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The formation of area concept with

the help of manipulative activities

Eszter Herendiné-Kónya

Abstract. Examining the performance of Hungarian students of Grades 4-12 in connec-
tion with area measurement, we found many deficiencies and thinking failures. In the
light of this background, it seems reasonable to review the educational practice and to
identify those teaching movements that trigger the explored problems and to design a
teaching experiment that tries to avoid and exclude them.Based on result we make rec-
ommendations for the broad teaching practice. In our study we report on one part of a
multi-stage teaching experiment in which we dealt with the comparison of the areas of
figures, the decomposition of figures and the special role of the rectangle in the process
of area concept formation. The conclusion of the post-test is that manipulative activ-
ities are important and necessary in Grades 5 and 6, more types of equidecomposition
activities are needed and the number of measuring tasks with grid as a tool should also
be increased.
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Introduction

Examining the performance of Hungarian students of Grades 4-12 in connec-

tion with area measurement, we found many deficiencies and thinking failures.

Students are often capable to solve only tasks which require the use of simple

formulas, and very often we experience the nonsense use of the learnt formulas.

When defining the area of irregular 2-dimensional figures they are not able to use

the additive property of the area, they do not see the parts in a compound figure,
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which area could be easily calculated using one of the learnt formulas.They have

little knowledge and experience about the conservation of the area, that is, not

only congruent shapes have the same area. The well-known area formula of the

rectangle makes them generalise wrongly that the area of any kind of polygon

can be calculated from the length of the sides [9]. Besides mixing up the concepts

of area and perimeter, the confusion of length- and area measures also refers

to the fact that students from different grades do not have a stable conceptual

background which would help them to concentrate on more complex tasks in this

topic besides the simple routine exercises, and to solve them successfully.

In the Hungarian teaching practice the following phenomena can be observed:

• The concept of area is too early narrowed down to the area of rectangle and

to its calculation formulas.

• In most of the area-determination tasks we ask to measure the length of the

sides (rectangle, right-angled triangle, right-angled trapezoid).

• Perimeter and area are taught simultaneously. In addition to that, the sound-

ing of the two words are similar in Hungarian.

• Instead of manual activities, drawing exercises are dominant in the primary

classes. These tasks include oversimplified tessellation and equidecomposition

situations.

• We do not seek explanation for the question that from all suitable tiles why

the square became the standard unit of the area.

• The experience about the area conservation is very little, so it doesn’t coun-

tervail the wrong conclusions from stories that the bigger the perimeter of a

figure, the bigger its area.

In Hungary, teaching measurement in primary school has a well-developed cri-

teria system, the measuring of length, weight and capacity is taught according

to it. First, quantities are compared directly without any measuring, and then

follow the indirect comparison, the introduction of the concept of measure and

the understanding the significance of measuring. At the beginning we choose

arbitrary units. During the measuring practices we gain experiences about the

necessary inaccuracies of the measurement and about the relationship between

the size of the unit and number required to measure. The smaller unit we use,

the more accurate the measure will be, however, the appropriate unit can be

found for each quantity. Measuring the same quantity with a bigger unit we get a

smaller number (inverse proportionality), while measuring a bigger quantity with

the same unit will result in bigger number (direct proportionality). The studying
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of standard units and the conversions between them happens only after getting

the above mentioned measuring experiences.

Estimation also has a very important role. The estimation competence is cru-

cial in our everyday life, but it also helps in solving mathematical problems if we

can decide on the value of a result: real or not. The estimation competence can be

developed by the frequent repetition of the following three activities: estimation,

measuring, comparison of the estimated and measured values [8].While the Hun-

garian curriculum and the teaching practice tries to follow the above mentioned

general principles when teaching the measuring of length, weight and capacity in

the primary classes, the measurement of area and volume is taught in a different

way: derived from the length.

In the light of this background, it seems reasonable to review the educational

practice and to identify those teaching movements that trigger the explored prob-

lems and to design a teaching experiment that tries to avoid and exclude them.

In our study we report on one part of a multi-stage teaching experiment in

which we dealt with the comparison of the areas of figures, the decomposition of

figures and the special role of the rectangle. Finally, based on results, we make

recommendations for the broad teaching practice.

Theoretical background

The possible causes of the conceptual confusion connected to the concept of

area have been dealt with by a number of studies.

Some studies point out that in order to define the area, the measurement

should be done directly and not indirectly, measuring the lengths and calculating

the area ([14], [15], [19]). In the initial phases of the concept formation it can be

useful to consider area as a quantity independent from length.

Curry, Mitchelmore and Outhred lists five principles, which are the following:

“1. the need for repeated units that do not change; 2. the appropriateness of a

selected unit; 3. the need for the same unit to be used to compare two or more

objects; 4. the relationship between the size of the unit and the number required

to measure; 5. the structure of the repeated units.” [6]. The study analyses the

measuring of length, area and volume independent from each other and according

to the listed principles.

Baturo and Nason in [5] describes the gist of measurement as continuous

quantities being divided into equal discrete units and then counted. The mea-

suring can be done in two ways: we take a unit and cover the whole quantity
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successively, or we take the required size unit and cover the whole quantity at

once. Taking into consideration the nature of area measurement, only the latter

approach can be used.

The formulas of area calculation are introduced too early, long before a stable

concept image [18] would be formed in the students’ minds. If the calculation

rules are not linked to actual experiences, the knowledge of area is not effective

[5]. The early use of formula focuses on the static features of the area, so there is

no chance to experience the dynamic features that would make the matching of

different figures’ area possible.

In understanding area measurement, area conservation has a crucial role,

that is, the fact that the area of a figure doesn’t change if the figure is cut up

and a new figure is composed from the parts [17]. According to Kordaki [12],

area conservation, area measurement and area formulas should be taught in an

integrated way, in order to develop all three aspects. The experiment of Kamii

and Kysh shows that students claim that the area of the new figure created by the

reorganisation of the parts is not the same as the area of the original figure [11].

The study also shows that the type of the figures may have a role in recognising

the area conservation: in the case of parallelogram students accept it more easily

than in the case of cutting up triangles or irregular figures.

Kospentaris et al. in [13] claims that recognising area conservation could

cause problems for secondary school students and even for first year university

students. In the lack of mathematical basics which is necessary for geometric

reasoning, students rely on intuitive experiences and/or visual recognition and

give wrong answers for questions regarding area conservation. The idea that only

the areas of congruent figures are equal is very strongly rooted.

In the study of mathematical thinking there is a well-known principle: “the

bigger A, the bigger B” [19]. In our study this principle appears in the exclusive

use of the following rule: “the bigger the perimeter of a figure, the bigger its area”.

By studying the relationship between the perimeter and the area, experiences can

be gained about the conservation of the area, and about the dynamic nature of

area concept ([3], [4], [5]).

In Zacharos’ paper [20] we can read about the teaching practice of area mea-

surement and the mistakes of concept formation. He sees the problem in the too

early introduction of formulas, but also refers to the misunderstandings which

roots from the wording. Unlike the word ‘length’, the ‘area’ is not used in the

same way in our everyday life as in mathematics. Area is not only used to denote

a measure, the quantity describing a plane figure, but very often by the word



“konya” — 2015/5/22 — 10:17 — page 125 — #5

The formation of area concept with the help of manipulative activities 125

‘area’ we mean the domain itself, and it can also occur that it means the multi-

plication of the width and length as it could be linked to the rectangular figure.

In literature or everyday texts it often refers to the rectangle, but it is not made

clear, so it strengthens the wrong idea that the quantity of area only could mean

the area of rectangle. “. . .measure out this area by steps, which is surrounded by

the blood of our judge,. . . ” (Mikszáth: A fekete város) The previously mentioned

“bigger perimeter, bigger area” principle is referred to in the following example:

“As much as you can go round on your feet in a day is yours” (Tolsztoi: How

much land does a man need?)

The cited studies confirm that for the introduction of area measuring practices

is needed which are independent from length. For development of the teaching

plan of area measurement we applied the general principles of measurement teach-

ing [8] in a way that in the beginning of the development we considered area as

an independent quantity from length.

When posing problems for the area measurement we can ignore the rep-

resentation theory of Brunner. Brunner suggested three ways of transforming

experiences into a model of the world: the enactive, the iconic and the symbolic

representation (as cited in [1], p. 37). In our teaching experiment we concen-

trate first on the enactive (concrete actions with concrete objects) then the iconic

(pictures and imagined situations) representation.

Tessellation with congruent two-dimensional figures is the activity with which

an area of a figure can be measured. Tessellation means to cover the plane without

gaps and overlaps. The choice of suitable unit of area measurement, that is tile,

is not an easy task for students and it is hard to understand why even the square

became the standard unit of area [20]. Experience shows that the shape of the

figure has an influence on the choice of the unit [7]. The wrong intuition can be

observed, that a figure can be covered with similar congruent tiles. If the choice

of the suitable tile is successful, the next task is to organise them in the right way

in order to cover the figure. It can also occur that students fill in the remaining

gaps with other tiles [15]. It also means a difficulty to find the fraction of the

chosen tile, unlike e.g. in the case of length measurement.

The mathematical concept of the area gives opportunity for two kinds of

manual activities, namely the tiling (tessellation) and equidecomposition.

By the area of a two-dimensional figure we mean a positive real number for

which the followings are true: a) the areas of congruent figures are equal; b) the

sum of the area of subfigures is equal to the area of the whole figure; c) the unit

side square’s area is 1 [16].
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The Wallace-Bolyai-Gerwien theorem about the equidecomposition of poly-

gons describes the significant role of the decomposition into a rectangle: Any two

simple polygons of equal area are equidecomposable.

The theorem can be proven by the following steps: a) Any triangle can be

converted to a rectangle; b) two parallelograms with same width and height can

be converted to each other; c) any rectangle can be decomposed into a rectangle

with a side of a given length. Consequently, it follows that every polygon can be

decomposed into a rectangle. The rectangles can be covered with suitably chosen

squares, so we get an explanation why it is reasonable to choose the square as

the measure of the area. The decomposition into rectangle shows that in the

definition of the area of the polygon, rectangle gains a significant role. Indeed,

each area formula can be backed to the area formula of the rectangle.

Research question

From the above described two types of manipulative activities this study deals

with the equidecomposition.

Questions:

(1) What kind of equidecomposition, area measurement activities are worth to

use during the formation and consolidation of the area concept?

(2) What are the problems and challenges of these activities?

Methodology

In the Grades 4, 5 and 6 we made preliminary observations and planned a

teaching experiment including 5 lessons (45 minutes normal classes) focusing on

equidecomposition and area measurement activities.

We ran the teaching experiment in one of the classes of the practicing school of

the teacher training college. The school is a highly selective lower secondary school

taking the best achieving students from the city with good social background.

The first 3 lessons (1-3) were held in the 5th Grade (Class 5c.) in spring, 2012,

in 3 consecutive weeks. Students already had some information about tessellation

and about covering with unit squares. They have already learnt the calculation

methods of the area of the rectangle and the square.
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During the lessons, students worked in 9 groups, including 3-4 members.

Problems are presented to the students then they are given time to think on

their own about possible answers for a specific amount of time. Finally, groups

discuss their answers in the classroom. We apply cooperative teaching technique

[10], which are rarely used in Hungarian school mathematics teaching [2]. In

contrast our students were familiar with this method; their teacher was expert in

organization of students into groups and in supervision of the classroom work.

The 4th and 5th lessons were held in the same class (Class 6c.), a year later,

in spring, 2013, once in a week for 2 weeks. Before this lessons the students

haven’t dealt with the area measurement, this topic came up again at the end of

the year, only after our teaching experiment. The area formulas of special figures

were introduced only then: parallelogram, triangle, trapezoid and deltoid.

During the experiment 29 students worked independently, they recorded their

answers on task sheets.

All the 5 lessons were voice-recorded, notes and photos were taken.

In the week following the lessons 6th Grade students had to write a post-test,

as well as a control group of 7th Grade students who haven’t dealt with the area

measurement tasks in that year.

The material of the lessons:

Lessons 1-2: Manual activities for comparing the area of figures without actual

measuring, using equidecomposition if necessary.

Lesson 3: Manual activities for converting figures into rectangles, and the tessel-

lation of these rectangles using squares

Lesson 4: Refreshing the activities from the previous year; comparing the area of

figures

Lesson 5: Using square grid as a measurement tool, determining the area of fig-

ures after converting them to rectangle with the use of square grid.

Post-test: determining the area of rectangles and parallelograms of different shape

and position with square grid and/or calculation with length measurement.

Description of the activities and results

Lessons 1-2: Comparing the area of figures

Aim: to deepen the area concept with direct quantity comparisons; to gain

experience about the existence of non-congruent figures that have the same area;

to get knowledge about the equidecomposition activity and to learn how to use
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it for the comparison of the area of figures; to learn about the simple process of

converting figures into rectangle.

Experiences

Task 1: Comparing the area of two figures cut from a newspaper, an L-shape

and a cross-shape

Previously we asked students to give ideas for the comparison of the areas of

the figures:

S1: “We put the L-shape to the cross and cut the floppy ends.”

S2: “Try to cover the cross with the same shape that L could be covered with.”

It can be seen that students know two ways for comparing the areas: di-

rect comparison by placing the figures onto each other; indirect comparison by

choosing a suitable unit of the measurement.

While using the direct comparison in the group work, there were groups which

cut the L-shape and other groups that cut the cross-shape. In both cases they

defined the relationship of the areas well.

Task 2: Comparing the areas of three rectangles

The sides of the given rectangles were different, but using one cut on each

rectangles, they could be converted into congruent ones. Each group could identify

the congruency of the figures (Figure 1).

Figure 1

Analysing the ways of the comparisons it can be observed to what extent

students relied on the transitive properties of the relation:

• 6 groups out of 9 converted two rectangles into a third (A → C, B → C),

that is, they recognised that things which equal to the same thing also equal

to each other (the symmetrical and transitive properties of equality).

• Another group used the transitivity but not the symmetry, because they

converted two rectangles into each other, and a third one into one of them.

• 2 groups converted each rectangle into another(A → B, B → C, C → A), so

they didn’t use the transitivity of ordering.
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Task 3: Comparing the areas of a rectangle, a right-angled trapezoid and a

symmetrical trapezoid.

We chose two trapezoids with a size that can easily be converted into rect-

angles with sides of 3 cm or 6 cm (Figure 2), so the rectangles after the equide-

composition can be compared directly.

Figure 2

• Each group identified the relationship between the areas well (B < C < A).

• 7 groups converted both trapezoids into rectangles, but only 1 group got

rectangles which have one congruent side (3cm). The others converted the

right-angled trapezoid to a rectangle of sides 4 cm and 6 cm, and the sym-

metrical trapezoid to a rectangle of sides 3 cm and 6.75 cm, so they could

only conclude that the area of the rectangle is the least (Figure 3). They

determined the relationship between the areas of trapezoids by visual estima-

tion after converting them into rectangles and placing them onto each other.

Figure 3
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• 1 group wanted to convert the two trapezoids into the given rectangle by cut-

ting down the unnecessary parts. Obviously, from the right-angled trapezoid

more parts (“larger area”) had to be cut, they considered it as the figure

which area is the larger.

• 1 group couldn’t convert the symmetrical trapezoid into a rectangle, they

used only visual estimation.

Task 4: Justification of the given relation between the areas of a cross-shape

and a right-angled triangle using equidecomposition (Figure 4)

Figure 4

• 6 groups cut a rectangle from the cross-shape then placed the triangle onto

it and claimed that the area of the cross-shape is twice as big as the area of

the triangle.

S3: “The statement is true, because if we cut the two sides of the cross and

place it under the standing rectangle, then the triangle fits into it twice.”

• 2 groups cut the cross-shape in the same way, but they converted the triangle

into a rectangle cutting it by its midline.

• The work of one group cannot be evaluated, because they tried to cut the

rectangle and place it somehow on the cross-shape.

The solutions of the tasks show that:

• The comparison in some cases can be done by visualisation, equidecomposi-

tion is not necessary.

• The cutting up of the figures was unusual at the beginning; before measuring

of other quantities the quantities are not converted.

• The cuts used in the equidecomposition in the given cases are natural, but

they do not necessarily prepare the formulas.

• Students use the additive properties of the area in the right way, but they do

not really feel the significance of converting into rectangle.
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• Not everyone uses the symmetrical and transitive properties of the equality

and order relations during the comparison.

Lesson 3: Tessellation with squares and equidecomposition to rectangle

Aim: to introduce square as the unit of the area; to learn the area formula

of rectangle by experience.

Based on the experience from the previous tasks, the goal now was to deter-

mine the area of the right-angled triangle and the parallelogram by converting

them into a rectangle (Figure 5).

Figure 5

Experiences

• All 9 groups could successfully convert the parallelogram into a rectangle.

• 8 groups could solve the conversion of the triangle; 7 groups cut the triangle

by the midline parallel with the leg, and 1 group cut it by the midline and

by the height belonging to the hypotenuse.

• 7 groups created two rectangles congruent with the original one. 5 out of all

groups covered only the original one with squares (Figure 6a), and two made

a grid, so they created a tool applicable for area measurement (Figure 6b).

• 2 groups converted the shapes into non-congruent rectangles. They put the

squares along the sides only and used the multiplication rule (Figure 6c).

The solutions of the tasks show that:

• Some students discovered the grid, which is a suitable measuring tool of area

measurement.

• Some students put the squares along the sides, which means that they simpli-

fied the enumeration of squares and so discovered the rectangle’s area formula.
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(a) (b) (c)

Figure 6

Lesson 4: Comparing the area of figures - 1 year later

Aim: to refresh what was learnt in the previous year; to practice the conver-

sion into rectangle.

Experiences

Task 1: to compare the area of figures A and B, those were cut out from

paper (Figure 7).

Figure 7

The L-shape was converted to a rectangle by 14 students, the rectangle to an

L-shape by 13 students, and both figures were cut into congruent rectangles by 2

students. Examples for the justification of the equality of the areas:

S4: “The difference is only between the shapes of the plane figures. If we cut down

a little piece from B and paste together with the other piece, it will be identical

with A.” - That is, if one figure is equidecomposable to the other, their areas will

be equal.

S5: “The floppy part fits to the floppy part of B.”

Task 2: to compare the area of figures C and D, those were cut out from

paper (Figure 8).
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Figure 8

• 28 students determined well, that C > D, and according to 1 student C = D.

• 19 students cut the triangle:

– Rectangle was created by 5 students.

S6: “If I cut C into two halves and put the pieces together in a rectangle

shape, than C rectangle will be bigger than D rectangle.”

– 1 student put the halves of the triangle wrongly (Figure 9a).

– 13 students cut the triangle into 3-4 pieces and claimed that not all

pieces fit to the rectangle.

S7: “If we cut C into pieces and try to assemble D from the pieces, then

some pieces will still be left from.”

– Out of the 13 students, 2 cut the triangle in a way that could make it

suitable to create the general area formula of the triangle (Figure 9b)

S8: “I measured C onto D and I cut the pieces which was too much. I

halved what was left and put it on D.”

(a) (b)

Figure 9

• The rectangle was converted into triangle by 10 students.

S9: “If we put D onto C, it can be seen that D cannot cover it, howsoever

we would try to cut it.”

Task 3: to compare of the area of two rectilinearpolygons with grid (Figure

10).
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Figure 10

Everyone considered the area of the right figure larger, they compared the

numbers of the small squares.

S10: “The one had the bigger area in which more squares were.”

The solutions show that:

• Activities that were practiced formerly will remain in students’ memory.

Comparing areas with equidecomposition doesn’t cause problems.

• Conversion into rectangle wasn’t preferred by the students, though compari-

son tasks didn’t motivate them to do so.

• The use of grid as a measurement tool is known for the students.

Lesson 5: Determining the area of figures after converting them to rectan-
gles using grid

Aim: to measure area using grid; to determine the area of right-angled tri-

angle, parallelogram, and rectilinear figures. (The figures can be touched and

equidecomposed.)

Experiences

Students were successful in the conversion of well-known figures into rectan-

gles and used the grid in the right way when determining their area.

Post-test

The test was given to the students on papers; this time they had no oppor-

tunity to do tessellation or equidecomposition.

The tasks were solved by the experimental class (6c; 32 students) and by a

control class (7c; 20 students).

In the 1st task they were asked to determine the area of 4 rectangles with

different shape and position (Figure 11)

The method was not predetermined and the students got tools: cm2-grid and

ruler. The position of A, B and C rectangles are usual, that is the sides are
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Figure 11

parallel with the edges of the paper. Putting cm2-grid properly to the A, B and

D rectangles, whole squares should be counted, while in the case of C rectangle

there will be 6 “half squares” too.

In the 2nd task we asked to determine the area of 5 parallelograms with

different shape and position (Figure 12) by converting them to rectangles and

then using grid and/or calculation.

Figure 12

The conversion into rectangle is harder in the case of C, D and E parallelo-

grams because their shape and position makes it difficult to find the right cut-line

(height).

Results and discussion

Task 1

26 students gave the right answer from the experimental class (6c.) for the

area of the four rectangles, while from the control class (7z.) 13 right answers

were given.

The other 6 students from the experimental class have the right conceptual

knowledge too, but either because the position of the D rectangle or calculation

error they didn’t get the right results.

In class 7z, 4 students calculated with the perimeter formula and 3 with the

formula “a·b·2”. It also happened, that with the grid they got the right solutions,

but not with the calculation. The area formula of the rectangle was already known

by the students in both classes in the examined period, but students in the 6th



“konya” — 2015/5/22 — 10:17 — page 136 — #16

136 Eszter Herendiné-Kónya

class practiced it less and used it a longer time ago which probably was the reason

that the two methods did not contradict.

It can be concluded that all students in the class 6c. have the right area

concept, at least in the case of rectangles.

The visual representation of the area concept was missing in many students

in the 7th class, there was no content behind the formula.

Task 2

In order to determine the area of the parallelograms in the 2nd task we rec-

ommended two kinds of methods using the tools. We asked students to start the

solution with conversion to rectangle then determine the area of the rectangles

using grid or measuring lengths.

In both classes half of the students (16 and 10, respectively) could convert all

of the parallelograms to rectangle and by using the grid or measuring the sides

could determine the areas.

9 students from 6c. and 4 students from 7z. couldn’t convert all parallelo-

grams into rectangles, so they didn’t get results in all cases.

In class 6c. 4 students tried to use the grid without converting the figures

into rectangles and 2 students used the formula “a · b” when the conversion was

not successful; 1 student didn’t produce results that could be evaluated.

In class 7z. 2 students calculated by using the perimeter formula after con-

verting the parallelogram into rectangle, and 3 students each at least in one case

used the formula “a · b” when they couldn’t convert the figure. 1 student used the

correct calculating method for the area of the parallelogram, what they learned

in the previous year.

The results clearly show the mistakes resulting from the early formula use: in

those cases where students couldn’t convert to rectangle, the younger ones applied

the grid and approximation, so they used the correct concept image of the area

in the right way, while the older ones seceded from the conceptual picture and 5

of them calculated using the wrong formula.

Analysing the solutions of the two tasks students could be categorised ac-

cording to the following:

(1) In both tasks they could determine the area of each figure. In cases when

both methods were used, they got the same results.

(2) They couldn’t determine the area of those figures which position was different

from the usual, but didn’t give wrong results.

(3) At least in one case they calculated with the perimeter formula.
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(4) The area of some parallelograms was given by the multiplication of the sides.

(5) One of the rectangles’ area was calculated by the ab2 formula.

(6) More mistakes were made from type 3, 4 and 5. (Figure 13)

Figure 13

The diagram clearly shows that more than 90% of the experimental class

students didn’t make conceptual mistakes (1st or 2nd type solution), while this

ratio is smaller in the control group, less than 60%. The wrong use of formulas

was also more typical in this class. Most of the time they tried to give the area

by measuring length than calculation, instead of using the grid.

Conclusion

The recent study highlights that manipulative activities are important and

necessary.

Equidecomposition activities should be divided two different groups: 1. ar-

bitrary conversion of figures in order to compare areas; 2. conversion of figures

into rectangles.

It could be useful to do equidecomposition activities with figures that are

more difficult to compare.

The afterimages of activities are better preserved by the long term memory

than the content of correctly deduced formulas.
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Although the teaching experiment was organized in a special, highly selected

school, the results i.e. the identified problems allow us to make some recommen-

dations for the broad teaching practice:

The above detailed activities should be practiced already in the Grade 5

and they should precede the introduction of the area formulas of parallelogram,

triangle, trapezoid and deltoid. It would be reasonable to start with comparison

and equidecomposition, gradually proceed to the conversion to rectangle.

It would also be important to use several types of figures that are more

difficult to convert.

In reality equidecomposition is executed through many tasks because it is

difficult to abstract from the drawn position of the figure.

The introduction of the formulas cannot happen until the area measurement

with the grid becomes a routine.
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