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1 Introduction

Let K be an algebraic number field, and denote by Ok its ring of integers. Let
a1y Qs B11y -+ B1ey -« - Bk, - - -, Bke be non-zero elements of K and v € K,
and consider the exponential diophantine equation

B B B B = W

in integers w11, ..., U1, ..., U1, - -, Uge. Observe that here in fact we may as-
sume that the unknowns u,; are non-negative integers. Indeed, we may split
(1) into several cases, replacing some of the 8;; by 1/6;; to achieve this prop-
erty. Further, if some 3;; is not in Ok, then we can write 3;; = B;;/B/; with

l’»j, ;; € Ok. Then clearing the denominators, we obtain an equation of the
form (1) again, where the f;; are algebraic integers. Hence, from this point,
unless it is stated otherwise, we shall always assume that all the 3;; are in Ok,
and that the unknown exponents u;; are all non-negative integers. (Also note
that it is not a restriction that the number of terms in each summand of (1)
is the same: the f;;-s are allowed to be 1.)

Equation (1) has a vast literature and a long history. For k = 2, using
Baker’s method one can bound the exponents ui1,...,u1s, U21,...,Uze in an
effective way; see e.g. results of Gy6ry [15,16]. Prescribing some restrictive
assumptions in case of k = 3, 4, the solutions can still be effectively determined
(see e.g. results of Vojta [31] and Bennett [4]). As it is also long known, (1)
has only finitely many solutions for any k for which the left hand side has
no vanishing subsum. Further, the number of such solutions can be explicitly
bounded in terms of k and ¢ (see e.g. [14], [2] and for several related results
[13], [12], and the references given there).

In this paper we propose the following

Conjecture. Suppose that one of the following two properties hold:

(i) equation (1) has no solution in integers u;; (1 <i<k,1<j <J¥),

(ii) none of B;; (1 <i < k,1 <j </{)isaproper unit (i.e. a unit different from
roots of unity) in Ok, and equation (1) has no solution in non-negative
integers u;; (1 <i<k,1<j<0).

Then there exists an ideal 9T in Ok such that the congruence
ar1fyt B aBtt Bt = (mod M) (2)
has no solutions in non-negative integers u;; (1<i<k1<j5<0).

The conjecture is a variant of a classical conjecture of Skolem [29]. In fact,
the original formulation of Skolem is not completely precise. For an exact
formulation we refer to [25], pp. 398-399. The conjecture predicts a Hasse-
type principle for exponential Diophantine equations. Skolem’s conjecture has
been considered in several papers. here we only mention those of Schinzel
[25-27], and Bartolome, Bilu and Luca [3] (see also the references therein).
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Importantly, Theorem 2 of Schinzel [25] also implies that in case of k =1 our
conjecture is true.

We also mention that the Conjecture is an extension of a conjecture from
[5], to the algebraic case. However, there a simpler assumption was sufficient:
namely, it was enough to assume that (1) has no solutions in non-negative inte-
gers. Now we briefly explain why in this more general situation this condition
is not sufficient.

Let K = Q(v/2), and consider the equation

(14+V2)" + (1 4+V2)" = 2V2.

As one can easily check, this equation has no solution in non-negative integers
u, v. However, the corresponding congruence does have a solution modulo 91,
for any ideal 9t in Ok. The reason is that the above equation has solutions
in integers, e.g. (u,v) = (1, —1). Since 1+ /2 is a unit in Ok, we can find a
positive integer ¢ such that (1 +v/2)! =1 (mod 9t). Hence we get

(1+V2) +(1+vV2)"' =22 (mod M).

However, this phenomenon clearly occurs only if one of the numbers 3;; is a
unit in Ok - otherwise we may find some modulus 9t such that none of the 3;;
is invertible modulo 9. Further, if 3;; is a root of unity, and its exponent u;; is
negative in some solution, then we may clearly replace u;; by a positive integer,
to obtain another solution. Thus altogether it seems that the conditions (i)
and (ii) may be sufficient to guarantee the Conjecture to hold.

In this paper we give some theoretical and numerical evidence to support
the Conjecture. First we prove that for any fixed o; and §;; (1 <@ < k,1 <
j < £), the set of v € Ok for which the above Conjecture might fail, is
'very small’. For this, we shall use a generalization of a classical result of
Erdds, Pomerance and Schmutz [10] concerning small values of Carmichael’s A
function. We also support the Conjecture numerically, by checking its validity
in different settings, and for a relatively large set of the parameters involved.

Further, based upon the Conjecture, we provide a method which is capa-
ble (at least heuristically) to find all solutions of equation (1), under certain
assumptions. Interestingly, we are able to use the method also for some cases
where neither of the conditions (i) and (ii) in the Conjecture is satisfied. We
also mention that even if the Conjecture is not true for all equations, but
holds for some equation, then our method is capable to provide all solutions
of that equation (at least in principle). In fact the method is a generalization
of that of [5] to the algebraic case. We mention that in the case where (1) is
considered with K = @, one can find several sparse results in the literature
of this type (see [5] for related references). We demonstrate how our method
works by finding all representations of powers of 2,3,5,7 as a sum of three
balancing numbers. This problem reduces to finding all solutions of certain
exponential Diophantine equations over a number field. Problems of this type
are of wide recent interest; see e.g. the papers [6] and [8], and the references
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there. We describe the background of the problem and give further details in
the corresponding subsection.

The structure of the paper is the following. In the next section we give
our theoretical and numerical results supporting the Conjecture. Then we
provide a method to find all solutions of exponential Diophantine equations
over number fields, under some assumptions, and also give an application, by
finding all representations of powers of 2,3,5,7 as a sum of three balancing
numbers.

2 Results supporting the Conjecture

In this section we give our theoretical results, together with their proofs, and
our numerical results supporting the Conjecture, in separate subsections.

2.1 Theoretical results

We start with a theorem which yields a good support for our Conjecture. As
before, K denotes an algebraic number field, with ring of integers Ok. Further,
for any subset L of Ok and any ideal 9 of Ok, write L (mod 9M) for the
natural embedding of the set L into Og/MOk. Finally, write N(9) for the
norm of the ideal 9 in Ok.

Theorem 1 Letay,...,ar, Bi1,.--, P16y, Bkls-- -, Bre be non-zero elements
of Ok, and put

H={af4" .. B 4+ Bl . B uy € Z(1<i<k1<j<O)}

Then for any ideal A of Ok and any e > 0 there exists an ideal M such that
A | M, and |H (mod IM)| < N(M)=.

Remark 1. Choosing ¢ very small’, the above theorem shows that it is 'very
unlikely’ that (1) is not solvable, but the corresponding congruence modulo
M is solvable. Since for any € we can choose infinitely many 91, this assertion
seems to give a strong support for the Conjecture indeed.

Remark 2. The presence of 2l is important to guarantee that some of the
B;; will not be invertible modulo 9t (or even, we can make some j3;; be zero
modulo ). This will be important later on, in applying the conjecture to find
all solutions of (1) in the case where it does have solutions.

To give the proof of Theorem 1, we need some preparation. Let K be a
number field, and Ok be the ring of integers of K. For an ideal J in Ok, denote
by ¢(J) the number of invertible elements in Ok /J. Note that if K = Q, then
the ¢ function is the same as Euler’s totient function. The following lemma
is a well-known property of the ¢ function; see e.g. Theorem 1.8 on p.21 of
Narkiewicz [22].
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Lemma 1 Suppose that J is an ideal in Ox with I = pi*...p.*, where
P1,...,Ppg are distinct prime ideals in Og. Then we have

p(3) = N(p1)™ - N(p)" "1 (N(p1) = 1) (N(px) = 1),
where N(3J) is the norm of J.
For any ideal J in Ok, write
A(J) :=lem{ords(a) | @ € Ok, a is invertible in Ok /J},

where ord;(a) is the smallest positive integer ¢ with o' = 1 (mod J). Note
that if K = @, then the A function coincides with Carmichael’s function.
Obviously, for any ideal J, we have A(J) | ¢(J). Further, as it is well-known,
see e.g. Lassdk and Porubsky [20], we have the following assertion.

Lemma 2 Suppose that J is an ideal in Ox with I = pi*...p.*, where
P1,-..,Px are distinct prime ideals in Og. Then we have

A(T) = lem(A(pT), - AlPE"))-

We shall also need the following variant of a result of Erdés, Pomerance and
Schmutz [10] concerning small values of Carmichael’s function due to Pollack
[24]. For other variants see e.g. [1], [17] and [5].

Lemma 3 Let K = Q, and P be a set of primes of positive upper relative
density. For each k > 0, there are infinitely many square-free natural numbers
n which are divisible only by primes in P and which satisfy A(n) < n*.

Combining the above lemmas with certain other assertions, we obtain the
following property of the A\ function defined over K. Note that this result is
a kind of extension of the above mentioned results concerning Carmichael’s
function over algebraic number fields.

Lemma 4 For any § > 0 and ideal A in Ok there exists an ideal M in Ok
such that 2 | M and A\(9N) < N(M)°.

Proof To prove the statement, we closely follow arguments of Pollack [24], with
small modifications. Let P be the set of those primes p which split completely
in K, such that (p) and 2 are coprime ideals in Ok. It follows from Landau’s
prime ideal theorem [19] that P has positive upper density. Thus applying
Lemma 3 with this set and some x > 0, such that x < dd, where d is the
degree of K, we obtain that there exists a positive integer n of the form n =
p1-..pr where py, ..., pg are distinet primes from P, such that A(n) < n" and
N ()= < n%=*_(Here and later on, A(n) is to be understood over Q.) Write
M = (n)2A with this n, and let p; =p;1...piq (4 =1,..., k), where the p;; are
prime ideals in K. Then using Lemmas 1 and 2 we have

AN < AQDlem(A(p11)s .-y A(P1d)y - oy APEL), -+ o s A(Pra)) <

< )‘(Ql)lcm(so(pll)v ERE) (p(pld)7 R @(pkl)v CERX} So(pkd)) =
= AQ)lem(p; — 1,...,pp — 1) = A)A(n) < N()n" < N(2)°n’? = N(9M)°.
This proves the statement.
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In fact, we shall need a statement which shows that for all o € Ok, the
powers of a form a ’small’ set modulo some 9, and Lemma 4 guarantees this
only for o with ged((«), M) = 1. To get such a statement, observe that for
any ideal J in Ok and a € Ok with ged((a), M) = 1, we have

ords(a) = #{a* (mod J): k € Z}.
We shall use the above notation for any o € Ok, and further write
L(3) = max{ord;(a) | « € Ox}.

Our next lemma will provide the necessary extension. Note that similar state-
ments can be found in [1] and [5].

Lemma 5 Let J = pi*---p,*, and write t = max{n,...,n¢}. Then for all
a € Ok we have ordz(a) < X(J) + t.

Proof Write (o) = " --- g~ - pi* - - p,*, where the q; are prime ideals with

q; # p;, and the exponents u;,v; are non-negative integers. We show that for

any x > A(J) there exists a y with 1 < y < A(J) such that a**t = a¥*!

(mod J). Given z, choose a y with 1 < y < A(J) such that o**" = ¥t

(mod 7'), where 7’ = [] p;*. Since ged(er,T’) = 1 and A(J') < A(J), such
v;=0

a y exists. Thus it remains only to prove that a®* = ¥t (mod J”), where

J" = 1] p;". Since x,y > 0, this statement is trivial.
vﬁéO

Now we can give the proof of Theorem 1.

Proof (Proof of Theorem 1) Take a § > 0, and using Lemma 4, choose an ideal
9 such that 2 | 9 and A(IM) < N(M)?. Here (by choosing some appropriate
ideal divisor B of M) we may further assume that N(9) is so large that
N(OM)? > log(N(M). Then, using Lemma 5, we get that

ordgn (o) < N(OM)° + log(N(9M))/log 2
for any a € Og. Thus
[ (mod 9M)| < (N(I)? + log(N (M), log 2)*".

Hence choosing § appropriately, the theorem follows.

2.2 Numerical results supporting the Conjecture

In this section we give some numerical results to support the Conjecture. Let
K = Q(v/d), where d is one of 2,3,5 and consider the equations

1267 3650 =1, (3)

where f3; = a; + b;v/d such that a; and b; are integers with max{|a;|, |b;|} < 3
and wu; is a non-zero integer for every i = 1,2,3. (We decided to exclude the
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case when one or more exponents are zero, since in those cases we can use e.g.
Baker’s method to handle the equations.) Taking everything into account we
have 76 = 117649 equations for every d.

Our goal is that for any equations (3) which is not solvable, give an ideal
M such that the equation has no solutions modulo 2. Thus first we need to
exclude all equations (3) which has a solution. For this, we do an exhaustive
search for the exponent triple (u,us,us3) in some large domain. Namely, we
check the domain with max;—1 23 |u;| < 100. Note that if some f; is a unit in
Ok, then we have to check the negative values of u; indeed. After this search
we are rather sure that we have found all equations (3) which are solvable.
(Note that obviously, at this point we cannot be sure that this is really the case
- however, as we shall see later, our expectation is proved to be valid.) After
this step, we use three ideals for d = 2,3,5 (Mo, M2 3, M2 3.5). These ideals
are defined in the following way. Fixing d (and hence K), 9, is generated by
those m ideals in Ok which are prime ideals with norm less than 50 and ¢(m)
has only 2 as a prime divisor.

We define the sets My 3 and My 3 5 similarly by simply expanding the list
of possible prime divisors to 2,3 and to 2,3, 5, respectively. The use of these
ideals is motivated by our approach: by collecting the mentioned generators,
we get an ideal with ’small’ A-values.

We get that after using Mg, My 3 and My 3 5 most of the equations for
which we did not find solutions at the first stage, are not solvable. To handle
the remaining equations we extended the ideals My, Ms 3 and M35 to be
generated by primes in Ok with the same property as before, but norm at
most 150. By using these new ideals we were able to prove that none of the
remaining equations have solutions.

We summarize our results in the Tables 1,2 and 3. We only work with the
cases where we have not found solutions at the first stage. For example, for
d = 2 out of the 7% = 117649 possible equations we found that 92636 +20725 =
113361 has no solutions if the exponent is ’small’. Then 92636 out of them
proved to be unsolvable modulo M5, and the remaining 20725 are not solvable
modulo 931273.

Solved |[Remaining
N < 5092636 | 20725
N <150{ 92636 | 20725
N <50 (20173 552

Mo

M2, 3

N < 150] 20725 0
o N <50 | 530 22
235N <150] — —

Table 1 The results for d = 2

Summarizing our results, we were able to prove that those equations (3)
which has no solutions, are unsolvable modulo some ideal.
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Solved |[Remaining
Mo N <50 |55223| 58305
N <150{ 55223 | 58305
Mo 5 N <50 | 57622 583
[N < 150] 57801 504
M 5 5 N <50 380 203
2N < 150 504 0

Table 2 The results for d = 3

Solved |[Remaining
o, |V <50 [44184] 72165
2 [N <150[44184| 72165
m N < 50 |56815| 15350
2.3 IN < 150{ 71407 758
ot N < 50 | 15326 24
235N < 150] 758 0

Table 3 The results for d = 5

3 A method for the explicit solution of exponential Diophantine
equations over number fields and its application

In this section first we outline a method for finding all solutions to (1), then
we apply our method to solve a problem related to balancing numbers and
powers of 2,3,5,7.

3.1 A method for solving (1)

Consider equation (1). As a start, we mention that we may assume that none
of the B;;-s is a root of unity. Indeed, otherwise we can just split the original
equation into subcases, according to the finitely many values of BZ—” . We shall
also assume that (1) has no solutions yielding vanishing subsums. To find all
solutions of equation (1), we make the following steps. (Some explanation is
also given.)

(I) We compose a complete list of solutions to equation (1). (Since we know
that (1) has only finitely many solutions, and as widely believed, these
solutions are ’small’, this can be done by an exhaustive search on some
‘large’ domain. (If some of the 3;; are units, we should not forget about
checking negative exponents, too.) After this step heuristically we may be
strongly confident that we do know all solutions of (1). The problem is
how to prove it.)

(II) We choose one of the unknowns, u;; say, belonging to some 3;; which is
not a unit. Using the ’complete list’ of solutions we take an integer ug with
u;; < ug in all known solutions. (As a variant of the method, at this point
we could choose more exponents.)
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(II1) In place of equation (1), we consider the equation obtained by replacing
the coefficient «; with aiﬁfj‘]. (If our list of solutions is indeed complete,
then the new equation has no solutions in non-negative integer exponents.)

(IV) We search for an 9t such that the new equation has no solution modulo 9t.
Having such an 91, we can conclude that u;; < ug holds for all solutions of
(1). (If the Conjecture is true, then such a modulus exists. In our examples
we shall show strategies how we try to find such an 9. One method is
based upon the proof of Theorem 1. As an important point, observe that
for the unsolvability of the congruence modulo 9t the relation we need to
have 2 := (B’) | M should hold, showing the importance of this property.)

(V) We split up the original equation into ug subcases according to the possible
values of u;;, and repeat the procedure for the new equations. (Observe that
in the new equations we have one variable less.)

(VI) If everything works out well, then we are left with equations where all the
remaining B;; are units. We try to solve these equations with some other
methods. (If there are no units among the f3;; or at most one of them is a
unit, then we are done. If there are two units among the 3;;, we may apply
Baker’s method to find all solutions. There are also other cases where the
problem becomes solvable: e.g. if all the remaining 3;;-s and the coefficients
«; are positive real numbers.)

Note that the method might also work if there are solutions yielding van-
ishing subsums: if there are terms which are not involved in such subsums, then
the corresponding exponents may be bounded as above, and the final equation
obtained can be solvable (e.g. by Baker’s method, if the number of remaining
terms is sufficiently reduced). We also mention that though the method is cer-
tainly heuristic, if we succeed to perform all steps, then finally we can find a
complete list of solutions to (1), independently of any conjecture.

3.2 Sum of three balancing number yielding a power of 2,3,5,7

The sequence of balancing numbers (B,,)22, is defined by By = 0, B; = 1
and Bpio = 6B,41 — B, (n > 0). That is, the sequence is a special Lucas-
sequence. Problems related to balancing numbers have a vast literature; see
e.g. the papers [18,21,23,30] and the references given there. We can write
B, = B — B3 (n>0),
B — B2

where 8; = 3 +2v/2 and 5 = 3 — 2v/2. Consider the following equation
B, + B, + B, = bV* (4)

in non-negative integers u, v, w, z, where b € {2,3,5,7}. Such equations (that
is, representing powers as sums of terms of certain linear recurrence sequences)
is of large recent interest, many papers deal with such questions. We refer e.g.
to the papers [6,8,9] and the references given there. In these papers typically
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deep methods (such as Baker’s method) are combined with certain reduction
techniques (with the exception of [6], where an ’ad-hoc’ local method is ap-
plied). Now we show that the approach suggested in the previous subsection,
can also be capable (at least in principle) to handle such problems.

For this, let K = Q(1/2), and write (4) as

Bl — By + BY — By + BY — BY = 4V2%. (5)

To find all solutions, first we do an exhaustive search on the domain max(|ul, |v|, |w], |z]) <
100 to get all ’small’ solutions. (Since both £; and S are units in Ok, it is

possible that (5) has solutions with negative values of u,v,w, as well.) We

suspect that we in fact have found all solutions - we only need to show this.

We obtained that in all solutions we got, we have

6, ifb=2,
1. ifb=
Y Sl (6)
1, ifb=H5,
1, ifb="T.

Now we construct moduli (separately for the values b = 2,3,5,7) which
show that (6) in fact holds for all solutions to (5) (and (4)). Since the process
is similar in all cases, we explain it in detail only for b = 2.

Since we can write 2 = (v/2)? in K, (5) can be reformulated as

B — B3 + BY — B3 + B = By = (V2)**°.
Based upon (6) we suspect that here z < 6. If this is true, then the equation
Bl = By + BY — By + B — By = 2°(V2)” (7

has no solution in integers u, v, w, z’. However, then by the Conjecture we
should be able to find a modulus 991 to show this. It turns out that the modulus
appearing in Table 4 is appropriate for this purpose. Hence we have that z < 6
for all solutions to (4). The solutions with z < 6 can be easily listed. Following
the same argument, we got that (6) is valid in each case b = 2,3,5,7, for all
solutions. The moduli used are given in Table 4.

Modulus
29317 - 257 - 7681

32.5.11-13-19-29 -2 (1 4 3v/2)-
(7T+2v2) - (1+2v2) - (1 +4v2)

52.3-11-25- (1+4v2)-v2- (T+2v2) - (1+2V?2)
72.(1+2v2)-3-5-11-13-19-29-251-/2
(1+8v2) - (1+3v2) - (7T+2v2)- 1+ 7v2) - (1 +4V2)
Table 4 The moduli used for b =2,3,5,7

~N |U W | NS

We got the moduli in Table 4 in the following way. First we put b* in the
moduli, where k are the bounds for z appearing in (6). This is an inevitable
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step, since we want to prove that our modified equation (see e.q. equation (7))
has no so solutions. After this step we tried to find numbers m such that A(m)
is ”small”. For this we used an approach similar to what is written in [10].
Namely we searched for prime ideals Z (either generated by a rational prime,
or by a prime in Og) such that ¢(Z) is divisible by ”small” rational primes
only. This method however was not enough to handle equation (7), so we took
a different approach. We tried to find rational primes p such that p — 1 is
divisible by a big power of b.
We summarize the results of our calculations in the following

Theorem 2 All solutions to equation (4) are given in the following table

=|l=olae
e e

w
1
2
1

N W NN o
=W =N

0[1]|2
Table 5 The results for equation (4)

Note on Theorem 2: at equation (6) we got different bounds for (5) than
what can bee seen in the theorem above. The cause for this is that since a: and
B are units in Og we may have solutions (and in most cases we actually have)
with negative exponents. But in Theorem 2 we only list the solutions for (4),
hence we only need those where u,v and w are non-negative integers.
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