, 2;, z; are all odd, it follows that exactly two among d + ho, t;,¢; are equal,
and the third is greater than the others. Suppose t; =t;. Then

Stho—tigl _ 1 _ .l
2 dy = Tjz; — Tiz;.

Hence by Lemma 2 we have ds = z; = z; = 1, givingd = 20 6+ ho—t; = 1,n+id =
7;20%ho—L 'y 4 jd = 7;20Fho—1,

Suppose d is even. Then n +id = 7;, n + jd = 7; and d + hy = 1. Hence ho =1
givingd =2, n+2i = —1, n+2j = 1. It is easy to check that the only solution
to (2.1) is given by k = 2 and (n,d,b,y) = (—1,2,—1,1). Suppose d is odd. Then
ho=0givingd=1and 6 —t; = 1, n+i=72"1, n+j = 7,201, Using § < 4,
we get for k = 2 the solutions as (n,d,b,y) = (—2,1,2,1) and (1,1,2,1), and for
k > 3 we check that there exists a prime p > 2 with p || II(n, 1, k). Hence equation
(2.1) does not hold if £ > 3. The argument for the cases § + hg = t; or d + hg = t;
is similar.

Now let v2(d) > 4 and 2 < k < 30, and suppose that [ is divisible by a prime
> 3. Then by (3.4) we have

szé — mal = 223°d or 295°d.

We apply Lemma 3 to see that (2.1) has no solution in this case. O

5. PROOFS OF THEOREMS 1-5

Proof of Theorem 1. Let k = 4,5. When [ = 2, the assertion is the result of Euler
for kK = 4 and of Oblath for k¥ = 5. We observe from (1.1) that whenever | > 3,
we may assume [ to be a prime. The assertion for any prime [ > 5 follows from

Theorem 8 and for | = 3 from Theorem 9. Hence the theorem follows for any
[>2 O
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Proof of Theorem 2. (i) Let k = 4. Suppose (1.1) holds with [ > 3 and P(b) < 2.
From part (ii) of Theorem 8, we find that 8 || II whenever [ has a prime factor
> 3. For | = 3,4 we apply Theorem 9 to see that (1.1) cannot hold with P(b) < 2.
Hence the statement follows.

(i) Let £ = 5. We apply part (iii) of Theorem 8 for I > 5 and Theorem 9 for [ = 3,4
to obtain the assertion. O

Proof of Theorem 3. Suppose 2 < k < 18,1 > 3 with ged(l, k) = 1 and equation
(1.2) holds. Then (1.3) is valid. Further, from the second equality of (1.3) it follows
that d = 2"d’ (h > 0) since ged(l,k) = 1. By Theorem 10 we get that (1.2) has
only the solutions

(x,z,0) = (=1/2,1/2,1-2), (-2,1,1), (1,1,1),
and the theorem is proved. 0O

Proof of Theorem 4. Assume (1.2) with a = 0. Hence (1.3) is valid with § =~y = 0.
By Theorem 3, we need to consider only the cases k =1 = 3,4,5 and k = 2,] = 4.
For k =1 = 3, using part (i) of Theorem 8 we get (n,d) € {(—4,3),(—2,3)}, which
gives x = —4/3,—2/3. By part (ii) of Theorem 9 and part (iii) of Theorem 8 we
can exclude the possibilities kK = | = 4 and k = | = 5, respectively. Finally, let
k=2,1=4. Then by (1.3) and (3.1) we get

alafll — agarg = U2,
with agpa; = £1. However, by using Lemma 7 one can easily see that there is no
solution in this case. O

Proof of Theorem 5. Assume (1.2) with @ > 0. Then (1.3) is valid. By Theorem
3 we get all solutions for £ = 2, [ > 3 prime, and we need to consider only k =
I =3,4,5 and k = 2,1 = 8. Using part (i) of Theorem 8 we get that there is no
solution with k =1 =3. For k =1 =4 and k = | = 5 by part (ii) of Theorem 9 and
part (iii) of Theorem 8, respectively, we get that the former case is excluded while
in the latter case a = 3, 4.

Finally, suppose that k¥ = 2 and [ = 8. Now (1.3) yields that n = +2%23 and
n+d = £2%2} with (By,81) = (B,0) or (0,8), zg,z1 > 0 and ged(zg,z1) = 1.
Moreover, 7 is even, and v* = 27/2d. Thus we obtain the equation

:t?ﬁoa:é + 277/ 2t = iQBlz‘f.

By Lemma 2 we get xp = 21 =v =1, whence d =1 and n =1 or n = —2. Thus
we obtain the solutions (z, z,a) = (1,1,1), (-2, 1, 1) which were already found, and
the theorem follows. O

6. PROOFS OF THEOREMS 6 AND 7

Proof of Theorem 6. Since k and [ are fixed and the a; in (3.1) are I-th power free
with P(a;) < k, the coefficients a; may assume only finitely many values. Fix a;
fori=0,...k—1.

We take j consecutive terms from the product II(n,d, k) in (1.1), say n+id,n +
(i+1)d,....n+(i+j—1)dwithi=0,j=kifk=3o0r4 andi>0,j=5if

3

k> 5. It follows from (3.1) and
(n+id)+ (n+ (i+2)d) =2(n+ (i + 1)d)
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that

(6.1) 2ai1zi1) = (2ai11)' " @iz + apazl ).
Further, if £ > 4, then we get similarly

(6.2) (2ai13miys) = (2ai13)' " (—asa} + Baijazlyy),

and if k£ > 5, then

(6.3) (@irazisa)' = (aira)' ™ (—aizh + 2a;407L ).

Denote by Fy(z;, iy2), Fo(zi, xiy2), F3(xi,z;12) the right-hand side of (6.1), (6.2)
and (6.3), respectively.

By assumption, ged(n, d) = 1. Hence it is easy to see that ged(n+id, n+(i+2)d) |
2, which implies that ged(z;, z;12) = 1.

First consider the case when k& > 5. Then, by assumption k£ + [ > 6, hence we
get | > 2. Multiplying the equations (6.1) to (6.3) and putting

3
F(zi,2is2) = [] Fi(@i, zis),
t=1

we arrive at the equation
(64) F(.’BZ’, .'EZ'+2) = Zl

with z = 4a;410;430;44%;+12;+3%;4+4. Here F' is a homogeneous polynomial in z;,
Zi+o with integral coefficients and with 3/ > 6 pairwise linearly independent linear
factors over Q. Hence by [2, Theorem 1] we see that z;, z;42, 2, and hence also
ZTi+1, Ti+3, T;r4 may assume only finitely many integral values. Since this is true
for any five consecutive terms in the product I(n,d, k), we see that all z; with
0 < i < k assume only finitely many values. Thus n, d are bounded, and so b, y
are also bounded.

Next assume that & = 4. Then, by assumption, ! > 3. In this case (6.1) and
(6.2) imply (6.4) with the choice i = 0,

2
F(xg,x2) = HFt(zg,a:Q) and z =4aia3z123.
t=1

Then Theorem 1 of [2] applies again to (6.4) and proves our theorem.
Finally, if ¥ = 3 and I > 4, then we can take in (6.4) F(zo,z2) = Fi(z0,%2) and
z = 2a1x1 and the assertion follows in the same way as before. O

Proof of Theorem 7. We denote by cy, ..., cg explicitly computable absolute con-
stants. We assume (1.1) with d > 1, £k > 3 and | > 4. We take (n,d, k) # (2,7,3).
Then by a theorem of Shorey and Tijdeman [24], P(II) > k, whence P(y) > k.
By a result of Shorey [22], the abe-conjecture implies that k < ¢;. We fix k with
3<k<c.For0<i<j<k-1,wehave

G-—i)n+k-1)d)+(k—-1-j)(n+id)=(k—1-1d)(n+ jd).
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It is easy to see that the greatest common divisor of these three terms is at most
k2. Now we use (3.1) in the above equality and divide by the greatest common
divisor to get

(6.5) er-1Th_q +eirh = ejxé-,

where e,_1,e;,e; are coprime positive integers composed only of primes not ex-
ceeding k. Since P(y) > k, at least one of the numbers g, ..., zg_1, say z;, has
a prime factor greater than k. Put X = max(zx_1,2;,2;). We now apply the
abc-conjecture to (6.5) with e = 1/4 to get

5/4 5/4
Xt <e | I]» I »| <ex®/
p<k p‘xk—lmim]‘
Thus
X173'75 < 3

As X > 1 and | > 4, we obtain | < ¢4 whence X! < ¢5. This means that in (6.5)
a:lk_l, z! and arg can assume only finitely many values. We fix such possible values
of a:i_l, zt and a:é Then (6.5) becomes an S-unit equation for the set of primes
S = {p | p < k}, which equation has only finitely many solutions in ey_1,¢;, €;,
moreover max(eg_1,¢€;,€;) < cg (cf. [7]). Consequently,

n+(k—-1)d=apr_zh_, <kep_izh_, <cr.

Thus n,d, b,y are all bounded by cg. O

Remark. In the above proof we used an effective version of the abc-conjecture,
when ¢y is explicitly computable. For [ > 7, we could also use the weak abc-
conjecture with e = 1 and cy=1.
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