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Topological loops with three-dimensional solvable left
translation group
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Abstract. We classify all connected topological loops having a three-dimensional solvable Lie
group G as the group topologically generated by their left translations. It is surprising that
to the non-nilpotent Lie group G having precisely one one-dimensional normal subgroup
there are topological but no differentiable strongly left alternative loops.
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1. Introduction

A concrete classification of two-dimensional loops L having a solvable Lie group
G of dimension 3 as the group topologically generated by the left translations
is given in [6], Sect. 23, for the case that the multiplication of L is differentiable
and L is strongly left alternative. There the loops L are consistently considered
as sharply transitive sections σ : G/H → G, where H is the stabilizer of the
identity element of L in G.

In this paper we determine all connected topological loops as sections in
three-dimensional solvable Lie groups. These loops are two-dimensional solv-
able loops (see Proposition 3.8) which are uniquely determined by one contin-
uous real function of one or two variables (see Propositions 3.4, 3.5, 3.6, 3.7
and the discussion after these propositions). Unlike the methods of [6], we can-
not use the tangent space of the image σ(G/H) of the section σ and we must
remain with σ(G/H) in G. This has the advantage that for our classification
the condition to be strongly left alternative becomes dispensable.

Our classification shows that up to essentially two exceptions any con-
nected three-dimensional solvable Lie group occurs as the group topologically
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generated by the left translations of a connected topological loop. These excep-
tions are locally isomorphic either to the connected component of the group
of motions or to the connected component of the group of homotheties of the
Euclidean plane (see Proposition 23.6 in [6] and Proposition 3.2).

The most surprising fact is that there are topological but no differentia-
ble strongly left alternative loops having the three-dimensional non-nilpotent
Lie group with precisely one one-dimensional normal subgroup as the group
topologically generated by their left translations.

2. Preliminaries

A binary system (L, ·) is called a loop if there exists an element e ∈ L such
that x = e ·x = x ·e holds for all x ∈ L and the equations a ·y = b and x ·a = b
have precisely one solution, which we denote by y = a\b and x = b/a. A loop
L is proper if it is not a group. The left and right translations λa : y �→ a · y :
L × L → L and ρa : y �→ y · a : L × L → L, a ∈ L, are bijections of L. The
permutation group Mult(L) generated by all left and right translations of the
loop L is called the multiplication group of L.

A loop L is called topological if L is a topological space and the binary
operations (x, y) �→ x · y, (x, y) �→ x\y, (x, y) �→ y/x : L × L → L are con-
tinuous. Every connected topological loop L having a Lie group as the group
topologically generated by the left translations is obtained on a homogeneous
space G/H, where G is a connected Lie group, H is a closed subgroup con-
taining no non-trivial normal subgroup of G and σ : G/H → G is a con-
tinuous sharply transitive section with σ(H) = 1 ∈ G such that the subset
σ(G/H) generates G. The multiplication of L on the manifold G/H is defined
by xH ∗yH = σ(xH)yH and the group G is the group topologically generated
by the left translations of L. Moreover, the subgroup H is the stabilizer of the
identity element e ∈ L in the group G.

A connected topological loop L is called strongly left alternative, if there
exists a neighbourhood U of e ∈ L which is simply covered by one-parameter
subgroups and for all x, y ∈ L and all one-parameter subgroups {xr; r ∈ R} of
L the identity xt · (xs · y) = xt+s · y holds.

A connected topological loop L defined on a differentiable manifold is called
almost differentiable if the mappings (x, y) �→ x · y, (x, y) �→ x\y of L are dif-
ferentiable. Let L be an almost differentiable loop and σ : G/H → G be the
section corresponding to L such that G is a Lie group. Then σ is a differentia-
ble map. Moreover, L is strongly left alternative precisely if exp [T1σ(G/H)] ⊂
σ(G/H) holds, where T1σ(G/H) is the tangent space of σ(G/H) at 1 ∈ G.

A loop L is called a Bol loop, if for any two left translations λa, λb the
product λaλbλa is again a left translation of L.
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The kernel of a homomorphism α : (L, ·) → (L′, ∗) of a loop L into a loop
L′ is a normal subloop N of L, i.e. a subloop of L such that

x ·N = N · x, (x ·N) · y = x · (N · y), x · (y ·N) = (x · y) ·N.
A loop L is solvable if it has a series 1 = L0 ≤ L1 ≤ · · · ≤ Ln = L,

where Li−1 is normal in Li and Li/Li−1 is an abelian group, i = 1, . . . , n. The
centre Z(L) of a loop L consists of all elements z which satisfy the equations
zx · y = z · xy, x · yz = xy · z, xz · y = x · zy, zx = xz for all x, y ∈ L. If we
put Z0 = 1, Z1 = Z(L) and Zi/Zi−1 = Z(L/Zi−1), then we obtain a series of
normal subloops of L. If Zn−1 is a proper subloop of L but Zn = L, then L is
centrally nilpotent of class n.

Let L be a connected topological loop corresponding to the section σ :
G/H → G. Let L̃ be the universal covering of L corresponding to the sec-
tion σ̃ : G̃/H̃ → G̃, where G̃ is the group topologically generated by the
left translations of L̃ and H̃ is the stabilizer of e ∈ L̃ in G̃. If we identify L̃
with the image set σ̃(G̃/H̃), then L̃ contains a discrete central subgroup Z̃
isomorphic to the fundamental group Z of L (cf. [4, p. 216]). Moreover, the
group G̃ is a covering group of G such that for the covering map p : G̃ →
G one has p

(
σ̃
(
G̃/H̃

))
= σ(G/H), p

(
H̃

)
= H. The kernel of p is the sub-

group Z̃, H̃ ∩ Z̃ = {1} and H̃ is isomorphic to H (cf. [3] and Lemma 1.34 in
[6, p. 34]). If Z ′ is a subgroup of Z̃, then the factor loop L̃/Z ′ is a covering
loop of L and any covering loop of L is isomorphic to a factor loop L̃/Z ′ with
a suitable subgroup Z ′ (cf. [3]).

3. Two-dimensional topological loops

Lemma 3.1. Every connected topological proper loop L, such that the group
G topologically generated by the left translations is a three-dimensional Lie
group, has dimension at most 2. In particular, if G is solvable, then one obtains
dimL = 2.

Proof. Since L is proper, one has dimL < dimG and the first assertion fol-
lows. If dimL = 1, then G is a covering of the group PSL2(R) (cf. Proposition
18.2 in [6, p. 235]). This gives the second assertion. �

A three-dimensional non-abelian connected solvable Lie group G has either
a one-dimensional centre or its centre is equal {1}. In the first case the group
G is either nilpotent or it is the direct product of a one-dimensional Lie group
and the two-dimensional non-abelian Lie group. If the centre of G is trivial,
then G has either no or precisely one, or two or infinitely many one-dimen-
sional normal subgroups. By Lemma 3.1 and Proposition 23.6 in [6, p. 298],
a group having infinitely many one-dimensional normal subgroups cannot be
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the group topologically generated by the left translations of a connected topo-
logical proper loop.

In [6, Lemma 23.15, p. 312], it is proved that there is no two-dimensional
almost differentiable strongly left alternative loop L such that the group topo-
logically generated by the left translations is locally isomorphic to the group
of orientation preserving motions of the Euclidean plane. Now we prove that
also for topological loops this is the case. The proof of this fact substantially
differs from the proof of Lemma 23.15 in [6], since there the exponential map
is used.

Proposition 3.2. Let G be a connected Lie group locally isomorphic to the group
of orientation preserving motions of the Euclidean plane. There is no topolog-
ical proper loop L having G as the group topologically generated by its left
translations.

Proof. We assume that L exists. Then there is also a simply connected loop
L̃. Moreover, one has dim L̃ = 2 (see Lemma 3.1). As all one-dimensional
subgroups which are not contained in the commutator subgroup of G are con-
jugate, the group G topologically generated by the left translations of L̃ is
simply connected. We can identify G with the linear group of matrices

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

g(t, u, v) =

⎛

⎜
⎜
⎜
⎜
⎝

1 u v 0

0 cos t sin t 0

0 − sin t cos t 0

0 0 0 et

⎞

⎟
⎟
⎟
⎟
⎠
, t, u, v ∈ R

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

According to the proof of Lemma 23.15 in [6] we may choose the stabilizer
H of e ∈ L in G as the subgroup {g(0, u, 0);u ∈ R}. Since all elements of G
have a unique decomposition as g(x, 0, y)g(0, u, 0), any continuous function
f : R

2 → R; (x, y) �→ f(x, y) determines a continuous section σ : G/H → G
given by

σ : g(x, 0, y)H �→ g(x, 0, y)g(0, f(x, y), 0) = g(x, f(x, y), y).

The section σ is sharply transitive if and only if for every (x1, y1), (x2, y2) ∈ R
2

there exists precisely one pair (x, y) ∈ R
2 such that

g(x, f(x, y), y)g(x1, 0, y1) = g(x2, 0, y2)g(0, u, 0)

for a suitable u ∈ R. This gives the equations

x = x2 − x1, u = f(x2 − x1, y) cosx1 − y sinx1 and
(3.1)

0 = y1 − y2 + f(x2 − x1, y) sinx1 + y cosx1.

For given x1 ∈ {
π
2 + kπ; k ∈ Z

}
and y1, y2, x2 ∈ R (3.1) has a unique solution

y precisely when the equation

± (y2 − y1) = f(x2 − x1, y) (3.2)
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is uniquely solvable. For x1 ∈ R\{
π
2 + kπ; k ∈ Z

}
the existence of the unique

solution y of (3.1) is equivalent to the condition that for every x0 = x2−x1 ∈ R

the function g : y �→ y + tanx1f(x0, y) : R → R is a bijective mapping. Let
ψ1 < ψ2 ∈ R. Then g(ψ1) 	= g(ψ2) and we may assume that g(ψ1) < g(ψ2).
We consider the inequality

0 < g(ψ2) − g(ψ1) = ψ2 − ψ1 + tanx1 [f (x0, ψ2) − f (x0, ψ1)] .

In the case that f(x0, ψ2) 	= f(x0, ψ1) there exists x1 ∈ R\{
π
2 + kπ; k ∈ Z

}

such that g(ψ2) = g(ψ1), which is a contradiction. Hence for the function f
one has f(x, y) = f(x) for all x, y ∈ R, i.e. f is independent of y. This is a
contradiction to (3.2). Hence the section σ is not sharply transitive. Then the
loop L̃ does not exist. But in this case L does not exist either and the assertion
follows. �

Remark 3.3. In contrast to the assertion of Proposition 3.2, in a Lie group
G locally isomorphic to the group of orientation preserving motions of the
Euclidean plane there exist local sections σ : U → G, where U is a neighbour-
hood of the origin H in G/H such that σ(U) determines a local Bol loop on
U (cf. [6], Lemma 23.15).

We show that, with the exceptions of the connected component of the
group of homotheties of the Euclidean plane and the groups treated in Prop-
osition 3.2, any three-dimensional connected solvable Lie group occurs as the
group topologically generated by the left translations of a connected topolog-
ical proper loop. Hence we have to treat three-dimensional Lie groups having
finitely many one-dimensional normal subgroups.

In [6, Theorem 23.1, p. 290], a classification of two-dimensional almost dif-
ferentiable strongly left alternative loops L is given, if their groups topo-
logically generated by the left translations are three-dimensional Lie groups
with trivial centre and with precisely two one-dimensional normal subgroups.
In the next proposition we determine all connected topological proper loops
as sections in these Lie groups. Among them there are loops which are al-
most differentiable but not strongly left alternative and which are neither
almost differentiable nor strongly left alternative. Unlike the proof of Theo-
rem 23.1 in [6] we cannot use the exponential image of the tangent space of the
loops L.

Proposition 3.4. Let G be a three-dimensional connected solvable Lie group
with trivial centre having precisely two one-dimensional normal subgroups and
choose for G the representation

G =

⎧
⎪⎨

⎪⎩
g(v, u, w) =

⎛

⎜
⎝

1 v u

0 eaw 0
0 0 ebw

⎞

⎟
⎠ , u, v, w ∈ R

⎫
⎪⎬

⎪⎭
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with fixed numbers a, b ∈ R\{0}, a 	= b. Let H be a one-dimensional subgroup
of G which does not contain any non-trivial normal subgroup of G. Then using
automorphisms of G we may choose H = {g(t, t, 0), t ∈ R} and any contin-
uous sharply transitive section σ : G/H → G, such that σ(H) = 1 ∈ G and
σ(G/H) generates G, has the form

σf : g(v, 0, w)H �→ g(v + f(v, w), f(v, w), w),

where f : R
2 → R is a continuous function with f(0, 0) = 0 such that f is dif-

ferent from f(v, w) = C
(
1 − ebw

)
and from f(v, w) = K (1 − eaw)− v, C,K ∈

R and such that for all pairs (v1, w1), (v2, w2) ∈ R
2 there is a unique v ∈ R

satisfying the equation

v + f(v, w2 − w1)
(
1 − e(b−a)w1

)
=
v2 − v1
eaw1

.

The multiplication of the topological loop Lf corresponding to σf is given by

(v1, w1) ∗ (v2, w2) =
(
v2 + eaw2v1 + f(v1, w1)

(
eaw2 − ebw2

)
, w1 + w2

)
. (3.3)

The group topologically generated by all left and right translations of Lf is not
a finite dimensional Lie group.

The loop Lf is almost differentiable if the section σf is differentiable. The
almost differentiable loop Lf is strongly left alternative precisely if the image

set σf (G/H) has the form
{
g

(
x eaz−1

az , αx ebz−1
bz , z

)
; x, z ∈ R

}
, where α < 0.

Proof. The form of the subgroup H follows from the proof of Theorem 23.1,
p. 291, in [6]. Since all elements g(v, u, w) of G have a unique decomposition as
g(v − u, 0, w)g(u, u, 0) any continuous function f : R

2 → R; (v, w) �→ f(v, w)
determines a continuous section σ : G/H → G given by the map

g(v, 0, w)H �→ g(v, 0, w)g(f(v, w), f(v, w), 0) = g(v + f(v, w), f(v, w), w).

This section is sharply transitive if and only if for any (v1, w1), (v2, w2) ∈ R
2

the equation

g(v + f(v, w), f(v, w), w)g(v1, 0, w1) = g(v2, 0, w2)g(t, t, 0) (3.4)

has a unique solution (v, w) ∈ R
2 with a suitable t ∈ R. From this we obtain

w = w2 − w1, t = ebw1f(v, w2 − w1) and

v + f(v, w2 − w1)
(
1 − e(b−a)w1

)
=
v2 − v1
eaw1

. (3.5)

Equation (3.4) has a unique solution (v, w) ∈ R
2 precisely if (3.5) has a unique

solution v ∈ R. The set σ(G/H) contains the subsets

F1 = {g(v + f(v, 0), f(v, 0), 0); v ∈ R} ⊂ G′ = [G,G] and
F2 = {g(f(0, w), f(0, w), w); w ∈ R} .
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We have F1 ∩F2 = {1}. Therefore σ(G/H) generates G if the set F1 generates
the whole two-dimensional commutator subgroup G′ = {g(v, u, 0);u, v ∈ R}
of G. If F1 does not generate G′, then F1 is a one-parameter subgroup which
is equivalent to the condition that f(v, 0) = λv for some λ ∈ R. Assuming
this, the set σ(G/H) generates G, if there exists an element h ∈ F2 such that
h−1F1h 	= F1 holds. For h = g(f(0, w), f(0, w), w) ∈ F2 with w 	= 0 we have

h−1 = g
(−e−awf(0, w),−e−bwf(0, w),−w)

and

h−1g(v + f(v, 0), f(v, 0), 0)h = g
(
eaw(v + f(v, 0)), ebwf(v, 0), 0

)
.

Hence we obtain h−1F1h = F1 if and only if f(v, 0) = 0 or f(v, 0) = −v for
all v ∈ R. In the first case the set F1 has the form F̃1 = {g(v, 0, 0); v ∈ R},
in the second case F ∗

1 = {g(0, v, 0); v ∈ R}. The sets F̃1 and F ∗
1 are normal

subgroups of G. The set F̃1 ∪ F2, or F ∗
1 ∪ F2 respectively, does not generate

G precisely if the set F2F̃1/F̃1, or F2F
∗
1 /F

∗
1 respectively, is a one-parameter

subgroup of G/F̃1, or G/F ∗
1 respectively. Because of

g(R, f(0, w1), w1)g(R, f(0, w2), w2) = g
(
R, f(0, w2) + ebw2f(0, w1), w1 + w2

)

and

g(f(0, w1),R, w1)g(f(0, w2),R, w2) = g (f(0, w2) + eaw2f(0, w1),R, w1 + w2)

the set F̃1 ∪ F2, or F ∗
1 ∪ F2 respectively, does not generate G if and only if for

all w1, w2 ∈ R one has

f(0, w2) + ebw2f(0, w1) = f(0, w1 + w2),

or

f(0, w2) + eaw2f(0, w1) = f(0, w1 + w2).

Interchanging the variables w1 and w2 we obtain in the first case

f(0, w1) + ebw1f(0, w2) = f(0, w1 + w2),

in the second case

f(0, w1) + eaw1f(0, w2) = f(0, w1 + w2).

Hence one gets in the first case

f(0, w1)
(
1 − ebw2

)
= f(0, w2)

(
1 − ebw1

)
,

in the second case

f(0, w1) (1 − eaw2) = f(0, w2) (1 − eaw1) .

Consequently, for any w1 	= 0, w2 	= 0 we have in the first case
f(0, w2)
1 − ebw2

=
f(0, w1)
1 − ebw1

= C

for a suitable constant C ∈ R, in the second case



90 Á. Figula AEM

f(0, w2)
1 − eaw2

=
f(0, w1)
1 − eaw1

= K

for a suitable constant K ∈ R.
Since g(f(0, w), f(0, w), w)g(v+f(v, 0), f(v, 0), 0) = g(v+f(v, 0)+f(0, w),

f(v, 0) + f(0, w), w) the set σ(G/H) = {g(v + f(v, w), f(v, w), w); v, w ∈ R}
does not generate G, if the function f has one of the following forms: f(v, w) =
C

(
1 − ebw

)
or f(v, w) = K (1 − eaw) − v, where C,K ∈ R.

Now we represent the loop multiplication in the coordinate system (v, w) �→
g(v, 0, w)H. Then the product (v1, w1)∗(v2, w2) will be determined, if we apply

σf (g(v1, 0, w1)H) = g(v1 + f(v1, w1), f(v1, w1), w1)

to the left coset g(v2, 0, w2)H and find in the image coset the element of G
which lies in the set {g(v, 0, w)H; v, w ∈ R}. A direct computation yields

(v1, w1) ∗ (v2, w2) =
(
v2 + eaw2v1 + f(v1, w1)

(
eaw2 − ebw2

)
, w1 + w2

)
.

According to Theorem 1 in [2], the group topologically generated by all left
and right translations of the loop Lf cannot be a Lie group of finite dimension.

The loop Lf is almost differentiable, if the section σf is differentiable (cf.
[6, p. 32]). In this case Lf is strongly left alternative if and only if the image

set σ(G/H) has the form
{
g

(
x eaz−1

az , αx ebz−1
bz , z

)
;x, z ∈ R

}
, where α < 0 (cf.

[6, Theorem 23.1, p. 290]). �

In contrast to Lemma 23.16 in [6, p. 314], there are connected topological
proper loops L having the three-dimensional solvable Lie group with trivial
centre and with only one one-dimensional normal subgroup as the group topo-
logically generated by the left translations.

Proposition 3.5. Let G be the three-dimensional connected non-nilpotent Lie
group containing only one one-dimensional normal subgroup and choose for G
the representation

G =

⎧
⎪⎨

⎪⎩
g(u, v, w) =

⎛

⎜
⎝

1 u v

0 ew wew

0 0 ew

⎞

⎟
⎠ , u, v, w ∈ R

⎫
⎪⎬

⎪⎭
.

Let H be a one-dimensional connected subgroup of G which does not contain
any non-trivial normal subgroup of G, then using automorphisms of G we may
choose H = {g(t, 0, 0); t ∈ R} and every continuous sharply transitive section
σ : G/H → G with the properties that σ(G/H) generates G and σ(H) = 1 is
determined by the map σf : g(0, v, w)H �→ g(f(w), v, w), where f : R → R is a
continuous function which is different from C(1 − ew), C ∈ R and which has
the property f(0) = 0.

The multiplication of the loop Lf corresponding to σf can be written as

(v1, w1) ∗ (v2, w2) = (v2 + f(w1)w2e
w2 + v1e

w2 , w1 + w2) . (3.6)
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None of the loops Lf has the strongly left alternative property.
The multiplication group of Lf has infinite dimension.

Proof. By Lemma 23.16 in [6, p. 314], the subgroup H has the form as in the
assertion. Since all elements of G have a unique decomposition as a prod-
uct g(0, v, w)g(u, 0, 0), any continuous function f : R

2 → R; (v, w) �→ f(v, w)
determines a continuous section σ : G/H → G with H = {g(t, 0, 0); t ∈ R}
given by

σ : g(0, v, w)H �→ g(0, v, w)g(f(v, w), 0, 0) = g(f(v, w), v, w).

This section acts sharply transitively on the factor space G/H if for every
(v1, w1), (v2, w2) ∈ R

2 there exists precisely one pair (v, w) ∈ R
2 such that

g(f(v, w), v, w)g(0, v1, w1) = g(0, v2, w2)g(t, 0, 0)

for a suitable t ∈ R. This gives the equations w = w2 −w1, t = f(v, w)ew1 and

0 =
v1 − v2
ew1

+ f(v, w2 − w1)w1 + v.

These are equivalent to the condition that for every w0 = w2 −w1 and w1 ∈ R

the function g : v �→ v + w1f(v, w0) : R → R is a bijective mapping. Let
ψ1 < ψ2 ∈ R. Then g(ψ1) 	= g(ψ2) and we may assume that g(ψ1) < g(ψ2).
We consider

0 < g(ψ2) − g(ψ1) = ψ2 − ψ1 + w1 [f(ψ2, w0) − f(ψ1, w0)]

as a linear function of w1 ∈ R. If f(ψ2, w0) 	= f(ψ1, w0), then there exists
a w1 ∈ R such that g(ψ2) − g(ψ1) = 0, which is a contradiction. Hence for
the function f we have f(v, w) = f(w), i.e. f does not depend on v. The set
σ(G/H) contains the normal subgroup F1 = {g(0, v, 0); v ∈ R} < G′ = [G,G]
and the subset F2 = {g(f(w), 0, w);w ∈ R}. We have F1 ∩ F2 = {1}. As
g(f(w), 0, w)g(0, v, 0) = g(f(w), v + f(w), w) the set σ(G/H) generates G,
if the set (F2F1)/F1 is not a one-parameter subgroup of G/F1. Because of

g(f(w1),R, w1)g(f(w2),R, w2) = g (f(w1)ew2 + f(w2),R, w1 + w2) ,

the set σ(G/H) does not generate G precisely if for all w1, w2 ∈ R the equality

f(w1)ew2 + f(w2) = f(w1 + w2) (3.7)

holds. Interchanging the variables w1 and w2 we obtain

f(w1)ew2 + f(w2) = f(w2)ew1 + f(w1).

For w1 	= 0 and w2 	= 0 it is equivalent to f(w2)
1−ew2 = f(w1)

1−ew1 = C for a suit-
able constant C ∈ R. Therefore, the loop Lf is proper if and only if f(w) 	=
C (1 − ew).

The multiplication of the loop Lf can be expressed in the coordinate sys-
tem (v, w) �→ g(0, v, w)H if we apply σf (g(0, v1, w1)H) = g(f(w1), v1, w1) to
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the left coset g(0, v2, w2)H and find in the image coset the element of G which
lies in the set {g(0, v, w)H; v, w ∈ R}. A direct computation yields

(v1, w1) ∗ (v2, w2) = (v2 + f(w1)w2e
w2 + v1e

w2 , w1 + w2) .

For all x, y ∈ Lf the identity x ∗ (x ∗ y) = x2 ∗ y holds precisely if for all w ∈ R

the continuous function f satisfies the identity f(w) (1 + ew) = f(2w). This is
a contradiction to (3.7). Hence the loop Lf is not strongly left alternative.

The assertion that the multiplication group of the topological loop Lf has
infinite dimension follows from Theorem 1 in [2]. �

Let G be the three-dimensional simply connected non-nilpotent Lie group
having a one-dimensional centre. A classification of the continuous, sharply
transitive sections σ : G/H → G with dimH = 1 is given in Theorem 23.7
in [6]. If H = {g(1, t, t); t ∈ R} we find under which circumstances the set
σ(G/H) generates G. In the case that H = {g (et, 0, 0) ; t ∈ R} we show that
the loops corresponding to σ are not strongly left alternative.

Proposition 3.6. Let G be a three-dimensional simply connected, non-nilpotent
Lie group with one-dimensional centre and choose for G the representation by
matrices

g(eu, v, z) =

⎛

⎝
1 v z
0 eu 0
0 0 1

⎞

⎠ , u, v, z ∈ R. (3.8)

Let H be a one-dimensional subgroup containing no non-trivial normal sub-
group of G.
(a) If H is not contained in the product of the centre Z with the commu-

tator subgroup of G, then using automorphisms of G we may choose
H = {g (et, 0, 0) ; t ∈ R} and each continuous, sharply transitive section
σ : G/H → G such that σ(H) = 1 ∈ G and σ(G/H) generates G is
given by the map σt : g(1, v, z)H �→ g

(
et(z), et(z)v, z

)
, where t : R → R

is a non-linear continuous function with t(0) = 0.
The multiplication of the loop Lt determined by σt can be written as

(v1, z1) ∗ (v2, z2) =
(
v1 + v2e

−t(z1), z1 + z2

)
. (3.9)

The multiplication group of the topological loop Lt has infinite dimen-
sion.
None of the loops Lt satisfies the strongly left alternative property.

(b) If H is contained in the product of the centre Z with the commutator
subgroup of G, then using automorphisms of G we may choose H =
{g(1, t, t); t ∈ R} and every continuous, sharply transitive section σ :
G/H → G with the properties σ(H) = 1 ∈ G and σ(G/H) generates G
has the form

σf : g (eu, 0, z)H �→ g (eu, f(u, z), z + f(u, z)) ,
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where f : R
2 → R is a continuous function with f(0, 0) = 0 such that

for all pairs (u1, z1), (u2, z2) ∈ R
2 there is a unique z ∈ R satisfying the

equation

z + f(u2 − u1, z) [1 − eu1 ] = z2 − z1.

and such that

f(u, z) is different from C (eu − 1) and from λu− z, whereC, λ ∈ R.

(3.10)

The multiplication of the loop Lf corresponding to σf is defined by

(u1, z1) ∗ (u2, z2) = (u1 + u2, z1 + z2 + f(u1, z1) (1 − eu2)) . (3.11)

The group topologically generated by all translations of the topological
loop Lf has infinite dimension.
The loop Lf is almost differentiable if f(u, z) is a real Cr-function. In
this case Lf is strongly left alternative if and only if the tangent space
T1(σ(G/H)) of the image of the section σf has the form

⎧
⎨

⎩

⎛

⎝
0 αx+ (1 + β)y αx+ βy
0 x 0
0 0 0

⎞

⎠ ;x, y ∈ R

⎫
⎬

⎭
,

where α, β ∈ R with −1 < β < 0.

Proof. According to Theorem 23.7(i) in [6], in the case (a) it remains to prove
that the loop Lt is not strongly left alternative. For all x, y ∈ Lt the identity
x∗(x∗y) = x2∗y holds if and only if the function t is linear. This contradiction
yields the assertion.

According to Theorem 23.7(ii) and (iii) in [6], in the case (b) it remains to
investigate under which circumstances the set σ(G/H) generates the group G.
Let F1 = {g(1, f(0, z), z + f(0, z)); z ∈ R} and F2 = {g (eu, f(u, 0), f(u, 0)) ;u
∈ R} be two subsets of σ(G/H) (see Proof of Theorem 23.7 in [6]). The set F1

is a one-parameter subgroup if and only if the function f(0, z) = μz for some
μ ∈ R. Now let f(0, z) = μz. Then the set F1 ∪ F2 generates G, if there exists
an element h ∈ F2 such that h−1F1h 	= F1 holds. For h = g (eu, f(u, 0), f(u, 0))
with u 	= 0 we have h−1 = g (e−u,−e−uf(u, 0),−f(u, 0)). Moreover, one has
h−1g(1, μz, (1+μ)z)h = g (1, μze−u, (1 + μ)z). Hence h−1F1h = F1 if and only
if one of the following cases holds: f(0, z) = 0 or f(0, z) = −z for all z ∈ R. In
the first case, the set F1 has the form F̃1 = {g(1, 0, z); z ∈ R}, in the second
case F ∗

1 = {g(1, z, 0); z ∈ R}. The sets F̃1 and F ∗
1 are normal subgroups of G.

The set F̃1 ∪ F2, respectively F ∗
1 ∪ F2, does not generate G precisely if the

set F2F̃1/F̃1, or F2F
∗
1 /F

∗
1 respectively, is a one-parameter subgroup of G/F̃1,

or G/F ∗
1 , respectively. The set F2F̃1/F̃1 is a one-parameter subgroup of G/F̃1
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precisely if f(u, 0) = C (eu − 1) for a suitable constant C ∈ R (cf. [6, p. 302]).
Because of

g (eu1 ,R, f(u1, 0)) g (eu2 ,R, f(u2, 0)) = g
(
eu1+u2 ,R, f(u1, 0) + f(u2, 0)

)

the set F2F
∗
1 /F

∗
1 is a one-parameter subgroup of G/F ∗

1 if and only if for all
u1, u2 ∈ R the equality f(u1, 0)+f(u2, 0) = f(u1+u2, 0) holds. This is the case
precisely if f(u, 0) = λu for some λ ∈ R. As g (eu, f(u, 0), f(u, 0)) g(1, f(0, z),
z + f(0, z)) = g (eu, f(u, 0) + f(0, z), z + f(u, 0) + f(0, z)) the set σ(G/H)
= {g (eu, f(u, z), z + f(u, z)) ;u, z ∈ R} does not generate G, if the function
f(u, z) has one of the following form: f(u, z) = C (eu − 1) or f(u, z) = λu −
z, C, λ ∈ R.

The assertion about the multiplication group of the loop Lt as well as of
the loop Lf follows from Theorem 1 in [2]. �

In Theorem 23.7 in [6], the condition that σ(G/H) generates G is due to a
small slip marginal stronger than (3.10).

The continuous, sharply transitive sections σ : G/H → G in the non-abe-
lian nilpotent three-dimensional Lie group G are given by Theorem 23.12 in
[6, p. 308]. Now we give, in addition, necessary and sufficient conditions for
the image set σ(G/H) to generate G and show that the loops correspond-
ing to σ do not satisfy the strongly left alternative property. We recall that
the elementary filiform Lie group Fn+2 is the simply connected Lie group of
dimension n+2 ≥ 3 whose Lie algebra has a basis {e1, e2, . . . , en+2} such that
[e1, ei] = (n+ 2 − i)ei+1 for 2 ≥ i ≥ n+ 1 and all other Lie brackets are zero.

Proposition 3.7. Let G be the simply connected non-commutative nilpotent Lie
group the multiplication of which is given by

g(u1, v1, z1)g(u2, v2, z2) = g

(
u1 + u2, v1 + v2, z1 + z2 +

1
2
(u1v2 − u2v1)

)

(3.12)

and let H be a one-dimensional connected subgroup which does not contain
any non-trivial normal subgroup of G. Then using automorphisms of G we
may choose H = {g(0, t, 0); t ∈ R} and any continuous sharply transitive sec-
tion σ : G/H → G such that σ(G/H) generates G and σ(H) = 1 is given by
the map

σv : g(u, 0, z)H �→ g

(
u, v(u), z +

1
2
uv(u)

)
,

where v : R → R is a non-linear continuous function with v(0) = 0.
The multiplication of the loop Lv corresponding to σv is given by

(u1, z1) ∗ (u2, z2) = (u1 + u2, z1 + z2 − u2v(u1)). (3.13)
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The multiplication group of the topological loop Lv is isomorphic to the ele-
mentary filiform Lie group Fn+2, n ≥ 2, precisely if v is a polynomial of
degree n.

None of the loops Lv is strongly left alternative.

Proof. In view of Theorem 23.12 in [6, p. 308], it remains to prove that the set
σ(G/H) generates G precisely if the function v is non-linear. The set σ(G/H)
contains the commutator subgroup G′ = {g(0, 0, z); z ∈ R} of G and the subset
F =

{
g

(
u, v(u), 1

2uv(u)
)
;u ∈ R

}
. As

g

(
u1, v(u1),

1
2
u1v(u1)

)
g

(
u2, v(u2),

1
2
u2v(u2)

)

=g
(
u1 + u2, v(u1) + v(u2),

1
2
u1v(u1)+

1
2
u2v(u2) +

1
2
u1v(u2) − 1

2
u2v(u1)

)
,

the group G′ and the subgroup 〈F 〉 topologically generated by the set F gener-
ate G precisely if the mapping assigning to the first component of any element
of 〈F 〉 its second component is not a homomorphism. This occurs if and only if
the function v is non-linear. The multiplication of the loop Lv in the coordinate
system (u, z) �→ g(u, 0, z)H is given by Proposition 3.1 in [7, p. 5101].

The assertion about the multiplication group of the topological loop Lv

follows from Theorems 1 and 3 in [2].
A necessary condition for the strongly left alternative property for loops L

is that for all x, y ∈ L the identity x · (x · y) = x2 · y holds. Using the multipli-
cation of Lv we obtain that this identity is satisfied precisely if the function v
is linear. This contradiction gives the assertion. �

Propositions 3.4, 3.5, 3.6 and 3.7 give the classification of all connected
topological loops L having a three-dimensional solvable simply connected Lie
group G as the group topologically generated by the left translations. All these
loops are simply connected. Hence if Ľ is a non simply connected topological
loop having L as the universal covering, then the group topologically gener-
ated by the left translations of Ľ is a homomorphic image G/Σ, where Σ 	= 1
is a suitable discrete central subgroup of G. It follows that the non-abelian Lie
group G is either nilpotent or the direct product of R and the two-dimensional
non-abelian Lie group.

If G is the non-abelian nilpotent Lie group with multiplication defined by
(3.12), then any discrete central subgroup ofG has the form Zr = {g(0, 0, rk); k
∈ Z}, where r is a fixed real number. The multiplication of the group Gr =
G/Zr is given by

g(u1, v1, z1 + rZ)g(u2, v2, z2 + rZ)

= g

(
u1 + u2, v1 + v2, z1 + z2 +

1
2
(u1v2 − u2v1) + rZ

)
,



96 Á. Figula AEM

where ui, vi, zi ∈ R, i = 1, 2. The image of the section σv in Proposition 3.7
contains the group Zr as a discrete central subgroup which corresponds to
a discrete central subgroup of Lv defined by the multiplication (3.13). Hence
every loop Lr

v having Lv as the universal covering is given by the multiplication

(u1, z1 + rZ) ∗ (u2, z2 + rZ) = (u1 + u2, z1 + z2 − u2v(u1) + rZ). (3.14)

If G is the simply connected Lie group defined by (3.8), then any discrete cen-
tral subgroup of G has the form Zr = {g(1, 0, rk); k ∈ Z}, where r is a fixed
real number. The multiplication of the group Gr = G/Zr is given by

g (eu1 , v1, z1 + rZ) g (eu2 , v2, z2 + rZ) = g
(
eu1+u2 , eu2v1 + v2, z1 + z2 + rZ

)
,

where ui, vi, zi ∈ R, i = 1, 2. The group Zr is contained as a discrete central
subgroup in the image of the section σt in Proposition 3.6 (a) precisely if the
function t : R → R satisfies t(z) = t(z+ rk) for all z ∈ R and k ∈ Z. Hence the
multiplication of a loop Lr

t having Lt defined by (3.9) as the universal covering
is given by

(v1, z1 + rZ) ∗ (v2, z2 + rZ) =
(
v1 + v2e

−t(z1), z1 + z2 + rZ
)
, (3.15)

where t : R → R is a non-linear continuous periodic function with period r
(see also Proposition 3.5 in [7, p. 5105]).

The image of the section σf in Proposition 3.6 (b) contains the group Zr

as a discrete central subgroup if and only if the function f : R
2 → R satisfies

the condition f(u, z) = f(u, z + rk) for all u, z ∈ R and k ∈ Z. Hence every
loop Lr

f having Lf defined by (3.11) as the universal covering is given by

(u1, z1+rZ)∗(u2, z2+rZ)=(u1+u2, z1 + z2 + f(u1, z1) (1 − eu2) + rZ),
(3.16)

where f : R
2 → R is the continuous function defined in Proposition 3.6 (b)

satisfying the additional condition f(u, z) = f(u, z+ rk) for all u, z ∈ R, k ∈ Z

(see also Proposition 3.5 in [7, p. 5105]).

Proposition 3.8. Every connected topological proper loop L such that the group
topologically generated by the left translations is a 3-dimensional solvable Lie
group is solvable.

Proof. If L is simply connected, then its multiplication is given by (3.3),
(3.6), (3.9), (3.11) and (3.13) in Propositions 3.4, 3.5, 3.6, 3.7. The set N1 =
{(v, 0); v ∈ R} is a normal subgroup of the loops defined by (3.3), (3.6) and
(3.9). The set N2 = {(0, z); z ∈ R} is a normal subgroup of the loops given
by (3.11) and (3.13). A direct computation shows that for the multiplications
(3.3) and (3.6) the identity (0, w1)N1 ∗ (0, w2)N1 = (0, w1 + w2)N1, for the
multiplication given by (3.9) the identity (0, z1)N1 ∗ (0, z2)N1 = (0, z1 + z2)N1

and for the multiplications (3.11) and (3.13) the identity (u1, 0)N2 ∗ (u2, 0)
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N2 = (u1 + u2, 0)N2 is satisfied. Hence every factor loop L/Ni, i = 1, 2, is
isomorphic to the one-dimensional Lie group R. Therefore, every simply con-
nected loop L is an extension of the group R by the group R and hence it is
solvable.

If L is defined either by the multiplication (3.14) or by (3.16), then L is
an extension of the group SO2(R) by the group R. If L is given by the multi-
plication (3.15), then L contains a normal subgroup N isomorphic to R such
that the factor loop L/N is isomorphic to the group SO2(R) and the assertion
follows. �
Remark 3.9. Among the connected topological proper loops having a solv-
able three-dimensional Lie group as the group topologically generated by their
left translations, only the loops corresponding to a nilpotent group are central
extensions of a one-dimensional Lie group N by the group (u1, 0)N ∼= R. These
loops are centrally nilpotent loops of class 2 (cf. [1, Chap. VI]). Moreover, the
group N is isomorphic to R or to SO2(R) depending on whether L is simply
connected or not.

References

[1] Bruck, R.H.: A Survey of Binary Systems. Springer, Berlin, Heidelberg, New York (1971)
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