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Preface

The abjective of this Book ie to familiarize the reader with the basic Loala
of ewer-delarmined partial differential syuations, namely the Spencer mer-
vinn of the Cartan-Kihier thecrsm, wia the ptudy of an old problem of
diffarential paometry almoet cpen uotil now, the characterizaticn of sec-
and order ordinary squations, alio called spraye, comiap fom 2 wsriaticnal
peoklem. MWote thab thie problem is ook the sams 22 the characiesization
o Rulat-Lagrange sperators, which i bow well onderstaad Lhanks o the
variatisnal bacotmpler. Uang the terminslagy of LM Abderaon, we wilt
gludy the rsrchonal iviegrobing faoters gprobien. eibes Joy any Don £io-
guler wettic of the differeutial opsratoss Py and nf A, define the same
differsniial mquatinn, we ek of far 2 quadlinsar diffarential apstatoer P,
thete exista & dob-singuler mateix of and a Lagrangian £ such that

ap o LEE _GE
T S 5 T b

The aolution o this problesa cequires the study of the intagrability of a
parieal differectial spstom called the Bul=r-Laguagrs srelem.

The ot dgwifiveob coonlyibotion o this problam ia 2 famous paper of
1. Douglas where, wsing the Rigquier's theory, the varaticnal differential
equaticn on & -dimensional manifelde are classifisd. The geperalization of
o resulbe ig the Lighet fdimensional cane 18 a Tery hard peoblem bacauss
the Buler-Lagrange apateny 19 atill axtrerssly orer-deterooaned.

Taing tachnigues from the Spaocer theary of over-determined eyatems
such a: prologgaliot, Spegeer cohomelogy, pveluliviby, 2-segelicily, and
1 natural frapmework of ie tangeol bugille such as algebraic diferen-

L
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kial characterization of connectiona and derivaticns by Prolicher-Nijenhus
breckels, We ean present the obstroelizoe which appear in the 2.dimenisgal
chdex it an ipbpineic abd natoral way. Whet the dimepsiob of the magifold =
a, W apply bhue lechbigoe ba e sdudy of & special class of sprays, sduch =e
call esctropic Roughly spealtng, a variational idstropic epray earrespogds
tu the geodeeic fewt of o Fioeler resp. Rermano manileld with a constant
secbiotial cucvatuce it Lhe Bamngeneows resps. guadratic cass. Howewer it
1%t mare gegera] becabse we wili also cobxider the case of ben-homogroecus
second order equations. The main thesrems provide complele working il
Instration of the technagues employed, such as prolopgation, competation
of torsion, invalutivily, Spencer cobomology, 2-acyclicity eic.

Wi hrieﬂ}' deacribe Eh= contents af aach rhapt:r.

Chapter | offers an elemeplary jntroduction b the formal integrabilty
itheonp of partial Jdifsrential syalema. Mo proofs ars gigew, Bl all the
notioma are Ilinatrvacsd wilh cimple eyamples, 3 that the formalias of the
threory, whith wsually disheartans the reader, can e sasily abaoebed.

Chapter Il and Chapter [1T are devoted to the preasotation of the con-
nection theory Bamsd on the Prolichec-Nijsnbucs graded Lo= algehca [t
provides an adapled Formalists for cur problam, which allowrs o Lo pres=ni
all the differential relatione and obstructiong saaily and iohrinasically.

lo Chapter [V we study variational spraps Wa establish the necegeary
1zlations which they ratufy and iotroduce a petural praded Lie alpehra
panociabed bo the spray which plays an importaot role in owr study.

The applcation & formal integrability theoty of parbal diferential
=quatinne ko the 1the inverss prohblem begios to Chapter V. We study the
problem i the general cage e wuthaut any pestrchioo ob the dimeosion
of o0 the corvatwre. We give the Gwet obstiuctions so thak & tpray s earj-
aticonal. Thie chapter provides weeful examples for the regdet mwt=resied 13
the apphication of the techoigue. The complete clasaification of the varia-
Lional sprags seems Lo be impossible in the ganeral situation, becaues a lat
 ohstructions, determioed by the clements of the graded Lic algebra in-
ievduced 1 Thapter 1V, appear. lowewsr, 1t 11 inetructive bo 5ot how they
arite and Lhia Chapler offers quite a rlear dea of the methods empleysd
T order to oblajg completes 1o59 4 we Testrict ouzaeleca to particular casea
That ia ¥bet we do iv the lllowiag Chapbers.

o Chapter VT we treal the Z-dimenticnal case  Of coarse, this chap-
ler, ke the eriginal papec of 1. Tlouglas, 32 quite comphicated, becanas
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many caies and aubLtazed have bo be copciderad and many chetructions
atiac. Meverthelssa, it @ Ehe wecy chaphar thak the theorr of the aver-
deterrvined ayatent is fully applied and all Ehe pogailibe tituatione appear.
inwolokivity, 2-acvelicity, non-2era hagher order cohomolegy proupe, oestrie-
tion of bhe ayatern stc. Ae we will aee, oo thic study & particolar class af
sprays emarged naturally which we call fypacal, becauae it alss containg the
quaderetic and homagsnssie eacond ocdat eqoakions, mhich are the more fra-
quenk 1o differential pevmetey. Allhoogh they reqoice 4 3peecial wreatoest,
the pecessary computations are sacjer,

In the last Chagher we ocbarn bo the ri-dimenseemal cases, but we Limit
OurFelves bo kbt atudy of isstiopic apraya. When the non-holonomy ia weak,
we abtain the oecessaty and aufficisnt copditicoa fov the spray to be waei-
ational. Some of the results of this Chapter was poblished in Annatea de
I'Mmetilut Fewrser ieceobly.

ACKNOWLETGMERT: — \We would like to express qur gratitude ko Jan
Anid=cson, feaw-Fesre Bowrguigoon, Jacques Sasgu, Péter Tilbor Hagy
aod Hilary Deriss-Glaiater for their belp. sncouragement and cibicism
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Chapter 1

An Introduction to Formal
Integrability Theory of Partial
Differential Systems

Io thiz chapter we give an elementary wbtodoct e Lo 1he SpeucscGold-
schroidt wersion of the Cartan-Fabler Theprsm, Cur goal is ko stwdy the
variaticnal problem related o Lhe intcgrakility of the Buter-Lagronpe dufer-
ential operator Since it iF a second order linear partial diferential operator,
o this chapter we laok at Lthe theorp of inbegrahility of Lhasar Qiflwoential
operatore. In gection 1.7 LWbe woo hoear case is medkicoed.

1.1 Introduoction

The fundameotal throrem abowt partial differential equatioos (FDE] i1 the
well knowm f“.-.a.urhj'-l'{nwn.'li.-_lka Throrem:

Theoprem 1.1« (CarcHT BowaLgsEa] Jorazder the spsieme

S . R
o ¥l ) (-
where E= L,..in—F u=1.... ¢ =0r.... 2nl. £ ={20... - im] aGmd

the funactions [, £, ;.5"%] are anciyiic o1 a sewghborhond of 00 A", 4],
Cieen analyic furctions fY0e', oo™ enoa newghBerkood of O auch
that

':l-lrllll'n]. = ..-I:".

F = A 2

therr erists a vnigues anafyhic sofutftan z = ', 2" of the spstem
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(11} en a merghbarhood of 0 € B® such that-

Fol £ A o | FIEN Lol £ A el

Hote thal the ayetem of PDE iy the Cauchy-Kowaleska Theorsm has two
particularities:

(1] The oumber m of (bt ordder) equations = equal tn Lhe gamber of
unkoown functions &
(2] One of the independent funclions, =™, plays a particular 1ole.

The 1dea of the proo] i2 a3 followa:

1. Cne bagine bo look at the fermal inkegrakadicy, ie  one looks for formal
powar aeried 0 a neghberhosd of 0 € R", whick egatis{y the syslern and
the initial condition. Taking ioko accownt the particular form of the apatam
[the partial derivatives 5:—: are expressad in tarme of the other components
of the 1-jot of z¥] it it oot duficult to prove that formal solutions exist,

Z. By the technique <f the "majoreat senes” ooe proves that the formal
Lofied CORTELEE.

The Cartav.Fahlec Theersn geasralizes bhe Cavehy-Kemalecka T'heo.
rem, ity the senee that rhe oumber of squationg 8 Bol pecef2atily equal to
the owomber of unknowo funckions, aod fhat osoe of the rariables plar a
particular role

AF we have said, the partiowlar form of the Canchr-Keowalaka amstem
ipli=s Lhat formal as|ubivos 3] ways exisl. Thys & pol the case lor a Eq.'aJ
EFELam: obetrwctiond can arite and he explicilly computed. Hemesgsr, of
formal inkegrability of an amaittic eyateny is apswrsd, the lorimsl solotiaue
ConTErge, a1 ik the Cauchy-Kowaleska case,

‘Tha eituation is similar bo the one for eyatems of linear algebraic squa-
ticos and the analngy is oot noly ormal. [Fa linear eyetem is 1o bhe Cramer
form [1.5. the onmber of equationa 19 the sgame a9 the oumber of unknown
variables apd the matrix 15 regalact thew a olution exeta and 1 i6 unique.
Fee a geoeral eyelem, obatructions appeat: they can be ohlatoed by onm-
puting the "characteristic determinante” {which amounts to Zviog all the
lioeas relations belwern bhe equations). When these compatibility condi-
Liond are dabigfied the spstem can be put oo the Cramer focm with some
free parasdeterd. Theno a pavameboomed Faroly of salutjope can be obiaped,
and the yomber of Uw pararnelers depepds og the rank of Lhe system. For
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the apateran of POE the aituation is ammalar. The obstroctions arving fram
ihe Spencer cohamalagy earrspend to the fack that Lbe characi=rigtic de-
isrminanta have to vaniah and the nowle of parapeies [which o thia
case are arhitrary functions| can be oxplcitly camputed.

Lat ua couside bl syekem of partisl difecebbial =guatjons
Folef eh g8 Lt =0 {1.2)
whece 1+ = [..paad

. dak o i
= kA = —
B ¢ X S O

Sl Ce

Drefinmilloun L.l The ayaiem 1.3 & docally integruble 1o a n.-.igl:.'hd:r]:m-:-d
of Iy, if far aoy reat owmbers 4", Ay, ... Ay & R verifyiag

F¥[Tp, A", A% p=T, (L2}

g 3

there ex13ks 3 neighborhood L7 of ry and a aclution 2*{x) defined on 7 such
that
i, = AN,

eplr,d = A5,

-H
“uy.

The set of the 1A% A4 ... AL, o) satisfriog (1.3] i called a kth-prgder
Jermal sahedoom (o7 eeefead dataat 130 The set of all the kU order formal
acluticas ab 1y s poted Mg ..

[o other words, the PDE {1 2} is {local'sh integrable in a neighborhood of
Tu if

fx 7 = 4F
Ly ._J',-_._| '1'|1.| . O

far ewery ty € He o, there exisls 7 poighborbood 1 of 1o
aod Fc Ol R werifong the differeatial equation 1 2,
syck that {j, [}, = Fy.

To atudy the intagrability Tayior serige cap ha weed. At Grsk ons looks
for a formal selobioa = = (='. .., s™) im & dormal series sakisfying Lhe

equation
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(orhare o is 2 multi-index and 4., = (fa:)0x,)). Pulting ¢ into the egoa-
Livn, We can compute A, br aotring algekbraic ayatema. Then we can lock
abt Lpe cemvergence of the formal eolution.

Exanople 1.1 Let us coomder bhé et i

HFz &

Whth lrious nokacione it cam be writhen-

gy + o =1h
The coefficients of the fcamal serien werdfying the equation muat satanby:
An+Ap =14
Taking for sxampbe 4 = 1.:her = =1 apd choawing dp = da = 42 = 0, =
have & 2" -arder avlutwen (0.0, T4, -1

I w= want 1o compuke Abe atber coefickents of bhe fomal expansion, we oeed
to derroe the equation and study the the first prolongatéion of the ayetem

I + Rl L] =0
s+ ot =1
e+ ome =00

The numbers A,, A, , A,,. must saliely the ayctem:
.Flu + A =1
ETEY + Aga =0
dan + Ape =D

Tf we take the 4, and 4,; a abowe, w= can buoild a 27 _prder solutwen which
axtande the Znd arder selukion already found  Por sxampls

A= Az =0, Ay =L, A g =1, Ay =-1
and

Ain =0, Aus =10 Aira =l Axp =10

Wheo We Caryy oub bhis opecallen 8 amcond tios, We cblau o ayebew of fve
squatione, [f bhia aypkem i3 condstent then o God the $od otdet 3o0lutiooa which
are Liftad to 4°%-nreer anlutions, ste



Motahide ahd deriion 3

Formal integrability at ©y teant that eay fibh oodar formal selalian st
Zg can be Lfted into an anbaite order salution.

45 is shown by the above example, 10 order Lo prove that the kb order
solutons com be Lifed 10 snfinite order selutions (Le. there sxists a formad
salution), we need to study 1the consistency of an algebraic syatem contan-
iog an infnite number of unknowed and squations. Koughly spesking the
Cartan-Eabler Thecrem says Lhat i the spstem s “iprolutire™ and “regn-
lar™ [these ootieos w111 be mireduced 1o the pext sections} ooe ooly oeeds
tox .l;|:1,:|r|.:ir ihe flrsl moalnpgalion:

Consiger the Lih order sysfem

FUiz et mm aa=m p=1. ..p

which s suppased (o be "regular™  JF the system e "ine
valutive", gnd every ©'" -order solulton can be hfied In
a ik + 1" arder solution, then the system ar formaddy
integraiie

1.2  Malalivns @ Jdefinillons

Lat M be an w-chmensinoal manefok]. We chalt d=oate by (x7] local caor-
dinates om Af. Whers ther= s uo posaibbbty of cobdosioo TA and T*A
will ke nnted 24 T apd T". Moreswer A*T" apd SPT" will designate the
wertor buodl=c of the skew. gyrometene and symmettic lorma.

[t £ Ve & Obred bundle ceer the manifald A5 wikth the poojection x.
ine denotes by Sea: B the aheal of b sections of E gver M. Two seciions
of F detectuite the garte kth erder jat of in one, and beoce io avety, Tocal
cootdinate ayatem Lbeir Taylor seriea caincide up o order & The clan
determinsd by toe cection 5 € Sec E al the point 7o € M i depoled by
Frlx)yp, abd the cel of all k-jeta i3 dencked by S (B With the projection
mpp defioed BY nyplielsbe,] = Io. JIE) & 2 Gibred manifold over A
which iz called the bundle of &-jete of sections of £ [F [ = &, one defines
Lbe proeckion 1y a3 follows: & 03 0al 0 = fel2ls,. and A(E) 1 alo a
flred roanifcld cver S (E), D the case whele B 3 a vecbar bundle over 3.
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Let (0r'....0™) be a lecal eoordinate system oo A such thay E is
trivinlizable over w YL, abcd Leb (2, 2" 27, . 2™} he local roordinates
on =~ {77 A stapdard local coordinate eystem {1',s¥.3¥) of SiE) oo
sy (L% 13 defined for a section s of E by

2 [felalz, } = [aiz5]).

22 jelake, ) = D24 {8z 4z},

where s = L. r, 3= 1. oo, awd = fry, o s ] are caullysindices satin-
fyang 1< ey + ...+, = k.
T sinplify the gotation we deoote v, for ey

JtE —_— Jt_t.E
It ML, A [z°. 4. ..., e,

1t is rasy 1o pee Lhat *
Koy 1 =8'T"u E.
Then we have Lhe prack asquence.
f —— $ralk 5 A F = L E — 5 1L,

where » i defined al o £ A io the o lowing way of f, L Fc & OO0 Are
functicms vaniahing in xp and & € Sec| £, then:

eldfy T Ddfe Bl = nlf o Sedln,

where (7 denobea the symmetric produactk,

Definition 1,2 Let £ and F be two veckar bundles over the 3wise moan-
itofd &' A partial diferential operater [POHDY] is 2 map

F . Eel B — el P
Tirning ol coordimaias. oF & L Wermg_ L then £ = (7 0. L. &:: a, }and the ;:,'I c.

are jdeotafeesd with She comspooente of 2 malti-Lipese s¥fanwrtric mep T o x T —+ FE
—r —

k tympa
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Fis a 0th order operatoc if Flfal = FP(a) for every £ € O(A and
1 & Secl £}, The arder ia k if the map

Sen[£) —— Sen[F)
£ —+  Plrfs| - fPis)
iaak— 1 order operatar o1 any f € & (M.

[t iz =asy to aee that the order of F is & if and ondy if P{s) can be sxprscesd
im Lerme af the k-jet of 5; then & can be identified wilh 3 map

IniF}: D E — F
F ia called a Bmear of gy () 13 2 merphiam of veckor bundles oo A,

Example 1.2 Erienor dervaiiee
The operator o SectI™1 -—= See(A*T") can be identified with the mor-
phism:

podfdi}: AT —_ AT

I_Inl'\-‘lul :'\-"a..I:-_I —+ ':f.'\-'l-:'a.l - '\-'l-"b.n]'

Example 1.3 Lkear connectzon.
Let ¥ he & linear connectich gt & Yeolat buudle F— A chavaetenzed by

the differeatiad operatoer:

Y SeelF} <o Gec(T W P}
5 — T
xhare
TaideciTA boseol £
X — W,
Then W ran be denatifisd =itk the mocphisme
Mm% S r TP

FF L L B S TR o B o

Defnliion 1.3 & partal differentsal equation R of order k oo £ 5 a
Bced sub-mwanifald of A, [F 1% M. A eolution of %, it 2 a=ction 5 of £
sicl that Jeln) J6 a aschion of Ry,



B Frremal Fheery af FPartul Thfferembhal Sysiems
Ag we srplained o the lntroduction we peed to derive the ayatem te
Epd the wtegrabiliby condibiopa. Thie i the potion of prelebgation.
Defioilion 1.4 - Let F': Sec & = Sec P be a kth order PO, The map
B e B —— AR
Fesrid) —t piiFa)
io called the M -grdar prolongatien of .

[t is waay bo eee that the fth proloogation of a kih order cperator depends
coly om bhe [K+ i}-jet of a © Sec £

Definilion 1.5 A kb order jeb (30 & J2(F) s called §th order sola-
Viow af F io x, if Ps]; = Yoce geverally Dapgrlz © Je (£} = called
[& <+ ith ordar solotion of P oo, B gy Pyl =00, ¢ = 0. Lel oa sek,

A0 = { (deershe € De{Elx |2 C FeclE] and mil)ial: =0 ).
Misoo is called the space af (£ + 1)th order solutions of the nperator P

al .

From now on we will suppese that the differential operator & i3 auch
that fo{F}is r=gnlaz, that is A () i9 2 Bhred anb-manifold of S Ih — Af
It can be proved that it 29 the case if po (M) bas & lecally conatant 1ank [cf.
[BCGH] w3960 10 the PO o5 written Iorally in the form

Frizt Ml Lk L =1 b=lo..,p
thiz amounis ko the mappiog F havmg locally conatent cank.
Deflnition 3.6 Tbe patial differenkial equaticn cotresponding ko a kth
erder partial dufer=piial operatar I 1» the bbred mamifald Ky 7. A as-

futavr of the optvator P op ap apeeo =el & © U 15 2 sechion 5 St:-u:-[E}
defined oo 7, 2uch that Psx = (1, or squital=nily:

prlFlifpfi. -0, wretl
Led

Tepror - Hioe — Mg



Mauohstreaty 3

be the pestriction of the EIDI_'IECLI.EII Nkgd-] - |.rj.,.JE —+ ..r|..+|_|E Ln H]-{.g.
The aurisctivity of the ¥y, -y for wrery [ > 1 mmeans that evsey 9 -acder
dedptios can be Lited o 2 o-order selulion. Mow we can focmuletie the
follumwing d=bfuitiomn:

Defuition LT A PO g called  forsadly imtegrabl= ab g of

(1} Hieqr 35 2 vactor bundle for all [ = 0,
{ﬂ_:l 'i1-',l¢_4_|,;|._ : .I'IfH.gl_,_ — Myye. 1,£s for eTRLY ! :_*‘ 1 is ootn.

[o the analytical context, formal 1stegrability implics the cxictence of aolu-
Yinpz for all the imitial data

Theorem 1.2 {ef. [BOE] p 237 — Lat P ba o requlsr anelytical
PDE, Suppoas that F i formaily infagproble of o, Thern for eoery
T € fip ., there eqisla o ancinticad section & of E defined on @ newgh-
barhost {F af rg, such tha: F§ -0, and {j, Flixg] A

The conwergence of the powar seriee was first salabhished by Ehrenpreis,
Cnliemin od Steroberg 1o 1966 [BOS] and later by Sweener [Swe] preving
the so-called Poiocaré destimate formulated by Spencer [Spe|. In 1992,
Malgranges gave direct proof af the theorem wnith the method of "majorants”
[Ma]

1.3 Iwvolutivily

The sotion of involutivity bas been introduced by E. Cartan in his theary
of sxtarior differential systems [Cal. [t can be expluned as follows. Leb us
conewder the sysbem

g
ar
af
By

iz, u,

Qiz
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[l_wz ardel bo Lhie eyebem the shabtuckion aritiog raom the fest prolongation
[% = ﬁ]. then il 16 easy Lo aoe Lhat the syskern

8 _ .
-:;T = Fiyl
o = Q)
& e
Gy &5

18 locally integrable. 1o other words, all the obatructions are contained
in the frel proloogation. Cartam atated that for a2 geoezal PIMO) all the
opbatruclions are comlamged in the syetem chtained after a fincte mumber
of prolopgations. Thie Lbheorem was later prowed by Kuragishi [Fu] 2o0d
Cuuwillas [Guil.

1o che Cortan theeoy, the inrolubivily i checked by the so-called  Car
tan kesl. [0 coneista of computing the duwepsions of a Bag related ts the
rrolongation of the system, This amounts o producing a certain basis of
the tangentl apace, ralled a qun.a.'i-rf.'g:dq.r bases, la.l!'i:!l’j,ri'qg mme conditinns
lh 1953 Qe -L'tprzuﬂud Lhe 'in'a'nl.utivil‘._'lr 1A terme of mhumblagi.cal alzebra.
‘Be|. AL pressok the invelutivily is too streng a cenditien . the sheliuc-
tions {0 the formal integrability belong te gome cobomological grouwps of
a complex called the "Spencer complex” {the involutivity is equivalent to
1he vamshing of all the cohomalegical groupe of the Spencer complex]. Fi-
nally Quillen peoved that the cohomnloge of the Spencer cotoplex waoishes
‘rom & “ertuin arder [:i.z. thers exi3ts 2 prelopgation of the syatern =hich
SERTATAINLIT Y

Wata - From sow op, the FDO wll be comsidered as linear [the gon-
lin=ar cape will b# conaiderad at the #od of thas chapber).

let o See £ — Soc I be a lioear diffecential operator and polld’) -
A E — F Uar correspooshiog mecphizm oo thy 5k bundle

Dwefinition 1.8  The map a4 [ - 357" @ £ — I defined by o, ([ -
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pal&] o £ 15 called the symbel of ™

P gl hE A E

R“‘“m lF"':P'\
I
Tul "a_“

E
Where there 16 no poasibility of confasion, we will imply deocte it by o).
Thiz amounte bo crstricting the FDO to its maxmal order part.

The b prolongatasn neg P o tbe avmabol s defloed by the followiog
diaayann:

Tk |

ST w B
-
I] .-"-l-:;;:a‘,
ST w5 T

I 15 easy 1o s=e that oy, 8 Satorslly idenbibed wikh ibhe ceymbol of 1he th
vrder produwgaticns of P e peacticalac

[

e SO E T
ia detined by
iydee (1] =0 [ty L)
for ¥ £ 7 and ¢ £ 55T
Led I be a kth ordey Linear differeneiol opeeater. We pon
Peqi{Fl = Berey [P, [z0

Exaruple 1.4 Lok wa coorider bhe sétecior dacivakive :
d - See[T71 — Eer{AFT"}

ot, IC terme of jaks pafd] T — ATT" We have tha diagrame

R e - o ri .
[ P — 13,40 - GO A bT LI |
\-"\-\\ Puld
-1lal H_h l
LA

{r.doy-Aul
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The sy mliol in fhe map
ol T e T —— AT
A — A

drilned by

lealdd|(X. ¥} = A[X, ¥ — At X)),

XY eET. T.lk.in.g wte wicount that l:'l,s;u'a:l[ﬂ':l = E._fl,.;.ﬂ:l, tba pralongation of

the aymabcd is tbw map
oud) ST s T —— T e AT
E — o &
guven b

({21 X, ¥, 21 = HIX. Y20 - B{ X, Z ¥

Exaniple 1.7 LAy 0 tonsnder the covariant decirakive
miv): ILF — ™arF

(29 2% zh) — (2 2% + [Eirl=v)
The symbol & the map

¥ T &F- T aF

AR — Ag
Thao o (FI[AIX, £} = AN L8] in 2%] =id- gr. How
(T 5T e F — T AT aF

it cefliad By pof T BHX, Y61 = BUX V£

Drefinition 1.9 Let {&), . e,) be an ordeesd basia of T,.M.

wile, Iz j=1....u—1,

gl'[.F]:' LI = {‘1 E g‘*':F:I.r | |'Irl_'.q_ = ... = Eh_.d = D]-

We can
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A bagis is called " quast-regufar" il

n—1
dimge [Fl, = dimgy ! Ply + 3_dimgelPhee, o,

=1
A symbal is salled vmactuteve at o if thare ewekbe 2 quasi-tegular basis ak
reM t
AEmaRKS

[1) Faor any basie we hawve

dimiges Ie < dimige): + Edim{gt]:..r.. o L1.4]
]-:1
[2) The chargeters defined by B, Cartan are relabed to the dimensiobe
o the I:.!J'Jr]': L] h?

E

8 = dimge - ditu{yer,
ap = imige)e, —Dim(fe)e, ez
9, = 'iim[ﬂt:lﬁ Ean _'iim[ﬂ't.ln "

With these astatiope Lb= condition for & quasi.cegular basio can be
wribte=n:

dirn ge 4 = 5 + 2ag + - -+ risn.

This ia 1ke so—called Carton st

(3] The inllowing propecty balds
Let [* be a Jormally rotegrable rovalutiee PIND, [ ] & quast-regular
basye apgd 5, Lhe Caréag characters. Let £ e the largpest jgleger syl
that 5¢ # 4l Then she general soletion depends ot sy arbrtrary
foctions of § vnriables

ITharw in & slighl prablsm of lepgisgs hare. 1n the wocka of Cadan, spd mecs gansrally in
tha theory of miéteranr diflacwmt il syafams, inyeiutivity” meany meoe 1han 1he =xislence
of 4 quasi-rogalar basio aod iF amoucts 10 tiokegoabilicy® [of [B2G7, padT, 140, Here
wn arn {elkawing tha berminolegy of Galdecbmidt [<F. |[BECG, T 103
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Esmmple 1.8 Let v copmder the extervor deovasve. Dong bhve compputation
of the Fzamphe | % ooe fods

mAl={AeT &T | AX. Y=Y ¥} = G
and thersfare

w[m o+ 1]

z
Taliug wito accaunt bhe axpression of o (b o bas

dim g ] -

gl = B e BT @ T | BX.Y.2] = B[X. Z2Y)] = 5°F
thua

i gyl nin+ 1w + 2
al= ——————

Lat ux ~onsider an arbitrary hasia {ch ta) of TAF We have:

(g3le, = 1A E ST iy, A = 1] = Bz|z:, .. .In|,
lhayeg = 4AE ST i, A =6, =1} = Be|xa,. .10,
e, e, = 1AES T |0, A= . =b__, =1} =Bylz.].
axcl dhanelian
djm{?l:'-:. = fll'lz I'l:

dim (gl e, = {n_lin

H

'i'lm':!:ﬂ:'n Eaq—1 ==

Mo

-

. i = — 142 + 13 rin + 1% nE+ l}l:n =+ 3]
Bhoa k=Y &7 43 k= ol + = i
L LA+ ; : i

tben the banig je quass-serular end the packial doferential specalsr o in involubve.

REWARK - lo geosral, the quasi-regular baais ariess naturally and de
prods oo the geometrical objects @ven io the problem. For sxample, if 2
Rirmannian metric ia given, it 16 natural to look at the orthonormal basia; if
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an sndomatphism accurs (b the problem. b i natoral bo ook at the Jordan
bagia, #ie. In the cate of the extenor depivalive Lhere 15 no ph:lil:ﬂ.l.ar hanx
t0 we have chosen ope arhitranly {0 sther words: stkher 2]l the bayes ace
quaxi:regubar, of aooe of them are].

b practice, ib erder bo prowve wrolubnby, cbe ataeks om & “haturae]
bagw" and, taking ke sdcournt the ibsgqualily 1.4 which says that for &
quadi-reguler batis the dipensioas of Lhe (g}, ,, are minihal, coe Leica
Lo thitimoize Lhece dicweneioon by changiog Lhe Basia. We wrill gite a siple
example here; mobe complicated ones will appear o the sbudy of the inweris
problen of the caltulus of rariatice,

Exemple 1.7 Lot & B¢ 4 [1-1) tepuot Bebd oo A wach that 4 = &, and
vuunider tle FOHS
gy, UM = AT
defoed by
e fLX] = ffThAD
for X £ T or, 1o beriad of ety

poidy) . MR v

iT.2,fa] — (1. A 7a)
Thua avidap T°  » T in defined by
[aralda T 2] = wlh XD,
while the Grat prokengation of the apwhel og (i) - 57T T 2T by
(o B, Y = BILX AT
Thereince

gridy] = fwe T wlima=0}

galdn) = 1B & STF°| HX,AY)} =0 ¥A.Y e T}
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Thew dizgg, = A —r, whera + = reok h Sinca T W = ket b & Imh, we can fake
Abagis B owm [y, 0 0y, fn-¢ ) with th= o, € imk apd g. £ Keork (this o a
"oabural base™). We have,

Hlf;l‘“.l]
Hlea, vl

Ea=1L, ..r,

He 1==-{ fg'

e=1..,n-r, =1 .,r

Then I w determined by the Dord2=r3 campapeqrs Bir, . ra) and we get

Aimgs = I:n—r}l:r;!—:r-l- i

Oo the other haod we bave
(e, = {o|w hme= 0, wle i = 0=
wpcA v £ Imh 1o the same way

1.E'I.:':| ., = Hn Lac = 1,...7

dim{gi s, . r,=n-r. or j=1,..,r.

b
dimiei i, ey =HO{w €T | winn =0 wry) = 0] -1 -]
aled F-apk pERFally
disiiwibe,, ey aa =0T —a.

fio == hare

r L o
dim g: + Zdim{gu [P Edtmlgnjc. S e T
-1

M=rlir-r-1] lal — rhitr +++1)

Dt 1=+ 3 - 5 x> dirnyg

whach sheors 1hat bhe basis B je pol qeasi-eegular. The resaon v that the di-
mensians of the &g :"'l .y do nat deease cuthicianlly quckly [at presept da oot
decoeabe ol all )
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Lk ua consider now the bania & = [y, £n-. fr, .6} Wa have

n—r-1,

dimiq),,

d'im[sll':ln....:.p R=r-—a,

{lim[ﬁ"l:l.r.'_ . .. = 1.

LA

and an ssay cowgprutatno dhows bhat & o Quadi-regular

L.4 First compatibility conditions for o PN

In this section we orill explaio bowr to find iotegrakdlity conditione or how
to check bhe sucjectivily of F, . Obstructions fo the wiegralility, slac called
tarsiom, ariae at this akage.

Let - Serl B — SeclF) he a kth ocder hoear FDO - We have the
following diagram:

r
-

ST o e T P TR —— )
[

1 iz
Mt 1
LY Jep E———+ LF (1.5
'
;b 1]|*s b
- e ! el Pl

A, ———— = —=

1] 0

Tref
where A denotes lhe cokernel of the morphism o ;. £ = [mf and
kal

" ie an arbitrary linear connection oo F. A claceical regult in homelagical
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algebra givee the following

Proposhtlon 1.1 There criate a tmorphiem e 0 Ay — K suech that
the sednoence

Feor —— Ml —— K

ir exact. ¥ In porticolor, the morphism T 1 ortto 1f and only if > =0

L=k w8 eoaabouct e wmep 5. Copmider z £ My, bele 27 € Ty B avoch
that £, ¢ = & and compute fo [ Pz, Wae hane

ropul Plzy = pol fimesy = [Pz =1

Diuce the seguenee T=& F — [ F = F iz =xack, Lo pocvee Abat @) 7z, &
Ime. Conacquently there sxiets 4 £ T* 28 F pach that cd = p{Flx [ 12
uniqusly determined becauae £ is injectival.

Lot we put (7] — r4d We mouat prove that (2] does oot depend oo
the choice o 7. Led 2y also be an clement of Ky, g soch bt 7 = 2. OF
course W& Bod that w2l - 2] = 0 eo 7 — 2, € Itng. Let A be an element
of T & F auch that ¢4 = p (Fiz]. We wust check that rd =+A", ie
A—A'€ Kert = Imary,. We have

A - A"1=s p{Me —pl Pz — [Pz - ok
beose
sl - AN e mIP(FH T @ BY = ooy (57T @ El= effm o)
Bot £ ia ooto, #0 A4 — A' € Tendy . Thiz prease that  ip welldefned.
Kow 1=t us check that
W= 0= ¥y 15 abeo.

¥We just oead to prove that Kerg = [mr,. We have v} = v, with A
such that c4 = p(f)s and 5, such that mes — @ Now

TA-U = A€Imm, = 30C 5™ & sochthat A = oy &
Lrt us consider oA, we have
U B z oo fFT=ed = il

1This morphum is raprasanted in 1he disgrem by dasked arrows
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and ac
pAPHey - zB1=10 1thatis £ - 2B € Hpey.
Define 7 := 7y — =1 We have
TFl = r-nel ==
which prowes that
Flel=0 =~ I7E Byyy such Lhat 7,{z) = =,

ie Ko =1lmr,. C

Thuoe the surjectivity of T can be checked by thowing that w = 0 We
will now explain how thoe can be carmied cut

Fuet notice that if ¥ & a connection oo the wector buodle £, we have
ro (%) « fd (ol Bxample 1.5), more precisely polYes = fdrar. S0 pfV}
it aaplabbitg of « T @ F — R F aud thermfuee of an D uzed o wbe
diagram Lo gat . To construck o scart Bom 2, € He, conaidar & eection
i £ SeclE) such that & = jp0s)- Lo sach that Pla), = O; Lft i to
Jeailsl: and compute pi Pk aad5): = fH{P4F): By mapping mi%h =e
ebtan pa( % 17 1405, which amouoks b (¥ FU5)), in termon of seclions. 5o
we ohtain the followiog statement:

Conudar oy £ By watd n £ Ser[E) such that sp = (feulds
e, such that Flay, = 0). We Agre :

wloe) - [P FIsY)

where 7w oan erbitrary hnear canneciion or the veclor
bundie F — Af. Mormsoosr T, t= onte if and ondy i

Flsl, =0 == [rTF@), =0

Exemple LA Lel us conander Lbe exbenor decivabive

d FeeiT™) — Secd AT
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"Wy bave the following diagram:
T @A

lmes

PP T O T aAT

| |
Ay —— T L s

™ [+ [ =
- N.1d; T
Ay — MHT —_— LR

Let vn whew Ehat ¥, in cote. At first 1et un compote & = tnkor o,

T — I
dim K = HiniT @ ATT) - rankog = " ¢ ‘2 Y i S5 & T - dim Kew )
_mn+ a4+ rin - 1){n -1}

= & = 5 '

bence B~ APT"  To compuite the Beak compatibiliky conditions =e peed a
morphinm 7, Fuch that the foliowing sequencs 16 =xact:

el —— s Tl —— AT —— & (1.5}
Let coomder the map: ©- I 3 A%" — A% defined by

X,V E = VL B+ BN B X OUR K Y (1.7}
I b eapy to choack thak the aequenes {1 G} ic ngart I Tact, o havws that = 20y
13 SEID, B lmrz  Becr. On the clber Iu.nd., u it e A , e cam kake ' = %ﬂ
apd get «=[€") = §f, 0 rix coto.

Now we cao compute the fmet compatibility coodition of the cperator J  Let ua
rnoatder a linkar comnaction %7 an 8. We alea drpota by ke actien oo Adye
M 18 well-Eoewrt Lhat ol tan be sbbaned froo a lipear connection 7 with Lhe Belp
of the aplisymmetnsaticn. Mare prensely, for every 1-farm 1) we bawve-

ANNY.Z) - 3 [IWL5¥,Fl+ 0TV 2],

el VX

where T 1o bhe boraoo of T Let w € SewlT™ | oow be 2 1Bacm, ac that (a0 &
" im a Aret arder aolutian of tbe aperater 1 Thia means that o=, wanishes at
the point r We obbain that

glwl, = (T Ideih = d%), = @
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and iberefore 2 = . Thersdere every Bt arder solubioo af the cperatar 4 can
be hilt=d in a second order ealution.

Ttemark. Mote Lhat v maps T'* @ & o0 the Cokerael of o3y Then 1
15 5t the map which gives the rear melations relating the mueiens of
the fArsd prolorgalzon

Exarnple 1.8 Let ue consider the extenar denvative and take the dimension
of the manifold aa 3 The eqoateens of the srmbol acs [with obeiowe Botations)

A -3 =0,
.'1.]-_1 - ."I_Jq- = |:||
Auw - A=0

and tham the aquatiens of the firet pralemgation aes

Chz: Mg — Baaa=1,
g Fag - M=,
Chr- Bae — Ba=0,
Civa: Hea - Braz=10,
Cur it Baa— Haaz= R,
[laz1: aza = Pz,
CI-&I Rli—l —Bl.u='[|'.
Chan Bunp = Bua=1h,
Flan M My v 00

This ie 2 aystem of 9 eguatlions wath 12 variables, the J'.LI.;.. Coe bas g . .'F':'T" =
" 4T AT ad dim (TR AT =8, dw (5T &% T = 12 [tk sasy o
theck that thear squalizoa are related by aoe and ooly ane lioear celation:

A g, r Dy =0,

which is juat the above relation defniog 7 10 [1.7). Thos the rank of Abe system
{thal 1 the rank af o) 4 B, or equivale=olly dim W' = 1.

Thia axampls enabled ue to underetand how K aod ¢ can e foond

e orites the ayadern which defines [mioge,. Then:
- 1 fs defioed by the relations between the equaifans of the
EFaEem,;
- dim K s the oumber of theie relations.
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Example 1.1 Let on conarder 2 maoifold W eademed wikh 2 linear connecs
tian T Wa want to study the fGrst Lft of the Gret crdec lormal sclutiona af the
aperator ©Vodefined by

VEM —— S (T @ T
X — X

{1.8)

whary
VX IiM] — XM
Yoo X
We have the following diagram:

FrteT 2L g et @) —— Celer o[V —— D

Ry —— #»T ML pTeT

PR I

B —— a7 2L e

Aa wh hawe alteady seen (of Exampls 1.5} the eymbal o, ie bha identity map of

T7 2 I and bhe $rat prolcogabion w the ideotity map af 5777 @ T [F follows
thak:

alFr -0 apd gl T -
o e other band,

alln+ 1 ntin - 1]

dimCokerge! P = dm (T" &% T AT —renkoy = 4" - 7 7

therafora Croken oy (W) i isomorpiic bo AT 20 T Let u compider the morphiem
T TTETT ST — AT 4 T defioed by

A P ST i ol R o i
For EvELY E: SIT"IEIT'. we hare

roap BYX ¥i= oo BN Y] - o B{Y. X) = Bik.¥) - BiF, X} =10
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Mow T 18 l:]u:l]' ook, 53 khe cequence
el Z T 2wl —— AT T —— 1

in exact. Wiih the help af the marphism 7, aoe cin compute the et compatabel.
by e ibicn consdrondiog b ble crsacator (18], Lesb X & T0 M) baoa veckor feld
which determioes ab 75 a frst order solution of our cperatar, ie. 3 (X} € [T
aaliellea Lhe eqpuation % X0, = 1, and =1 us compute 20738 0, = r[?l:"'?..-'l:"]l]_u.
[f T denotes the torsjop Lepsor of W, 1beo at ©p aoe has

RV XM El = [VVX Y 2= PR IE Y = Ve (VA Z) - Va(WANY)
=TV X - "E'q-,.;.;JL' -V X +F1:r_.,.'|-'.’|.- = H[!r’,.’-:.’]l' +v'_r|-|-' z'..:'ll
- RY.ZIX

becawse [Wrypp: X) o =

Of courae, the -:unmpatihilitg tondibien oz = 0 ia mot aakisfed in the
gpneric case. But 1o the case srhers Lhe curvature of the connection ¥ wa-
ishea, the compatibility condition je identically satisBed o this situalinn
ey Hrat nrder =alutico can he lifted 10 2 seropd order solinbion: Ty 17
ok,

1.5 The Cartan-Kahler theorem

The Theorem 1.2 showa that the focmal wobegrabilily guarantees the exis-
iepice of analybical soluticne for a regular analgtical PO, The ooticn of
invclutivity, which we chall etoudy io the oext eection, allows us to check
the formaal integrabiliby in quite a simple way @ 3 the PO o5 "meplafive™
then fhe suriecinaty of Fe implies the formal itegrghifity (o oeed to
check that ail the maps Te_) are aota)

Theorem 1.3 = {{CARTAN-KARLER] Lt © be o demear patiial dyfferen-
hal sparatar. Suppose fhat gy, (01 i a veetar bundle on &, e F oo
e regulor. IS

'3.,' Fe :RJ:-“ -3 By 15 anda,

b  the spmbol 15 nvoiufive,
themn M 5 _]"u;l'l'm-l:l“y mtgg'nzbig.
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Example 1.11  Let consider the sxammple 2f the axtecior derivative. The
Example 1.4 shows tbat the symbol ot the operator d is 1nvolulize and the
Example 1.8 ahowebbhat ¥y 0 iy« K isooto UVming the above Theorem we
£od that the oprrator of - See (T71 —v Sec (AT 7] 15 formallfy integrabis

Therefore, m the apalytic cose®, we bhave the fellowing property: for
every oo € 4 aod wg € T2 M there exists 2 neighborboad £F of #y and
w2 el 1L such that

do =0 and wy, =g

Example 1.1 Let ut coosider the diflerential aperator dedned in the
Exmple 1.5

TCEIM — SecT" 2T
[ — X

A5 we cemarked in bhe 0 (Y] = 0 and g5 (V] — O [see page 191 So all the
basee ar= quasi-regular aud therafoce the FOCG 35 jprelutive. 0o the other
band, as we showed in the Exarapls 1.4 ib the case where Lthe carvature
cf the ceonecticnm Y =amishes. the compatibility condition is identically
satastied and thecefors every frst order selulion can be lifted in a second
crder solutian: T is volu. Therelore we praoved that if the curvature of &
watghes, then the sparatar 5 a6 fermelly inlegrable

lo the analytical case thia meaps that if the curvature of the conuwection
vanizhes, then evecy v, € T, cam be Iifted inte a parallel vectes Beld on a
neighborhoad of rg 1

1.4 Spencer cohomaology

It can be showno that the condibion of the exiatence of 3 gquasi-regular basie
can be replaced by a weaker condition. The obetroctions o the higher
crder successave [ifl of tlie kbh nrder solution ace contained in some of Lhe
cobomalogical groups of & crrisn complex called Spencer compler.

*1t can be checoed much more eaady n the differentiabls Chsd La:ng Bl Friokwhon: Tha
orem. Our proot o then nochung ace than an examsple mhich clacifin ke gathod

¥Thia result cao be shown more sasily in The diFecentiable case by witng bhe Froteonus
Thepram



Spercrr cofampdagy s}

Let
G5 T s BT T
be the natural ingection. 4§ can b liftad to 2 morphiem of vactor buodiea:
EEHT R AT —— FErT e prtye

boded aguin 4, and defined by S)p 2 w] = [Fehew. More preciaely, § ie
defmed! by the following diagram:

§ . .
GVl T o AT SR qit I
'\-\._\___ ____.-r'
BHEd ) T U S P

AT T T
[v i5s not difficult ta chow that 42 = {) and that the SEMUETCe
TS N Ll VA% PESTT AT v L)

is exact [By detinition 5T = O for [« 11}

Lzt /¥ mow be 3 kL ogder F-ﬂrlin| ditferentaal 1-.r.|1|r||:in'r|. We hage the fsllom-
1ng commutat:ve dinpram:

gl e g Do gope 2018 gl e g
5 l*
SreTem et yr DB w g griye

From the compaatativity of the diagram, we can deduce that § <ao be
seatricted bo gegigy = Ker gppy o S84 2 &7 S0 we have a map

A AT — g 2 47T,
and bly=refore fer every (= & we ohtain the complex
bty s 2T = g w AT 5 goaw AT o §180)

willy the copvepliop Lhatl A = S Eofere < k. Thas 1.'l.'r:|.l_|.|'.|]=:{ iz callad
1he Spencdr corhipdet.



] formad Theary of Parhal Chferenciol Spadzmes

Deflpition 1.10  The cobowslogy gronp of i Spsoce complex ab g, @
44T is noted H2,:

_Ber (gm @ AT 2 gy 2 ATUT)
W st % &1 24 g 5 AT}

Hi

Theorern 1.4 - [J-¥ SERRE] (of |BUGH] page 418). The follaweng
properfies are eguiuglent:

1) The sgpmbal 4 tnvalugive that ix; phera oxins & guoM-regtlar bo-
Hal
FEL AL the groupd of the Speheer cohomialagy taniah,

Iletmition 1.11  The spmhel e called "r-acycbe” if H = 0 for every
m>kapd i

1t is ea57 to see that the symbol i alwags 1-acyclic, ve A2 = 0 and
H!!n =M1{ee e = k.

Coldachmide proved that the 2-acyclicity is a aufficient condition to Lift the
ik + 11th crder woliticny 1o an idinite ceder solution 5o ope has the

Thecrem 1.5 - [H GOLDECHMIDT) (of. [BCGE] page 430 Let £ be
a kth apder regular fenper prefual SfForenfial operatar

x]l  Fo:ifiee, — Hp 1x omin,

b} the sgmbol £t Yegeyche,
then F 1t formally sttegrable.

Takitg itlo aceounl thatl Lhe ayoibol s slwars T-acpelie we cab rmplace
ihe sludy of be juvolntivity by the study of Lbe cobeswlogy ko the Boucth
terms of the Spencer compleaxes:

Dtz — e BT — BT — o AT —
far every >+ K.

[o practice, ooy o Hoibe oumber of these cobemology groups de oot
vanish. lo fast we bhave the



Spercer cohomalogy r

Thearem 1.8 - (DG QUiccen) (of.  |80G7], pege 4090 §F the di-
mernon af the fibrer of E 05 uniformly bounded on A by the seme
corstanl, iken there emsés an mieger ko such that

ML ¥mzk, and 953>

[z nar case the coodition of the abowe theorem will be satiefied becanze
we will suppoas thot £ 13 2 vestor bundle and a0 ike 1amk ie constant.
Motice however that there w6 oo method allowing ua to compute the order
of this prolangation From this we have the following veision of the Cartan-
Kuramishi “fpiteness Theotem™

Thearem 1.7 Let 7 be a kth arder rgular finear FO0 JF there sreafa
an inleyer ky > & such thot.

j:l et Haedo o0 Ny are véctor bundies owver E[l
PRI PR /R 15 orto, for all k<1 < &y,

then 7 ag formaily plegraiie.

Tu alwock, w ordec to alwow the feroal jutegrabglty of @ liwear diffecsntgal
operator P See 7 — Ser £ we hate {o

[1) chack the cagularity bypothasic. i that gy, 36 & veoior hundle,
[2) show that Lhece extsts a quost-regular baais or shows the 2.aceclioty;
75 Bod the compatibilty condsticos I requires:
[a) “a good interpretation” of the chatrwuctioo epace K — (77 2
-F'-:'.Ir]J'l'lﬂ't+Li
(b1 the defimition of a merphism v - 1" o —+ K sush that Lhe
sequense

0l a]

el P el B, oL PP PR | g}

M Bxacl,
foh 1o rompate fbe arpbism o - iy = K defibead by o = /WP
where %7 e an achobracy linear connection an &, 2 ope fAods that
2 = [ lthea the opetabor ¥ fermally inkegrable

[f in the slep (c) one Gods that 2 2 1), than vom abiaing a conzpatibility
condikion far the opetates.
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1.7 The noolinear casa

B2t uwe mow coosider the cace of a nenlinear kth oxdsr PTC
P8 [ED — S [F)
where £ and F are twa vactor bundfes oo 37, The ast
Res = {Uiesl; | 5€ 8wl F) and Pls}, =0
w called the sed of Eth order solubons at x.
Let 8 € SoclE) be a section of F and let M) Sec|E} — SeclF) be
the bngarzed of P aloog 5, defined by
L .
Fliu) = EP[H + fart |y=n -
M is a Linear k-order PDCk: [P - £ — F.
It iz easy to pee that the symbol at 2 of the operator F] dees oot depend

an r, bt anly en £ = 2,05), & M. [tis noled a5 oy, and ie called
bhe symbal of P oot £.

Dhelmakicn 1.1% - A I:nl:ru-]j:l.l.:u:] PO s called inwalotyes of dor aoy
tth order polation £ the aymbal of the coctesponding inesriced dperabor |2
involutive fle. for any € € Sy, theoe exists 2 quasi tegular baxis of T}

By usiag ke followiog Theorem, the study of the formal integrability
of & non bipear PTO ik redueed 1o the stody of a ligear noe

Thearem 1.8 - (H. GoLosceMioT) Let P ke o btk order PO, [f the
hnecrised £, 15 fermally ixtegruble for uny kih arder safulien 5, ther
F 5 formelly mtegrable



Chapter 2

Frolicher-Nijenhuis Theory of
Derivations

o 1956 A FPralicher and A Mijeahuis developed ap elegant theory per-
mittiog the cla=mfication of the derivations of the erberier algehea ol the
diffsreptial tactns o a manifsld [[Fr]p. The main resolt of this thenry was
Lbe discovery of & catuwral steuctbore of Lie-graded algelra an the modale of
Lhe verior-valued differential fortos, geoeralizing the Lie-algebsa eliuckice
defined by the bracket on the vector Gelds.

Further papers af brohcher and Mneoas deal with some apphcations
of theit theery. 1D Fa;l'.i.-:ul.a.r with the [Dolbeault cnhcu:nn[l:lg;] in somplex
wani{alds. Loler . Klein, i bie PHPETS derataid ta the inl cioen pLeael-
tation of Lagrapgian mechanics [of. ||} deeponetrated the relovancs of
applriog this theory bo Lhe vector valued difereplial [ocpre o bbe tangest
bundle. la [Gt| the Frolicher-Nijenhois theory i= ueed bo give an algebraic
presentacion of the theory of coomections and Finzler geometry, which we
will mxplaio io the wewt chapter, hecause it plags a central Tole in o
treabment of the 1overse problem of 1he caloulws of variations.

Homever, 1 spise uf 1he woberest Ehis skeucture offes dos o L facl that
il arizes naturallp in the differential calcules 20 mapifolda, the Prilicher-
Hirubuis bracket it et @ell-kaowo, except T aane particulas cates {likee
the ao-cutled Nipetdhuca tarsion which appeate aa an obstruction for the in-
tagrability of almaat complex structures, or in the thesry of the completely
integrakle avsteme, of. for example BB iz thos chaptst we shall gioe
a sinple preserlation of bbig itheory and we aball ool the moas woportant
[ear gl 10 the Appendix.

¥



an Froficher: Mijenfusy Theory of Demvstions

2.1 Detivatioos of Che exietior algebra

lo thus chapter ws noke by A(N = H-]".‘L"-;Jifi] the graded algebra of
PE

the exterior differential forma: AP[(AM] = SeclAMNT A}, We alse wiite

M = JIL{-IF"I']"':{;'I-:I'] for the praded algebra of the vector-valped srterior

frrmt : '}‘r:{.'l.-f] = Sﬂﬂl:.‘llll:”:l = T,i.-ll']. 1o atklec 'alm-'rl:ll!. an =lement [ £
F A s a skewesymenetric $ A poulti-bo=ar map

L:X(Mp= = XM — T{M)

Tt

L Earare

wheos ZIAM ) is the O™ A )-module of the voctor folda on M

Deflpition 2.1 A dertvation of dearme rof AT ] #amap D A[M)—
ATA} such that

L k= kER,

2p BAPIMYC ATTTIMIL

a3 Dp—yi=De+ Dy,

1 Diraw) = Dhroww + (= 1 wa 0w, ™o AN

[t is casay to provs that the derivations of ALAd) are local operators, The
prood of voe Iollowing propasition ia a straiphticomard verification.

Fropoaition 2.1 The contnulatet of oo demvationd 0 and [ de-
Simed by

[nh-[-li] = ofh - [—1_]”": Lo [y {31}

15 r dertugtaen of degree ) 4y, vy grd ey boimg the degrers of Dy and

fs.

Por example, the sxterior differential & s a derivation of degree 1, and far
X € Z(M) the ioner producl 4y, the Lis derivative [y are decivabions
of degress — 1.0 respectively. £ io the commutater of 1y and o . £y =
Feet | iy — |-e:,1'.d]-

We cag also eerilr the following propertics which show that the est of
tbe derivations ie a gradad Bie algebsa;
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Fropositon 2.2

Uy, D)= (=1 R L, ),
200 0T [ ] -0 B B, D] -1 [, (D ] =

The Fralicher- Nijenbuis Theary 18 {founded on the !I’ﬁl]nn'lng moperdy

Propouitiopn 2.3 The denvottors of A(M 1 are determined by fh=r
goltom an ."‘|{'|'|1.-f] = ﬂ:'DI:J'I-:I':I gmcl .‘it:: .:'l-f:l -I.II!lJﬂ-E.

Pinal The derivabjont avs Incal operabors, sn =e ran prove the ]:"Tv.-.-'pm]hnn_
it a lvcal concdanal= Eyaimny [{.'-,.r."]. {1n the oiher band Lhe deppvations are
ad<bibive, therefors 1k is suficient to sLow the Propoaition fo1 a p-farm which
haa Lhe lecal foem 1 = fdT" o adz™» € AP[LS) Applyiog I), we Gnd

P
Lrw = [0 flade' e edr® = 3 (-1 1 pgrn L Ddev o,

which proves that I ia knnwo as se00 as 118 achon 19 knowo on A% M) and
Alind)
O

4 srraightforward application of the properties in the definition 2.1 shows
thal Lhe ahove Frmula daes oot depend 40 local coordinstes. T'his allowes
us bo define £ glabally bt its astioo oo AV 4 and A'(M). We can deduce
the following

Clornllary 2.1 Fuery map 170 A%NAM I ALAD — 310 salisfaang
the progerties art the definfach 2.1 con be erfended im o ontyus way ko
a derrvataen of A[MT.

Takiug ate accouwok that A%(A7) = (0] W= —1, we have

Coarnllary 2.2 Al the derivatsons of a degrae [25: or egual (o -2 are
trtzreal.

2.2 Derivalions of type ¢, and d,

Drefnltion 2,2 - A& derivation i3 of type 2, if it o6 boivial na the funckione
[ie o ATMIL



a2 Mrolisder- Wyrthy Theary a) Dersvatiand

For example Lhe inner product 73 15 an i ,-denvation. Hote that the deriva-
tiooa of type 1, are determined by ther action on A (M)

Let us gove Lthe hasic exampie of i.-derivation:

Dallirglion 2.3 To any £ < §AF) thers o an asgociated derivalion of
type v of deprea [ — 1, ooted o and dafned by

Al axw = vl Y] il ¥ e #(MF = M.
B o (AL LA =YL E D e U.'r"{M]: ' N

where w e AN M and Xy, X e T "
Exteniing 1p to ALY Fhe following foymoda can be pecyed

gt (X Kpe ) = (2.2}
| .
= oo I £ FEE TN 7N . PIFe PO RSNy
Mp-11 o~

for w € APM) and £ € WMD) {8, denobss the (p 4 [ — L)l-order
symimetric group and ¢0s) the sgnators of 2} For ezample F L C T (A,
Lhen oys ablasts Llak

a
TLw[X). .., Xpt = Eu[.‘:l: LXKl {2.3)
=L

Io particolar, for the identity epdomorpbiern I and o £ AP M) obe Ands.

[fLs = phor,

Az the fellowing theorem shows, (1 is the only example of 4, derivatioo:

Therem 21 Let [F b g i, ~deruatipn p_il' o dpg:r:l: -1 > -1. Then
theve eriais a umigue L € B0 1) such that

D=

FProuf. Sitce an 1, -Jecivatioo is determioed by ile action un AY{M), i i
sufficient to conatruct L 5 @ A4) auch that the squality Do = 2) w0 bolds

“tn 'P:H_I the 1oodenmanios s noted aMe % Epw = wal. 11 ) aljd called CeXkeg e el
produet” afw by L.
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for any w £ A'(M}. Let os ootice that the elements £ of 903 can be
ideotifisd with the O (M |-mullilinear maps

E: (M) ... x F[(M) =AW M) — £ M)

d=rirmed

which are skew-symmetcic io Wbg ficst ¢ arpuments by tbe following ident G-
cation :

LIX. . Xw)=wliX .. ]
How if we define L b
LiXy, . Niwd = (DX, o X

then L werifies the required conditions and we ran define w1 the abowe
wemorphizm) L £ [ M| sach that Lha = Trw. L 15 wiqne because of [ i
ansthor vector walued -lorm such that L — 10, then one hag §i,, —2; jor =
0 for any w E AT, that s

wf[L - EH &y, . X =1,

for any we A [Miand X, X £ E[(M). SeL=L

Defnition 2.4 A detivatioo ie of type 4. if 1 commntes {in the sense nf
[2.1)} with the exterior decivative o,

The exberior differential J and the Lie derivative £ ¢ arc d, brpe derimations.

Bemark. - The d--terimlions are dedermined by theic scton 2o AT 0] =
I:"‘tl:.ii-f::l [ocde=d, Tet (17, 29] b & local coordinate syatetn abd o = Lfﬂ a dr?
E ."H'I:_L-'], 1 £} 1= s depiation of -ﬂ:iget T, Lhoat:

[Pt = Ezad.r:] E[I}n AT 4 Mz

= E[Lm.-a.:i_r' +(-11a, dic")

Tlis prowes Lhal Tho ja detettined Ty bhe aclion of I on A AT



3 Bralcher. tormbnt Theory of Defbuloona

Propasition 3.4« fet L & ¥ M} be 2 vectorind [-form. [ we con-
sider

de -= [ie. 4] (2 4]
then dp s o do-derrvation of degree |

Indwed,
pr.dd=Gpd— -1 Yaig)d = (-1 ke
Beeides
Alip.d| = 2[4 - (-10""ip ] = digad

leads 1o |4, d ] — L0 O

Example 2.1
(31 ™ & ¥ iM)= XM, voe fimds

My =Exd+ 2l » oy (25}

where £y dencies bhe Lis-dervative with reapect to 5
(2] FLe¥ M, theo

Ay = apd — dag. I:‘E.E}
Tn partienlar, if £ s the ideotity sadomorphiim | of T[AY], tBen we hawe
dowe —apde - —Ap | ke — d{pes] = oo

far every w C A°1AL) bemce o) — .

The followiog Theyrem ataies Lhat al] the d.-derivations are of thic type.

Theorewm 2.2 Let £F be a of, -devivation of degre= (. Then there areses
4 umigue L& QU AT cuch that

0=



Armvanidrts of Lypr, shd d, a5

Freaf . TE as aufBeiept te eoneteust 1L E *‘(M} o that, for angy funclions
foope has OF — dp f. For agy grwen X, X € B(A) and [ e M,
et us duFige f. I'J'_I,'

LIX|. .. XOf = (DfHX,. ... %)

Itz Euilj' shnwp Lhatl [.{_th e ."f|]- 1= a derivabjon of 27 .'I.-:I':lI .= A Yéckar
held on .1.-:|".l apd Lthal the map

LofXy, o n Xl — L[ Xy, X
ia O™ M lomultilinenr and skew-aymmetric. Then L = $7[4]. Moreover,
(AN Xi) = B Xl F = ALY X = i df (X X,

orhich wields Of — 1.4 = 4 The unigueness of £ cap be proved as 1o
the Theorem 2.7 O

Thesrets 2.5 Every dartvotion of A} ran be decompased wniquely
ke eee aum of anp i, fype gmad pue do -Tape deraagdion,

Proof. Lev [ be a derivation of A[M]  The action of L' om AT A0
defnes a d.=denvation dp-

L f=dyf

Moreowsr (It dy) acws tnwially oo A% M) and so 15 ag (—derivetjon.
Thersfare thers exiete £ & T8 ) such Lhat

£ Ay —ir onAM
Hew

gy +aglf =duf=D0f for any f& A™M],
vy el =0 —dyt e bdpo =D ForanywE .-'LJI:.H'}.

Then by Cotallacy @ L, & —1p + dy.
1w shall frevquently vee the Eollowing

Proposition 3.5 Lef us conseder o O ATA) suwch that o = 01 (= £
MP oand Le 971 Thew

I:‘EEJ."'"":I: = {'- ":'I‘-:.:lll
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where ¥t an arditrary hnear connecicen on & and T T M @AFT" Y —
AvHIT A 1x defired By

byl
LT OO AR B Tk LY S (9 SYPDCRuoy, sy }

=1l

whard * tymebolites the terr which does not gppear th the cortespond-
ing EIpTEIsioA.

Proof Sibce v, = 0, the bllewing formula helde:

F+!

(il [ Xpe e Kpet) = 5 (=1L, g [ e X
[

Let ws compute bhe tetoos of dpo = 2pehe — 2w Wa haws

p+l

I:'!'t_r.t..l]:-lf.:‘r'||....\.lp+|:| = E{TL':I:[AH 'R .Ir.-.l-!':“_...: .:'.':_,1]]

1=

Fh

= Z[-n]th X (ol Xy, o X Kl ) F

1=l

pil

+E R O | VNI 5 PR W PP |

Swoce [1pw); = 0 becanee o, = 1), we have

atl

LT I N vy R Y 5 LR TIPS, SRR SR Y| B
1=1

Thus
F+1

CINES PR STV I S Nl /IR A1 5. SOUND. SO SIS 13

=1



Fraded Lier algeabm cOrypiwre om 3aclpr-walwed forme ir

{n the olber hand
i _
RIS D T ER Rl VI3 0 SN, SRR AR
[ |
P+l

WO AILSYONRY S PR
1=1

ptl

= Z{—l]" Ve X X A H
1=l

becawas oy = (b Thareby (dpsh, = (W), O

2.3 faraded Lie a2lgebra structure on Lhe imoduole of veclare
valurd hirmsx

Thbe most impottant application of tbe theory developed 19 the previons
seckiond is o deline 0 brackst on the module af the vector-valued difer=olial
{orms =hich aria=s ;|'|.a.l1.1ra|.1_l,' o o iferential Eeoueic . A pﬁrl.i-:u]d: cade of
this bracket js the wall-known Mifewhaiz torsiosn [k appearas for exampls
&0 a snanifold endewed with an almost complex strachure and ite ramshing
characierized the integrability of the gtooctura.

The extetics nner prodoct oo the graded module of the mector valued
diferential forms ¥(MF cap alsa be ioteoduced by the same formula as
[3.2)

Deflnjlion 25 0K € &5 (3 (k> 1] and L & 9'(AL), then ity axterior
inter product K7L ¢ B -1[AL) iz given by

ot TR SR B

1 . . - . .
= ”l_—]]lﬂ E El_ﬂ:'H-iL{:'l.‘.”: ...... A.“”]..-x,._r..q:. ..... .:'l..-:j+1_1.._|.
) B L RS

and fex X £ XA ) one defines A=A =1
lo particwlar =e have

ExX = (XY bnr Loe BUA, X £ E(M



=1 Frofqche— Nypedas Thepry of Lercoatoamy

apyd
ImW =Lo & for [, K ¢ &'[M)
The fellawing Proposition can be promed by a pmpls compuatation:
Froposition 2.0 The comumubetor af fwo 6, resp. o, ) -Zeraieabions

12 adde an i, [reap. 4, ) -derivation.

With the sbwve polabope, L= brackek of bwer 2, Lype tlerivaticos ch b
giten by the foltowing formula (o, [P, [5.E}:

P an] =1k PETHETTETE & T [2.7)

Fsing the Propesitions 2.7 and 2.6 one cao totrodoce the lollowing

Defnilion 26 For A& 0] apd L & ' M), the bracken |T, A7) ia
the yackor valoed [14+k)-doem defined by 1he relation

|I'.th' . I.I|| = "!|h'.|".|-

We have the lollowiog
Froposition 2.7
al PV Y ¢« ZIMT. then | X, ¥ & the asual brockal on the vactor felds
b1 (5, R = T= 1" A L
) [od, L] = 1;
) =1 LR W[ i 0 R+ =1 (L K = 0
where |, &, ¢ ore the dearees of £, K, A regpechively

Proef @) can immediately be verified by checbang the efcct of its a<kion
oo the functicos. 1o fact,

AYE f—dpy o = dxde]F = [Lx. L] = XI¥E FIXAL
The propertiea b, <] and ) tellew from the analegous identities for the
derivations DO

The milowiog Formvla expresses the bracket ol ang i -cervation aod a .-
derjvaticp :

e de] = dgzr + -1 00 n) (2.8]



IPrddind Lbk algebfa s0furturd oo med COr-oadukd formd |

{Far the proof, of. |FY), (5.8]).

F'i.n.!ll.'l],l, L full-:‘a'l'inp; formmia [i:! [F!\-], {522}] wl]luwe ps Lo cemupute
the bracket of Lma rector forfus vecorsively:

- AY =4iAmL, - —1] . - ', -+
LK|FY =Ly K 1k DRy R
+ =1 RV, L] = (= L RS L)

For example, for L € #YA), K =% € X[Miand ¥ ¢ XA
6. X]FY = LaY, X| - L3|¥. X] - |X7Y. L+ X5(¥. L],
tharefore
(XY = X, LY - X, ¥ [4.)

50 |, f| s the Lae derpwative £y I of L with cecpect bo X

For L.K € WA and X < ZiAf), one has
ILK|5X = |LX. K] - LJX. K]+ [KX. I]- K1X. L,
since
[L KX, ¥ — [[L K]-X)sF,

OnE AFFRTe ai.

[LKNX, Y1 = |LX,KY|+[KX.LY] + LE]X Y]+ KL|X, Y] (210,
—E[RXY| - K[LX. Y - LIX KY| - K| X.LY]

o P'T-"Tt'l':'-'-h"-l'. ler A" = L., =e gek Lhe so-called J"l'zj:n."l.u'l:: torsipa:

§|L.L|[.x'.&'| S |LX L¥] - LYY - LIEX. Y] - LX.LY]  (&11)

Lol expresson

Let [L.17] be a local system of caordinates, L £ 7S], and X € X(AF),
where the local cxpressions are L = L34r? @3 5 and X - X~ =2 Let na

T
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computs the campensnts of the tenser [I, V] Oos has

L. 4}( ) [LL_]': }x%] —L[i\f%l

fie
PO | S | L0 L SR ,Ea
’Llar A m] - ’*(—ma FJ =hgran YA
- L I - G b oy | rL N
Fr L e Hrw — {L* Fregiat e a:T:] a3
Therafor=
axa oy L a
LX =|L'"—-Lr—"— - X" P — i
[ ' ] l: o= L & ) ®3“ [ !

Io the same way one can prove bhat the Jocal sxpreesion of the Mijenhuis
torsion of a vectonal 1-form Los

LA -I'.'F.["‘ d'L LF ?
2 u a 3 4@
[L L) - ( “Eoe L..I.f}._ L-’-ﬂ L“a g1 @ de @ g



Chapter 3

Differential Algebraic Formalism of
Connections

31 The tensor algebra of the tAupent vector bundle

Iz this chapter = will explain the diferential algebraic formalism of on-
gechion bheory iotcoduced by § Gnfone o [Gr] which =ill be specially
adapted ta the tovecse problem of ranatiopal calculs,

Semmi-basic forma

Let 0 I'M = Af be the topgent bandle and 7, - TTM — TAF tha
pecond tangent bundle. W base the dnllowiog diagram:

TTM 4 TM
- |-
™ —— M
and the exact seauenoce

P— T 2T T L TMH-TM —1I 3.1
Ry

L1

where o) -~ & (v~ fu.']| . ia the patural ingsclico and ;= {x, 2]
-

Lzing ath sdapted coocdinate syslen (% p%} oo TA |, where (27 ) are the

coordinstes on Af and yT ave the componends of a vector of 70 on ihe

hasia {%], we have
e Y h it Z8) 1t 2

a1



L Ilarthatusm Dby

and
FIES TR R el N N R PN e e
Ir T4 = Kerr. is the vertical bundle, then

T'TH =Im 1 = Kar j.

MOTE. From moer oo we =l oork oo the manifoid T A7, Where [hera (s
a4 paseibility of confuaion, TT M, T'TA and 1" 7T'Af will ke noted as T,
T* and T respectieels.

For amy 7 £ TM, there 13 2 malural seomorphists
:I:; ' T,.;,,M —t T:
n — 2z, ml

We wie the formula :
‘E: = ['.::'_l-

: . . . iy a
Locally. if A = X™(r.y) — it a vertical feld, theo £.4 = A1 zjﬁ.

'[.}!.l .
Drefimitlon 3.1 A pform o € 2FT* s semi-basic if (&, ... 5 =10
when coe of the vectors X, e wartical. A wector walwed [-foom e @7 g T

18 aemi-bacic if it takes its valuee in the vartical bundle and LI, . ... X0 =0
when ooe of the wectors X, is vertical

Tae seb of Lhe skew-gymmettic (Tesp:  s¥mmetnc) semi-basic scalar
fartae will be ooted APTY (resp: 3°T7) {for p = I, Ltheoe sets will he ooted
Lk

In an adapted conccboate system the semi-basic scadar and vector forme can
be sxpressed ag

W T ok, o [Eg1OT @ GhdTt

el
— Jd . | - ho~
L= II;'|.| - .:u'[-ﬂ !:'_:' dz"' @ L RAz" & f-:'_li-:'-

For aoy : € TAS, there 13 2 gatwral somorphsm

£ T, AT,
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defived in the following way: if w & APTY. amd wy, .. up € Toy,, then
CE e lay, gl i L)L L), where & € T are such that w00 = w,
£. i well-defined becavas the daference of two veclons whuch project on the
rame vector 19 A wertical vechor.

[1 the pame way, for any 2 © TAL, there ie a natwral iansmorphieer
(AMET), BT e AT 8 T M

defined by £ = £ @ E,. Lalecon, £, £ and £ sall be poted £ W L €
F[Af) is a vecterial b bort and its expression in a local concdinats spetem
s L=LY 5 I N T L L %, then we hare:

B L=I8 e alde®aanc® g %.

Vertienl endorurphisatn

Definition 3-2  The teosor S e T* & T defined by
Jiotag
15 cilled verheal ardomorphesse.
The following propertaes con immediately be verifed:

Proposition 3.1

I =

2 Keed =ImJ=T".
Locally J = do™ & 3%. o7 in ather worda

J{(%:h % and J[%} Y {32}

Usiog thege Jarmulae, oL s easy do check thal the Nyjeghws ternen of J
wapuzhes

L= (2.2]



3 Connection teory

Canonwcal field and homogeneily

Dafinition 3.3  The cononece! vertfeal fadd of T A [also called Leésutalie
Ffeld) ia the vecktor Geld & = (ad on TM , where - TM = TM x,, TM
is the diagonal map defined by i(20 = [z, 2}
Lacally:

o

R - R
€=t (2.4)

Bemark. (18 the infinitsaimal translocmation aseociated with the
Froup of the homotheaties with a poaitive atio.
[pdeed, if we consider o : THW — TM, the one-paramater proup of in-
finitaeinal transformaticns defined by (e = {T%.2%1]= [T™.£'¥"™) we
oblain
d 1] n L br]
E{'ﬁu]ll_:: (x®, efy™ oty “_||I_u= % p™ 0% = O
The= celalion
|7, fl=-7 (3.5
can eanily b= checked o a coocdinats ayatetn, laking iobo accouat (3.2} and
[3.4).

A fonctign f e J5(T MY {0)} 8 fposlarely ] hemogeneous of degree
rif

Fidl = A7 flu)

toc apy A > 00 [n this case we will aay 1hat fas &) 1t 13 well knoms that
thue propecty it equivalent Lo the Buler identity, which n & local coordinate
ayatem <an be written:

yd%[l.rlyl'} = T_F{Il.yr_:'-.

of ueing the cancnical fiekd
Lof=rf

Rerark. Copsider f T — B tuweh khat lf |__| i 16 7™ apd h|"rlj'.
TE f i (" op the Ouseclion ieo it s & polywomial of the degres T oo the
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tibers  lodesd, let 2 C & he an arbitracy point. Botuwe that if fig hid)
then it 15 consiaot oo the straght lioes starting fom the ongio of T, M 2o
if it 15 " in the origm, then it io comatant om T AF (e f 18 basic). Mew
suppese that e RS7) and OF; the partial derivatives 3'3-:‘-{,— are k/0) and CY
and thus constant oo btbe fibacs. Hence, by the Euler identity, f is Loear
on khe Libers A recursion arrument sasily yvields the general property.

Defnition 3.4 A temsor £ on I'M O {0] ie homogenecus of the degree »
{t s hir)) if

Fat=rl

Motice that of L & #4[TAC {0} i a skew-aymmetric vactor-valued [-form,
thiy condition can ke sritten: [, L] = ri. [z Iocal cootdinates, Ist ua
conmder Ene example, L€ ${IAM}E

o
S

which mean that the matriz of the sndomorphism £ in the basia { =3, ﬁ%}

14
g pd
l[-= '[:'rr L-ﬂ' .
efoe?

Thuwe £ iz Rfr) il and only of the functione L"-,_.,' and L,‘: ara fi'#], Lﬂ' AT
Blr — 1), and LY are A(r + 1}

&

I
L+ Lidzas

| L aiﬂ b L s aia LI

32 Sprays and capnoctions

The notion of aprays bas besw introduced in |APS: to give an intriosic
prespkatpon of @rdipaty eecopd order differeantial equations.

Deflimtion 3.5 A #pray oo M Qs a vector Gald oo the tangent bundls
Je XT MY such that:

J5 =L
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S 11 a spray if and ondy i, 10 a oebural local concdimabe oyelew of T,
theze are functions /<, euch that
é &

“ A.5]
e + My — ol (-3.4)
The spray 5 ia called homogensons if [O), 5] — & and of it w6 O™ oo TA Y,
{1} and ' oo the z¢To sechion. o this case the funchicos f“[z.y) ate
homugenesus of degres 2 i the wariables 37, I, 1m addition, 5 is (% op the
zero aection then bhe F70r ) are quadraticio the . [o that case, we =ikl
63y that the epray 18 quadratic”.

Tiefinilion 3.8  The wertical weetar field
St =, 8] -
which meanuces 1he non bomogens#ity of 5 18 called the defaction of 5.

S y“

All sprays are aseaciated bo a seceod order apstem of ardinary diflatential
equaliang, and Tecipracally: a spray cab be ampciated to any second order
eralem af codinacy dafermmbial equations in the folirring Ray :

[kefinition 3-7  Lek 5 be a ppray. A poth of § 15 2 parametriged curie
T § — 4 such that ';-"' 7 an :i:IlLEEId.] e Ltve af S. Lhat =

Io a local coordinate aystem, if (£%(f)} 8 a path oo A, and the spray
4 baa the lecal form [35] than 5, = {z™ & 2= Fouz(t;.22)) and

=" = |:.':'5". :L:: %, T _:I o L [J&I!]:.l! ol &5 are sofuljon Lo the secowd
ordar differential eyakem

a*r*

o 5 (27}

o — l.....n Reaprocally, if 2 spstem [3.7) 15 guven, one defines 5 11 a local
conrdinates spatem by S — 39 g0 1 F5{x ) % and cme verifies that the
defimibion does ool depead 20 the conrdinates syetem

Defivition 3.5 Let [ be a2 semi-Bagie I:.ﬂ.'ata; a7 'I'E:E.nr]- Iform. The
pr.'lle'n.!:mn! af L 1= the semibasc [n! - ]:l-fﬂ-u'm Ln delin=d 1:|]'

=il [.4)

*ln [ABS] 1hu bicen Swpaay” o reiurvsd to the quadtelic sprayl.
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where 5 it an avbitrary spray.

L0 well defoed: it does oot depead 2o $ke choice of 5. Io fact Lek 5" be
apsther sprag. Siwee M5 - 5} =0 - =0, we sem that & — 5' is vertical.
Foes_g L —Dapdagl —ig L.

Locally if £ = 3£ (rydr® & . @dz™ ﬁ, we hare

1
4= rpd My -
o= {t— 13 ¥ L-ru,...a._,n'-r wrendr 1

Connectiona

[o this aection we will recall the differeclial algabraic prsasotation of the
connecticns thaory introdoced in [Gr|, which we skall conatankly uee later
o

Nefinition 3.9 A comnecétan on M in & teonor field of type [1-1) T oo
TAS [ iw [ € 9(TM)] auwch that

il r= 7
i) T =-J
The connection §6 called komogeneaus il O =0t 5 S on T M f0}

and C'% on the O section [0 addition. if [ o Y oo the O section, then ik 1
called Hmear

Froposition 3.2 T ot 3 connection, then 8 = T and the sagenvecter
spdie porresponding b the sigenindue — 1 12 tha wertical tpoce. Then,
ui gi r € T, we hove the apiiing

T,TM = ¥, T TE,

where H, 13 the sgendpace cotresponding 1o + . K, is called horirental
Epace.
FProof. Ficm i) we have JIF — 7] = 1 thes Im [T - f} £ Ker J =TT

From =) we Lawe iF - 7S = 1, then T = [in’ € Ker(lT+ T). Then
Tl = I} Ken(T + 7] that 2e

[+ -1 =0
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50 * = [ ©On the other band, T C Ker(F + 73 by 6], Resiprecally, if
CX = -X,onr bas JTY = JX, that 1= JX — —JX nnd theo SY =11
B0 X iz vertical and Ker([ + J1 < ™. Figally: T = Ber(['+f}. C
Expraprion &f [ in lecal coordinates:

T'he matrix f the vertical sndemorphism . i the oatural basio 4 ,_“lﬁ . 3%}

LE
0 o
i=(% o)

The ceadition i) atel o) of the definitios of the ronnection inaplise that the

21 ﬂl:.:.'g'] E-'L '

where I ars functions called cecfficsents af the comnection. If the con-
aection 13 hemagraeows (resp.  linear) the cosficients 190z, w) are 171}
creap limear b y]. [bthe libear cage, ane states.

Iiz.y) =TT, (1.

Drefinition 3.14+ The ceri-basic tsneor & = L[ [, which measures the
noo homogeneiby of the connechion will be called the femson.

W denote

] . R ..
im0 e it -1,

thr borezontal aod cerdical pn:hjetl.:ur:. 'TI:L-:],' 1.':-:ri!|'_I.r B

Jh=T t =1L
o =10, af = J

Locally we have,

a

Eiz.yl ﬂy:‘ )

T
—
]
oo
K
L
1}
=
H
H
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Definition 3.11  Let & and A be two manifolds, « € E{N] and £, :
It = Top Al the patural injection. The covarionsd detdvative of £ @ith
reapect b0 b6 defned b

.D"':_-.]I = 'i.'ltll:t"""ii ull..':l. [.3-5}
We have the follewing dagram.

TTU — = TcTAf

Z A

Th —= TN

s
2]

M

In particwela, Tor & = M and ez & ECAT], e Rave

=
a“'.'l.'"

ez=u" ( A

~ [Tiz, .:[u']) 2 (219

N = |ub & ab inbesval of B, o = % and z : |, &) = TM, z[t] =
[{t], eftl] is & mector field along a curve + |o, b = A7 [ie ¢ = T02],

we preive af |

"I.‘u"l'l o . Ili'l't ]
.D':rl_.ﬁ = (F + In[rft},y[t}, F) F [311]

Dwalinilion 3128 A vector Aeld z € T alcop & cucee v ie called parotle!
iffryc =4, that is v{+'} = 0. A gecdesrc iv a curve + w b = Af such
Lhat

By =10

In others word, - 18 & geodesic 2 and only 2

o ':-"' bl | B
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Canontea! decomposifion of o connectton

Ia this paragraph we explain the rslatsons between £praya aod connections.

Defnition 3,13  Let I’ be a coonection, & the corresponding bhorzootal
prajsctor. The spray Y associated to the connection w defined by

5= k5.
whers 5 it an arbitzavy 2pray.

lodesd, N is a spray becauee J§ = JAS = S5 = (7. Oo the cther
band & does ot depend oo the choice of 5, because U 5 15 anoiber spray
JIE -8 =0 — 4 =0 then & - 5 is vertical s3 h(&% - 3" = L.

Locally
47 o
=g — — YT, ph—
I BI” N ﬂt? o ayﬂ
whers the [{x. 3} are the coefficients of the conoection.

It 5 masy bes verify the fallowing

Propoeition 1.3 The path: of the sproy assoniated Lo the conneckron
I are the geadesiea af [,

Indge:l._l’m AnY CUITE Y 0o ."rf._l:luc bas : J.v = O . Theo, Ior any
spray 5, 5 - " 15 werpheal, 5o RSL = Ayt pe By = AT = 47 - el
The property Isllawe from Lhie bc[ual'ph_l,f. [

Beciprocally, a cannaclion can b assaciabed to any spray 1o the follow-
1DE WAy’

Propesitiun 3.4 [} IGe]). Le? § b= a spray on M. Then [ = [F. 5]
it contiectaot, The sprag oasooimded fo [.J’..ﬁ'] it 54 %S'_. tofars 5 2
the deffection of §. ff 7 i= homogeneous freap. guadratic), then [1, 5]
i Rormogenecus fresp. fmaor).

Proaf Using the squation [3.3% we have
0= :j[J.JII_S,.-"i] = |2 FA - JICLX - N = [0S - S Y,
and taking iobo acccunt {35} we Bod

IFX, 5= TN [3.12)
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Blomr

JASIY = JJX 5] - JEX 5 = JX,
and

SFE =K 5 - JF5X.5 = -

which proves that |4, ¥ if 2 connecticn. The other propertiea can be casily
verified. O

Locally, if & = g+ gf—. +f90r, 1 5":—.. them bhe soefficients of the coonection
asacriated are:

I

o |
2%

Hot= that aa the spray of the conoechicn | 5] 43 oot 5 {except in the
caye where T ia homogenessuad, tbhen o general e gecodesns of [J, 9] are
not the paths of 5. To avoid thos difficulty led ua iokeoduce the ootien of
e H T

Mefinition 4.14d  The weck fortion 4 bbhe vector galued semubasic 2.
lorm deflosd by ¢ := 1|/ The strong torsiom is ibe vectar-valued
semiasbasic 1-darw T = % — F, where K ia the iep=1on ol bhe coouerlion.

Aa yre will see, if the alrong toreion vaniehes, then the weak torsion 19 zero,
but the conweeee 15 oot geasrally broe

Lecally
. ar: iy &
, 1= Aoyl -y =
HA { oy? Ay ) Ayt
o 3
_ h! B a _ 1A
rx)=2X [1-' Tt F¢}| gt

Thew fnor a ligrar reooeciing:

L T R | B _ﬁ..,];ﬁ-

Fix -y XMl -0 An}a B



LY. Conmacingn theary

5o
EHZWI S ETW] = Dow = Duz— |7,

where 2, W c TTM and z — »..Z. w — =.WW. Therefore io the lio=ar cane,
t and T coincice with the classical tormion wp the natural identification of
kb= benEnr a]gl:'hra. &l T'M wilh the tepror algebra of the verlical bubd]e.

Ap rasy compubation eoables us 1o check that the stroog tormon "countes-
balanres" the spray, o the seove that ibe patential makes up the deflection
of &, that ia:

T+ 8* =1 (3.13)

The follnwriog Theerem shows that 3 copneclion i5 determned by its sprays
aod its strong tomion:

Thecrem 3.1 - {Canonical decomposition) [[Gel (F551) - Lt T be
o gpray and 10 g sermd-basec vector walued - form counterbalanceng &,
Tiﬁ.i.-n thare mzicfs ores and :mfy one= romnectian I |.|.l||:|.-|:|sa,-. Apray ea .5' q.-r:..f
ewhwdd Alrong torsiin it T T2 peen by

[' "= [ur..l'l:] | ..II

FroOOF Coosider 5 and T an o the Thenrem spd pag [ = [J 5]+ T
It 15 eany to verify Lhat M 15 a cogoection whase spray s 5 and the srang
tormon = T Fl.m'_i._|_.'|rrJi:a.'|.'|_'.lr I=t 1A copeecler & copuection I whoee spray s 5.
W bare to proTe that:

. 1
[= L5 + ([0S - [.)

Taking iblo accounk that Ghe apray asaociatod to T ia .’Elff + [CE, whers 5

is an arhitrary epray, for any connecticn I and Ic1 aoy spray & we have
AC - [LE& Uy [0S - (1)
Wow. we bave:
[LUFS =[5 - Fa ]+ '8 J) - T80
But me also have:
SJET =S5 =0 -5 2 -k =0T"-1
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anrd thun
L5 S =TS - =20 =1 + 30 =1+ F 4[4, 5]

where 1 15 the vertical projector of the connection [J, 5. We immediately
find the Theorem. O

Metice that of T - 0. then I = [J, 5], and [J.0] - [ 28] = [ 4] 8] =
(0. Thembare { = D and sn Jf = . Reciprocally if i and ¢ vanish, then
=4 Sa T — U and coly of £ — 1F, apd the coonection i homogenemis

The almost compler sérucliene gasociated (o a connection

[refinition 3,16 Let | be a connection oo A, i the corteapobding hot-
izcntal propctor The admasd compler struciure associated to e the
umique vectar valued 1 form £ on T AL such shat:

Bi=h and Fh= -1

+ 1o well defined. [ndeed, I=t Y 'be & werbical fi=ld and 17,7 € 'L
beo vechor Gelde such that JY =Y = 1, Smee F —F" =40,V - ¥ e
vertical, then WY — ¥ = 01 apd thus FY = &Y = LY. 1o the same= way
ong proves that the action of £ en horizontal vectors it well defined. Oo
the other hand, F ie unigue because il is detsrmined on the horizontal and
serticad wectore, Ubvingsly we bare £2 = ),

[t i5 sa5F t2 prove the following properties (for example by computing
ke two memhers oo the horizoutal and, Terbical vectors):

F=x3h -1 i3 14]
JE =1, (3.15]

Berwald comnestion

A DNoear conoeckion on T i3 aseociabed to aoy covmectian T This lio-
eal connecticn, given by the covariank derivative 17, called Lhe e
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connechion, can be charactacized By the [olloming aratetn of axigpis:
Pl =1
D dY =R JY|X,
DxdY = (1 J¥]X

lodesd iE £} exista b 38 unigoe because ome has:

Dy d¥ = Doy JY + Dyp e dV = |2, JY X + |7, JY]FX

and
Dgh¥ = Dy FJIY = FOvJY = F{[L J¥]X + [LJV FX).
Then:
Dyl = OxhY + D FFY
— Fl[h d¥]X « [V FX) # [k FFYY # [LJFYRX
1o we find

Dp¥ = FI[h JY|X + |5 IV FX) + [k |X + |LeK|FX.

Reciprocally 1t 15 tasy to weridfy that this formula dsfines a conoection oo
™. O

An EANF r.nmpuial:i_nn shnws Ehat

od -, (3. 1%)
o7 =i (.17

En a lowal coordinates syatem Loe Berwald connection s detarmined by

g _&r: i My ar LACEy o
”aiﬁ=$a:—*( TTERE T3 ) gy
_l.l.'l
p . 2 _9L 8
;anﬂ‘ﬁfw'
F =
i Ak a
B o 500 = e iy
ﬂy'-' a
l Dim=ﬂ.
™
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3.3 Curvature and Douglas tendny

The anticoy of this section wll ofben be used o the following chapiers.

Curvratere

DefAulcion 316  The curtadtre of the connection I is 1the vecbor-valusd
2-farm R defined by

1,
R = —EE.FL |'I.I|

whate & 18 the borizontal projection defined by T

Femeark. Taking inio account that 4jeX.v}] = 0. because the vertical
dizkributieg s ml:rgal:-l.e, an =asy :n:-mpul:n.‘l:mru Ei'r:s

RiX,F1- -whi ¥, {3 IE}

whirh prowes that & i3 semu-hasic and Lthate H = (b #f and anly of the
herzoninl distrebution i aategrable.

Locally one hae

aTs A ) ars ;
A= ( eyl _) #'ﬂ'”-"b-?-dr‘:':':'{dh.

Jra Arf 1 J@ I dy
Thua for a limear comnestron we bhave
‘EUH[E"‘F] = L:'_-Ll'-ull " L;ll-l-'-El‘:l' _L:llu'.hlll

where & W € T, TM, aed : = 7,2, o = &, W, and D is the covatiart
deriealyve associated to I'.
The following propertiss are the Franche sdeniides for 2 poolinear conmec-
tizm
|LR| = |h.t]. [3.19)
[ R] =10 [4.20)

They con easily be proved by uning the Jacobi wdentity
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The almaost complex structure and the corvature are related to each
cther by the fellowing property:

P - Fit R (2.21)

[ndeed, h*[F FTLY, Y] - [FOFEANRY ) agd

%J‘a'[F. FIIX_¥) = |£X, Y| - [RX, A¥] + FJ X AY| + FlaX, 5Y).
(g ithe cther hand #e= bave

FUX.Yi= FLIXRY |+ Flhw, ] - R X RY 4 [JX. 5¥]  (3.22)
and thsrefore

%.‘1'|.F‘. FIiX. Y= FUX Y- [AX. 8] + Rh X, a¥)

= PN - o[h X 8] - BEY 0 HX .

Ficm thiz progpesty oot dadaces

ﬂnr{lllm’}r 3.1 The almost i:-u'm]:'fz:r sfrucfure asromcied with a conrers-
Lren s mmtegroble of and only 2f the contachion o "weekly dot, 1.

t =il and R = 0.

Indeed, [F.F} = 0 implies t = 0 and & = 0 because Fe{X. ¥ i bot-
izontal and HiX, 171 is wertical. ‘The conmvecse [ollows from the fact that
[, F] = 015 equivalenl ta 47| F] = (0. By a simple compukation cue tan
prowve bhat

|F. F|iX, B = Fok*[F,FIIXN, L.
|F. FlidfX, Iy = -0 [F. FlLY, VI

[

We aiso have the {ollawing dentities:
E|=tEF—-Ft - & i3 23}
. Fl=-R=F -1 3.4}

which cam b+ pooered, by » straghtincwand vecification  The following Props-
sitinn can asily be cheched with the help of the above formulas
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Froposition 3.5  The fsllouing properiies cre eguivalent:

17 |F.F| =0,
2 |LFl=1,
3 e F =0,
H R=0, t=1
lodeed ot [4 27} we have JLLF = —i. Therefore [J.F] — 0 im-

]:||.i.-== =10 aud them R = [l. The ¢oovers= 15 intia]l Mor=ocwer w= E:‘l:
RLFNLE, Y = - RN Y. Thersfore |4, F] = 0 implies ft = U aod shea
L=1mn

Datglas konaor

Io hie classical w01k o the ioverae problem of the calcolus of variakions
i[mm[) 1. Trouglas mtrodoced a teosnr which playe an egasntial Tole in the
theary [ His coordinatefree presentation 15 the Eallowang (of. [KI|)

TreAoaticn 11T  The Dowgles redszr g the F1-10 leusor A oo TA Jde
fio=d by

A.=wh 5],

whers i and 1 a1e Lhe borizgootal snd wertical projector: of the conpection
=145

[t 15 easy Lo a=¢ that A 15 semi-basic and
A- A =F+.. {3 25]

wheee Foa bhe alimest 1:|:||1.1]:|l='|: struclure a==oceated tn 7 A 12 related b
the curvaturs by the foremula

1
fi= 5|J,.-1|. {3.26)
We can prove this by the fallawing .

LA =[S+ F = (M2 5] - B
= -|6.[)- A= —2h &) - ft _ 3

IThia Lensur w cullmd Jagoikq sodamacphism in [Sal, CSHIBP|
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Tvpicel and ciypical spruys

In this paragraph we give some definitions and dascobe propertins Telated
ko Lbhe Douglas kemaor.

Proposltion 3.8 Let I br fhe disimibubion spemmed by the sproy 5
awid the canonteal vertical vector fiefd O Then 17 rs an inbegroedle
Jtatribuion if and only of there exsls o funclion poauod that 28 = .
in partietlar, 4f 5 1 homogeneous, then T 18 indegrable.

Indeed, TS = |J.S|S =[C, 5], 52
6 = 2t - 195 = 2{5 - [C.8])

Consequently if »5 — g0, thew [0, 5] = J - 25, 80 Tr 18 inkegrable.
Copvertely, if D 18 ao integrabls digtribution, then there exiet functions 4,
b buch that [ 5] = oS + M7, Thersfore we have Fi7 51 =€ = of". Hance
a=1. Bince § - 205 =08 + b we find that +8 = —%IL‘.

&

Iiefinilion 3,15  Lel L be o s=mi-basic vectop valued 1 forom i T 5 e
s

L=LF+FIL,

wher= F ja lhe almost comples 2truetwre aaaociated with the conneckion

i7. 5.
Locaily, if L = L%(r. ] ™ = ﬁ:u'. i 1 the matnx form

o0
“(L;: n)'

f'=( :l ﬂLg dr DH)
Lrl-rer; Le

[t dollows that the sigenvalues of L are the rigenvalues of the matric [£2)
with double multiplicity, and I is thagenalizable if and ooly if the matrx
[Lﬂ} W diagrenalizable Mare poecisely, we have

ithen we have:

Propozition 3.7 The follewarg prapetlzas are aquiteslenld.



Cwengtwre and Douglar lzmiar 53

10 LX =4X,
7} LFX =AFX,
3} EX =3JX and FFX = hnk,
ve X - XvL +Iﬂl~,f7, then
LA~ = a XM gmd LT+ X% = AT + X°TY),

Corollary 3.2 JFC 11 & connection and k denotes e korizartial pra.
fartaott asgartated to T, then f 5 a1 an etgentectsr of [ ounth eigenralus
doand eV F ), then ALY gnd J Y o aiso siwgenvectors of L uath ELgETe.
valus A,

1o crder bo presesnt all computaticne 1o 2 coordinaks fres wap, e will
preaeot it io berme of Jocal bases, chosen o relation to tke patural geomet-
ricad signclures which come with the given system, 'We introduce the

Definition 3.15% Let L be a semi-basic veckor-valued 1-ferm oo T3 and
I' a ronoection on T'8F The basis B = {8, 2. )=10 of TR0 is called
an adapte=d tasiz of F. it B e a Jordan basie of £ such that the vectars h,
are bovigonkal, and 2 = Fh.

In the pext chapters we will study the cares where the spray 5 is or ie
oot an eigenwactor of the Douglas temsor We will conerder the fallowing

DwfAnbilotn 3,20 The cpray 5 ia called typdenl, o ab 25 an sigesrecter of
thw Lengot A,

The tevmuonlogy 15 jusbified by the Eack that the clans of Eypical sprays
contaips Lhe |:|_u.1|:|.ral.||: and the ]:nma-gznn:-us EFTaYs, anpd alss the spray ok
Lhe gecsdesice uf Lbwar comniecbioms, Bdore penerally we bave phe

Froposition 3.8 [f the dustmbution P spanneg by § ond O 65 {nleg-
rable, then 8 15 dypical  m prrficudar e Aomogeneous [(quadredec)
FOTRYE (Te t'r'lp:l.:rl!.

Indeed. of T 15 inlegrable, theo by the aliowe proposition 1ler= existes &
funciion ¢ such that p% = 7 Therslnre

AN - owph, 55 = w[hE ¥ = 2[o8 5] = —2[ul] 5]
= Lol = wlF — gl +vE = (Cap 4 p )l
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Since £ = k5, coe finds that A(RS) = 3 ¢ES) wheee 8 = Cygpe— g, 0 WS
ia a horizontal eigenvector of . Therefore 15 = [, and the sprag is typical
If v& £ 1 we can sen, unng the Proposibioo 3.5, ¢hat 0 = JiAS) 15 u
vartical eiganvector of A correspondiog to the sigenvalue 4 Then ¢85 = ui?
is alep an cigenwector of A corresponding 19 the sigenvalue A Therefore

5 = k& + 5 is an eigeovector of A, ie. 5 is bypical.
&

3.4 The Lagrengian

Defniticn 3.21 A Lagrenman i amap E : T — Rsmoath on T Y,
{0} apd O on bthe {section. Y is called regulfer of the 2-form (g = ddu &
bas moximal rank.

If LoE = 1E aod & is 7 oo the D-seciing, theo £ 15 quadcair agd ot
defines a [pseudo} Riemannion meinc oo W by

giwae] = LR,

p £ TM. Il & E =15 apd £ e ' on the nall-section. then £ defines a
Finslet albwckure,

Mote that from the eguation |F,.J] = {1 e find that cpddy = 4% =
dpsrp =0, 80 for every Lagrangian £ we have

zu.ﬂ:;_; = |_|. I:El.:.rT]

Fropoaition 3.3 A regudar Lograngien E allows us Lo define a fpsewdo -
Rieptanncan metrze an #he vertical burdles, by pattoeg

qul X, 1V = AeldX .10 (328}

Ind=ed, a4, S17} is well-defined becauwes if ¥' 10 anather vockor on
A7 auch that S¥ — Y a0 ¥ - 1 ia vertical, then Sp(JJX Y - ¥ =0
(becavse 1007 = 0 aod therefore 120XV = D[ SX, ¥'). Oo the atber
hand, geld X 0F) = 1beld N . Fi = g | X, SV = gei /Y. X}, bacause
ity — 0

Morenver g is oot degenerabed becanse if geiJ V. S¥) = 0 for any JS¥,
theg B0 JX. Y — 0 for any 1. which 1s imposeible, hecawees g w oot
drgrosrabed.
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The local expression of the 2-form Dig is

ly #E FE o i »E
N = 3 g - gm0 -

aod the Lagrangisn £ 16 regular i wpd voly o

i
W ll.'l.ria.-'\- Ilry . [-3 29:'

i

dei[ ' E ];Eu

Ayl
Usiog
a il
w2~ g )
we abtain
_ WE
Aad = ﬂyﬂﬂg.l':' .

Froposition 3.10 {Fel - Let £ TA — 8 be a regular Lagrengian.
The vecter fi=id & on TA defined by

E';:.'ﬂ.l: :(I'I_E—-ﬂ::'E] I,3-:|-'|.-']
1= & sptay aad the maths of 5 are the solulio:id (o the Euler-Lagrange
ByuEtOfs.

4oL _ 3E
o't ¢Tr kL

Indeed, if & ip defined by Lhis #xpression, one hae

— i o= Lo

i‘l;:.'ﬂ_ﬂ' - 1:51:..[1-.'5 - i_l'jEﬂE = _:'_I.']_rﬂ_E_' = E__Il:.]:‘.l:l.F:._ F:l = rf‘nff..-_-f':'— E'I
= :.I!J.I::r'E—dJF‘ = .I:r'-I.EJE = 1|""|'.|I|'.II__IE = :Ir'ﬂf'

and then J5 = " because iy is nob degeoerated. Locally, if F* are ihe
componenks of & ¢ pee 5 6], e have:

g E {*E e i eE Y 1
.l'.“ =p? - d':l_ ﬂ_-_ o _ n—..,.ﬂ"'
MUE S {E':"E'I-" a:»raxuj sl e
O the other band woe bave
) aF A E as
A = LendF = [ = - e — g LT
f Lo [r'.i':" H -:'.;':"'l':-l'_lﬂl':l ¥ '!:-;',!-"r\'"--I':'u'l'4 o
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thetn 14800 =i E — C-E} of and only if
= HE . OE
F= di g 4 gy’

where 3 = g af". Wow the palbs of 5 are the solutions of the differential
apatern

Lzt
F - [J‘.'.J‘.':| =1
which, taking the above relations ioto account, can be writieo as
HE A e AE

" PE
gt t 3ggaat g U

which are the Euler- Lagrange egquaticns

____—D e = 1 T
dt i fr il ' e
]

The conbetlion I' = [, 5] w called the natural Zonnection atgaciated
to E. |o particular, if £ it the quadratic focm aegociated to o Lismannian
oetric, we can obtain the Levi-Civita connection. I E defines a Finaler
giructure, C = [J.5 if the canonical connection defined by [Gr

Definition 3.22 Let £ be a Lagrangian; a vector v € TA has a mull
lemgik, f [be(C. 51, = O, where 5 i an arbitrary spras.

Thix coodatico does got dE]JEl:II:'. an the chbic= of 5. [0 f.a.ntl!, o slandard
tacal courdinates [x y] of TM, a vectop v £ TA, with local erpremsinn
a = (1™ 27} bas oull length if and endy if gualz. 21277 = (1, where g, 5 =

AYE
E!-":'Elu'E ’
lemma 3.1 N E s a megular Lq.grungmn, the enterior of the retf of
the mull length vactdrs ix emply.

ludesd ip-Tty; = dpif:F — Eb, bewer 32[0.5) = £o[fcE - E)L I
Rl 5 vanushes on a open zek 7| then O F — F shauld be homogenesas
of degree [ oo [J aod thereloce, sige= 1t = {7 uo bhe Baro sectico, it sheald
be constant on the Blera of T, Therslore dp0 0o — £ = 1, that i
izl =0, which it szciuded Becanus 1k hat marimel cank.

9



The Lagrunman 3

Definition 3.23 A apray ¥ ie called warationa? if thevs exicts a amooth
regular Lagrangian E srhich aaticfea [3.20], the Euler-Lagrange maiatiow.

Taking inte accownt the local properiy of a Lagrabgian ataccialed ko a
variational epray given by the Leamma 3.1 we propate the fallowing

Definilion 3.24 A spray 5 38 eallsd Jocatly vamabonal 10 a2 oeghhor-
hood of = 2 T M of ther= =xi=ts ap open p=ighborheod of z an0d 2 smocth
r-egula.r Lagra.l:lgidu E o [T soels Ebat the interwor of Ehe 5ot of Ehe gull |¢|'|.g|‘.|',|
vectors is emply, and which satisfies (3.303), che Buler-Lagrange equation.

The aim ¢f the fcllowing chapters 18 the locel chavacterizaticn of th
seoond order ordinary differential equaticns which come fiom a variational
principle, 8. the Jocal characterization of variatienal eprays.

Lot ws nom ibbrodoee tbe full pwing

Deflnition 3.26  Let £ be a Lagraogian and & a spray oo the manifold
A1, then the Buler-Legrange form assctiabed with I and 5 is

h.'i':=15ﬂ|:.'+dfr__'E—dE. I:3.31}

It in pagy to eee that .- i3 semi-basic, and the local sxpression iz the
atandard coordinate system oo 2'M 6

v = Z’ ”E]d'

Thersfore along a curve + = {2(r;] aszociated with ¥ we hawve
~fd&E dE \
al= 3 (55 ) @

where of fodf dennbes the dervation along 7. So, io arder to fiod Bhe salotion
b= the inverse problem for 4 given secand ord#y dafer=otial syelem, we have
ke loek for a regular Lagrabgien auch that we = L OfF courae, Ior this
porpoze we msel atudy the local integrabilicy of the second ordasr partial
dafferendial operabiot

By C=(TM)] — SecT>
called the Bwler-Lograngs operator Jdefiosd by
I oo sy + dde = d (3.3
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Remark. To salve the invarse problem of Lhe calonlus of variations we
will sk for & #eguioce Lagrangias associaled wmith the spray. Supposing
thel Lhe wianifold 1f ape] the operator 7 are analytical, ®e now only beed
lo mrove that

{1} the Euler-Lagrangs operator [3 5320, posaibly eolarged =ikh some som-
patibility cooditions, i6 Eocmally ntegrabls, and
[2] thace exizts a second erder reglar formal salution.

T show 1} we uee the Lheory <f forny] iohegrabilily of partial diff=cential
systerme whoge basie goliona are given in Chapier 1, while the peaol of 2]
remabE 3 $imple lotar agebraic computatiot 0 the 1pace of the imitial
coapelibicbn.

4.5 Sertional eurvat uee associaled with a comees Lagranghan

Nectionaf curvabume

Lek E 'De a repular Lagrangian, (1g = 4drE| and 9 the aszpciaked metric
defiped by the =guating [3.78) on the werbical byodle. 1f the Lagraogan
E 15 conrver, then 1he matrix {ﬁ%]l 15 positive definite, and 9 is a
Firmannian metric. 1o this sectien we puppose that £ e comyes,

Lemrna 3.2 Lot L& W{TAM) be an arbitrary (1-1) semi-bastc tensor
on I'M. We define the function kp - FYS{A] — H by

LS S Xl SAG - gl LA o e )

EfX) = :
) = S el X X161, €) - i, S X]

Smee JX # AC, the demaminedar o not 2o, accarding to the Cauchy-
Schrwrtiz meguality. [f the squaprons 1 5 = 0 and gi L-':‘_l'_'.'_ln =11 kold,
thmrr

Re(JX = kefadX + 60

for any a, b AT, a £1L



Serhonod iurwabure orporksied wdh @ comver LpramgEan [
This it boros out by

fat gl L SNV FX O + Jubg({ L S X 0(C. C)
wraC, Cile LY, TX W O — ol 0 X O
AETALYLIXT +abglL” SX) +n-bg[LJfJ:i":-’." g

T At OO P N GE G gl e

RiaFX 40} =

= kel tX)

ABOMETRICAL JHTERPAETATIOH

Let i - T = ' — T be the patural womorphism and JX,, & T .
M

Smeei-'[J XL L et endd VL e {gz), X and O ace indepen.

dent ak z; € TN if and enly U the vectorg 7| and 2y are judependsnt Let

Frx bethe plao spanned by (2, 22) Since (~'ed X +80) =z +he ]

we oblaik:

.P.l:: = P_..,_::-_,_...- .

Thue the Lerama sxproases the proparty that §; depends only oo the paint
x & I'Y and on a 2-plao tangeok Lo 77 ] soatamog 2,

Bemark, Lat . b a pemi-basic vector-valued Y-lorm, such that ;5 =
0, and put L := L- EI{'..IEI"'J. Then 1741 e = U anel g[f.lfll = 4. Therelore
we can offer the I;'I:-I.l.-:-wmg

DeBuition 3,26 Lot Fbe a Lagrangion and £ a semi-basws veshor valued
I-form such that 1r5tp — O The seciwnal funcieon ascoabed witl Foand
L is the functiion defiper by

Ky '=J'-T

Ton particular we will call the sectronal curveture of £ deosted by £y or
rupee aimply by &, the acctional function aseociated to the Douglas bensor 4.

Ad we have spen, Ehe gecticnal curratuce depends ooly on a point @ £
Thf and an & i-plan tangent bo ric) and cockaining =, & sibaple computa-
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tioo shawa that

2l L7 G
FlIX) T
 2p{e? JX ][0, 4K = gl LR 1l £ — glIX. SN g7, )
g[C. CHa( . JX g ) — g JX O]

Exarnple 3.1 The eectional cupvaturs of Fiogler pranifolds,

Let Fog O [TA Y {0} be & homogeoeous regular Lagrangiam of degree 3
[1e. £ defipen a Finsker slructure oo the manifobd M) and It = —él-'L,ft:
the cwrvature of the capotical conpection asaociated o £ (cf  Paragraphb
4.3). We have

n_ -%:.ﬁ“hl“ — —|hEA| + [4[E. 4] = [h, 5] - fhouX] - R[h, 5]

= wh, 5] - 23] = A - [huf]

bcieover, from the homogensity of £ we have |7, 5] = 7 and therefore
ri= %H - [, 55 = '?-II.S -G8y = U Theo:

a[R'N_JX)
glT TX) — g, D1l JX. FX)

So we ind the zoctiomal corvaton e waeally introgueed for a Fiaaber stractuce
(cf. [Au|, page 117).

ki JX) =

Exaznple 3.2 Seclivms! cyrvabure of Rf=mann manifoids.

[a thia case the Lograngian £ o quadratic. Let . ) be the scallar product
a0 the manifold A defoaed by 50100 == E[v] and 1=t T2 b the curvaluce
tenscr of the Lav-Civita conmeclion asaaciabed Lo the acalar praduct:

Blu,elw = DyDew - WD — D, o w.
[f FX = afu,ul, we bate
g = ), S IXY =T, and (XL TXY = .
Lo the other hand g R°X, JX) = (&{u,v]u, 2} and 2e

1R, v, v}
L ek Rk Nl et Bl
s e — e o



Lectuamal cormiuie ogpamatnd lh & conurs Lagrongon &r

Therefirs & is the uonal sscticoal curmture of the Rismannian space.

faclroppu

Drelnition 3,27  Wa will eay that the Lagrawgion han retropte carwa-
fure at 2 € TAf, z £ (0, if the aacticpal curvatoye at & dosa nol depend on
the Z-plan containiog che vechar -,

Example 3.5 Thecase 4 = AS

Wa fnd-
K] = .E‘..’l. __ —..'l._q[.."..’.'._l'."i'l:-g-[t_'.': ]+ E.-'nll?[l!:. ._:l'.l.'l_l’ - Ag:;fx,ijg(r,'.c:]
.} a[C gL &, JX g1 ) = gl6, JX 7]
and theceface
k=1

Example $.4  The cae A — us-Ne &0

We hare:
v oule 7
AT =2 el +
+ FIR C‘:‘;:[C;CW + Eug-:C.CEC'.J.T]“ - ;:;;-[JI-JX:-_:;[_EC:-'
G T L o P A e TR T Ot o ]
and therslirs

-'l!... g8 = 4.
Bemark, Smnce &r ie & ™ -Likear function on £, e have
L

Ligape iy T M.

Miobe ibat o this case & doed ook depeud o e 2-plau,

DeBuition 3,28 A spray 2 mocalled fat, i e associatsd Dougles bedsot
bae the fozm 4 = AJ fa0 seooe fwnckica A& O[T AR,
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Rernark. The Example 3.3 abows us that if 2 Bet apray it vapational,
then ewery agsocialed Lagrapnzian bhas vanishing 2ectional curvatuce. For 2
-dimensivoal manfold, they cocrespopd ba the Case ] o Dowglas' tecmi
aology |Loa]

Proposition 3.1 A fagrangion has an faabropie sectional curtature
k dif atd ondn if the Douglas denaor A hos the form

A=Af+aeC+55 4"
whers.

_glA, )
Tl
_ 2g0 A% 2
= {J[“ - —H[f-'u e

. | )
it —_—1
}IC E+ g{[?.li‘]u L

1
[ —, §
T ] R

ludeed, Lhe amebinnal curesburs ie tsotoopoe if and ooly of for every werbical
vectar S & T the quadratic form

gAN] = Rl C = 2 AT CHal I X T X g1, O - gl S, )
FalAN, SN g 00— dalA% X (8 Xy gl X I X gl A",

vamishes idegtizally. By polansiog the quadratic form g, this condition can
e expressed by Lhe following sguation:

0= {kgii, ) - 290A°. )] Johd X. SV 10000 - gl X, Cai Y, €]
- ; [ AX, IV + gAY, FX 100, C) - giA”, X 1giCn J¥)
— B AT YIS TN b+ g XSV I AT O

Taking iote actouot that ge{AX JY) = ge(4Y, X which follows from
the equation (4ltg = 11 [=er paragraph 4 2). =8 can masily obtain bhe ex-
presyioy of 4.

Remark. Mote that if the Douglas tensor of a variational apray bas the

Incm

[+ Az A +oamc + 048,



Zertional cLred Mure oFsciated with @ coolvez Logranglon o5

with sowe Mupgclion A aod seco-basie 1-Tervme o, #, thes the asscciated
lagrangian has nsl Ascessarily isubeopic curvature,

lodeed, the aquation i 4ltg = D givea e A (e e + A8 da-50g =0 1 A" and
" are indcpendent, then by Cartan’s lemma, we find & = af-ltg + % lle
and A = Kpelip + aiaetlg.

o the sther hand, takeng the poteotial of (=) mager A" = AL =00 4
A"4" Therefore 3 — 1 and 0" - A Sinece ¢ and A" are indeprodent,
the conditions of Praposition (3.11) beld if and only of 2 = 0 [we can
lake b = 5T|"=T". b= m:!'?:rr?..fﬂﬁ apd € — a4+ %F’T"‘f"‘l for toa eechional
cur Tature)

Hevertheless, if the vectors & and AY = 2[5} are propsriional (ie the
Dooglas teosur bas the fuc A = A0+ 0 207 Fheece ey peme-basic 1-Eace).
then the Lagrangian agaociated to the sprar has an isctropic corvature,
Indeed, il L ic the Lagrangian agsociated to the spray 5, 4440 — O, then
e & -ty — 0, and toecefore oo = Wie-ltg. Thereby the conditions of the
ahowe I'—"[r_lpnsihnn ]'|r.||.-|:.|I and Lhe sectional corwabinre 1 isntTomr |:|.t = n-.]ual
bo poas we bare aiready cowpoted],

Taking into coneideration the preceding remark, we propasc the fellow-
iog
Definition 3,29 & spray is woedropld iF s Thonglas beosor bas the (nzm
A=Al +orEd [2.33)
where & & O[T M abed 2 is & gemi-baeic 1-form ow T AL,

From the preceding remark we koow bhat if an isotropic spray is waria-
ticoal, then every azsoriated Lagrangian has wsotromec cursatuce Gur goal
io Chapler 7 is to examios the cnodibions for the sxistzoce of a Lagrangian
[and therefore bhe existence of 2 Lagangian with wetropic curvakurs] as-
poclated Lo A spray



Chapter 4

Necessary Conditions for Variational
Sprays

[n thit chapier e define & graded e algabra accociated bo a seeond order
diff=rentia] eguatien, Hy using chis pobien o Theeoem 4.1 we God & laggs
ayaiem of differeutial eqoaticns oo the Lagrangian [and alpebraic conditions
a0 bhe so-callsd "wariational multiplier™]. This gives more «Jeckive condi-
t1ons to the sxistence of a solvtion to the iwverse problem of the calowlus
o rariakioos [Thn:hr\-:u:ﬂ 4.3 and I1..+I-].

4.1 1dentities satisfed by variational spravs

Praposition 4.1 Let K b= o Legrongian, I @ mntscton on M, R the
associaied hemzondal projection, and F Lhe assosiated alniost-compler
structure. The fellowntg praperties are equivalett.

al erltp = .

M iy =11,

vl DpieA WVi=0 ¥XF eTTNM 1.6 the horizontal dtairiiu-

tian 13 Dagrongian,

ladsed,

I|'H_|.—_I:IIZ|_.:!||P| l'l-.l"ll Eﬂﬁl:h.'!';.lll-r:h
Irftelhl, JY ] NethX J¥0 - Oe|/X, JY ) — 1,
TP ) S - P RO ) I 1

1]
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ac a) 13 equivalent to c). On the other hand we hare

FeltR X RY ) = —H gl dX BT} - [e(hX J¥) = —i3THA K BY ) = 0,
Pt AN, TY) = —Det X, JF ]+ DE(RY.RY) = R[AX_RYD,
SEEIN, IV = QelkX SV + e[ JX 0V =0,

g b} i mguivalent to o).
O

Definition 4.1 A soupection i alled Dogrongiam with respect bo £, of
1 falithes bhe abeye cobditions.

Froposition 4.2 Let E b o Lagrangran on U, gnd ' = 1. 5] the
conneciiom asarcadted to 8. Then

drug = irllg. [4.1)

in parircudar, 3f the sproy 5 1 rortational grd £ & o Lagromgaan as
socialed o .'5“__ then [ 1= f.ng'rﬂn_qfun unth rr.sr.r.c! ta .

Fracf. The BEaler-Lagrange oo can be writken as follows:

wig = istd B dlpE - Ledp £ - dB = dalsl g 5dE
= -Lf._rl!.:b-E - El'IIgE

Since [ J]| =10, we bave d% = i) 2uly = dijp 5 =0, 30

dpop = —HpdnE = 2dad; F = apcdd ) B — dfad; £
= Ziplte - 2t = iclle

if the spray is ranatiopal apd £ 5 2 Lagrangpan associaled with 5, we
bhave op: = 11, then i-f1p: = I, eo 1le touection associated to Lhe spray =
Lagrangiam.

]

Propoaition 4.3 Let 5 be o apray, B o Logronghast on W, Then

1
iﬂf1£=dhdf—ifgiydf+1pilgl (4.2}

tfkere 4 18 the Douglos tevngnr of & M pactarelor of 5 b5 varabional
and &' % ¢ Logranman assocrated (o &, then

1afte = 0. (4.3}
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Praof Eipse it = (b, one has

taltg = gy o|The +opfip = an Oufly - Culafle + 2000

1
= epeburp — Luifhy + i"f.rhr'e':' +irile

1 1
Fgibop — by — EE_-.-J_.-...:E + It = dave — E.I:_;d_ru-'.lj +iflie

which shoers (4 21
Moreower, if & 5 a Lagraogan associated 1o 5, then og = 1 and the
conoesteon Iy Lagrangian Thersfore every term oo the right cide of the
equakicn (4 21 vaniehes, 5014115 = 0.
n

Defnition 4.2 Let 5 be a spray on A, and L € ¥(T M) semi-basic.
Theo we put

L':=fmu|5 8. [4.4)

where 5 LIA . .., X)) = LIAX, . . h X)), The tensoc L7 15 called the sems-
bases deryvafean of L with cespect bo the spray 5.

It 15 clear frnm the definition that L' iz semi-basic.

Froposition 4.4 [ef 5 & = spray on A and L€ W TA] seme-basec,
We haee the formula

L'=[5L)+FL-[AF {4.5]

In partictdar, suppese Cwal & 5 vamationad, £ bewng o lagromgian o3-
secicied 2o 5, If the equatien iplte = 0 Ralds, thew Bhe couabions

St =0, fpellp =0, 1,0 =0 ek [4.4)

hodd Foe.
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Proaf From the definition ae find that

d
LKy, X0 = o5, LIAX L AKX = oS BN X0 - 8 LX S AN K

= |5 LK, X0 RE EX XA - LI L[S XL KD

=1

[
- EKL RXL Xs=
1=1

— ALY R PR K = 3 LR ALF R N X

1=1

et the idestity A[S. h| = £+ .7 and the hypotheis that L e sewi-batic,
w+ obtain the equation {4.5).
COo the other hand, from (4.5) ame bas

ey =y e e +apy My — p Al = g Py +pep M — 20w lby
= Lo llp — I g +ipipltp —fpa Mg

If § 15 vanabivoal aod £ 35 2 Lograogian asscciated to 5, theo o — 0,
an<d the conosction T 15 Lagraogian. Thus we have i 7l - @ (Propositions
4.1 and 4.2]. Thecefore if 10tz = b balda, then 1Lty = 4 holds too.
Becursively coe Anda [4.8).

(]

Deflnition 4.3  Let & be the horizontal projecior aseociated to bhe con-
nection "= [J 51, and £ € W'{I'A) be pemi-basic. We propoas

d* L= |k, L. [4.7)

Proposition 4.5 If [ is 2 semybosic secter-pained form, then 4% L
15 gy sema-bnne. Marggoer, atsume that 8 s varatienad ond &8s a
Lagrernguan assaceated to 5. [Jf the equation i1 11z = O holds, then the
equafzon 143 1 = O Folds oo



Jdenbtier satisied by porsatlomal 3prys ™

Praof. First wa will show that d* /. 18 semi-basic, that i k" (s [k, L]}=[#, £].
Stoce L e aemi-basic, ie. Aef — Daod A*[L] = L, we have

. -1
M LliXy, - Kieal = |_T—_'I]’ g“";":"'*”k-rfl--"'-ﬂl- b LT |

1 . . g =1
o BT LS A 5 AP ST I P B e ALK K Kpyya]

L]

1 .
i B elm LEAL Xy Xxz) Kaa 2 Kol
-7 n

n E
= Tt L e Kl R L, K S]]
Al

n [
- EI’-I]"-‘H}.I..I,_ N 30 5, o B O . SO ‘SR 'S YT

1= 3

n
"
IR DA [ PO SO S UWPS | R
a=1

SRR ALEEAE AT AETLERE AR . X, Xiea )
i p
n [
= S- LY AL YA
=1
I L{ RO K IR KL K Ay K
e

n
S UELLI IR 2 & SR SR PR [T

T IXRHALI R VTR T I TURE SO O Y
Y

where © sfmbolizes the terrn which doss net appear n the corrsspending
ezpreasiow, aud r (o) denctes the gign of the parmautation . [ is clear that
the walue of the second term ie wartical, and it vanishes when ona of the
arguinetits 18 vertical. Oo the other hand:

[

[f FAX X K )] = (A L[, .ﬁ',.. AN R, 5 k)
- MEX iR ﬁ'f'r.....hx.,,.jl—n[nx,.z.r_hx.....J'LT':.. S]]
L LE R A LT sy .ﬁ'.. cRE ] -t [eX LB, . f:r.. A
= e[AX. LIAX,, KX, 8]

whers we used bhe fact that the serbizal distobation 6 1ntegrable. So we
realize that the vala= of "L 15 wertical, and vamshes when ooe of the
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argumentn ig wertical. Thua 2" £, is semi-basic.

Npw assyme that 5 v variatiopal, & it a Lag‘ra.ngia.u aggociated to 5,
and {- i 2 vector-vahied semi-bamis -form By the relation

(= 11'ijne) = tadp — drin - iz,
and taking ible account that LAH =1 L, bacause L i1 gemni-basic, we bave
(=0 e = L0, o 3ds E = dndrdd B dpincds B - 1 dd E.
If the squation 1 g = [ holds, then

(=11 ansits

ilI.ﬂHLlid_fF —l‘I!LI'&(I._r:,l'il'iJE —Jl'flll__d-lirE

Iy dd,E — %ﬂ'g_irdd;ﬂ' =1

4.2 {Graded Lie algebra associated o a second order CGOF

Definition 4.4 The graded Lie algebra [ A3, [, ]) associated to the spray
& a8 the graded Lie sub-afgebea of the wecbor-valacd forme spanne] by tha
vertical eodomorphism F, the Douglas bepeor A, and groerabed by the
actiom ef the sefiibavie decivatiot defined i (4.4, tbe devivation 4", and
ihe Frilicher-Wipeahuis bracket | | The graduation of Ay ie given by

Ay =@&r, A% [4.4)
where ._.4'_':7 = A 'i""{T.'rf::l

Hemark. Mobe that J and 4 are semi-basc and that, as =¢ showed io
the precediog paragraph, the space of semi-basic forms 15 stable by remo-
baair derivation defined i [4.4), by the derivation 2%, and by Lhe Frclicher-
Migenbvis bracket 4 follows that ds i3 a graded Lie sub-algebra of the
vector- valued sema-basie Forme.

The importanee of the graded Lus algebea atsociabed to 4 apray is given
by the following
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Theorem 4.1 Lot 5§ be a versational apray end £ o flagraneean as-
socwated to 8. Then for cvery element L of Az the equation

e 493

hofds  Therefore everp element af Az owes o ‘mecessary) algebraic

Ccatidziiaf HE gy = Z"'u_*'n"'LF

Remark., The repular matriz g.,; = H!%E? it called a variatiooal
multiplier.

To prove Thesrem 4.1 oe will Grat show Whet T and A satasfy the squation
r4.31. Then we =ill prove that ali the wector malued forms obtaned fram
A apd A by a Bnite wopbier of ayccactive pperatiops ®Wlinch defiue A, also
sabisfy bhe equation [4.9).

{1} FramiJ, J[ = [l we cap #asly oblaio :
z_..ﬂE =!-‘|HJ'E= rF‘.E=|'.|'l_|lJ'!E=|].\, {Ii 1.|:|]
s bhe eguatjupn (4.9) olde for W
{2} T'he Propeaition 4.3 showa that the equaticn (3.9) also holda fur L = A,
whete 4 i3 the Dowglas beneor.
{3} o Propoaitions 4.4, and 4.5 respectively we koow that i :, {k; =0
hedde for L £ Ae then
ity =10,
'IEdn biEE = I:l..
hald eno.
{0} Les A& ALITME L € A {TM) bt eemi-basic vecbor-valued forms,
soch that spflg = 0 and 4 fe = 0. Since K and £ are Fomi-basic, we
bave LAA = 0 and hence

-1y yi o) E = [Trels — (=0 Mdpiy - dy ) D
= agfipd —ehp | dd B — (1™ " W pagdid  F = el g peededy E
—ipdi g - [—]]J':m_“[!;_t'ﬁ'ﬂf =0
Thertioge 1, = {) and 1 4t g = 1] hold, apd the cparatiops which generate

Ay preserwe” the squatiop (48], Copseguegtly for every £ E dao ihe
equation z (k- = 0 balds.
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We ram ase that the aboge Theorem gives second arder differendood
candittats an Lhe Lagrangisn. [odesd, if the sapray ie variational and £ is
a regulay Lagrangian agaociated with 5 then locally ome has

PE
g iyt

de™ Ady?. {4.17)

15 i
1IE=I(HE (el

= — — - dz™ At -
E A dreihyt dye I’J:j]
I€ L £ 9'iTAT) in aerni-basio, then

¢
't-nz:=l1 Y, ey E g . ndusies

W) ety FEETT)
II.I:ﬂ:E'I-l-l a‘h‘ dy "

So o L & A%, then the equation 3ciie — 4 gives a ind oeder packial
diferential squation in E. {&e -1 denolen the (pI— 1) -order symmetcic
EToap apd .:'{u':l a th= u:ig;n ol {I.} Th-l‘.'rz'h]' bhm=e 2bd orcier Equéll.iuua Ei.'ﬂ!
the alpebraie squation

Y [l LS 4das,, =0 (4.17)
Ay

; — &'k
I8 a1 = Gyee

The= graded Lie algebra popociated wilh the spray appears o a patural
war oo Atudyiog the integrahility of the Euler-Lagrange equation. A we
will gee in the [ollowing chapters, the elemente of A, more precissly the
squations {4.9] and the squationa (4 12) on the varaticnal multiplier appear
io tbe compatibility conditions of bhe Euler-Lagrange equation.

4.3 The rank ol 3pravs

Vung Theorem 4.1 e found a large sed of tepscrs [the elements nf 4]
which tesult o lig*ar cooeirajple oo bthe vanistional multiplieea.  Usiog
Lhese equations we can [opmulete becemaary conditions fur the spray be be
variationg|. The firsk ome 18 bhe genevalization of Deoglas’ WIT] Theorem
Lo ke m-dipmeocinaal cane (z=e alas LATY], |Sa(].
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Theorerss 4.2 ffal o & TM ome bas

. ; nin+ 1)
rank {4, AL .Ji....,.-i-""....]*k_ﬂ.:* y

then 5 15 not varpadonal i the neighborkond of 1

Proof. Lel ue auppode that .5 1 earistionsl with an apsociated eagnlar
Lagrangian E, and g ia the bilinear smooeatric 2-form (non-degeneraie since
E ig regulat) oo T" defined by the formude [3.28). I[f L £ T* & IT°, the
comdition 1r{te = O gives

gl LY, Y] =gl JX LYY, TAX,. Y e T;TMH,
in locally
9-rf-i = dx L:‘

o
iyt _
. Gmce the tegaors LA, A% AT, L AVSTE-1 ape elemegts of A5, W
Lea b 'i__‘u..ll-.",;.- ={). Ther=loc=. 1 Lh= Epray i1s vatiakional, Lhen the Reddobs
oA AL A" AT D e gl adicint with respect to g Bt bhe epace
ol the [1 - 1) t=osers which are selb adjsnt with respect bo e regulsc matrig
win+ 1
2
A, AL AT LAV - are Yearly dependent.

where y,, = Tlis weaps that [ w aymmostrnc with veapecd o

—dimaensisnal. Conesquently, if the apray is variaticoal, then T,

O

Hdim A 2 then A5 ondy containe the hicrarchy given by the Doyglac
beozer and s semi-barc derivalives A%, A", =tc. Howerer, if (un W =
2, then we And other hierarchites an 4y which give, io the generic caae,
p=w necessary condibicos for the mriational molliplezs. For esarmeple, the
vurature teneot A of the <annesebiod astocaated bo 5 Belongs to A5, hecawss
JAE dg apd F = %fJ, Al £ Ay by [3.26]. Therefers ite emi-hagic
detivatives fi°, &, ebc. are also clements of Ay — more precieely 2lements
of A% iser also [SCM|, [GM]).

Marenser, 10 Ai we also baee the temmora [A1%, A% whece kT = 1
whick are geoerally boearly independent of the curmbure's aerarchr.
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Theoken 4.3 Lot S he g apray and r & T, [F there ertats an iméeger
k< m for which

k41

then the SpTay 5 nat pareational in a ne:g’hbﬁ-rhppd pj .

dine ALl » & (” * ’). [4.13)

Noke that for & = 1 we ohtan the Theorem 4 2,
Fronf Let 3 be a wpray and £ a reguler Lagrangian We considet far every
k=1, ..,n the marphism
AT el o AMITS
L — rhis

By the regulavity of £ the 2-form 11g ip eFmplectic, and the morphism e
iz onto. Iodend. it 33 casy to see that of [N, ... X.] i& a basie of T, theo
e .....20 € I defined by a, = iy e, gives a basis of I7. Consequently

by, Ao momy, Moo, E“_._IH,_ ahep%n r4.14)
is & basis of ASY' T and
oy At = X, }:E-. P L (4.15]

gieea a hams of AT 8 TV Morester, if the components of A € AR/ T
w=ith reapect to the booin [4.]4) are A% e bhep A = (L) where L =
"|_r|_ R M [ = .-'l:'“". Tlus [Pr e Lhad 10, 15 onto.

Theorem (4 1] shows va thak 1 tbe spray i3 variational and & is a regular
Lagraogiam asseriated with 5, then for every 5 € TA] we bhave

Awirl © Ker ().

weansequanlly if clon ..-'-‘li[:] = 1l ker gy, thah the spray is pot sanalional.
i bhe ubbar beadl a0 8 ouko, eBo

o A T _ Al
ramke = dim AT = (L— ' 1) TRl

Thut

. . wh o nm_ kln+ [in" n+l
dim Krras = n (.I:J [E+ I) Tk Ik T 4 (J.‘-I- |) [4.15)
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and therefore we ebtain Theorsm 4.3,
M

Hemeark, Io the Z-dimenticnal case, this condition meaos that the
FRTAY & not vanaticnoal in the oeighborhood of £ € TA o the dimeosion of
A% [ is greater than 3. so we find the criterion given by Douglas' theorem
Ll

Drehnition 4.% Lat 5 beagpray, + £ T, and let ws conaider the apstem
of limear equations

‘{ 2o —'i'f e Asiz) } [4.17)

FED 4

i the symmetric variables 1., {1,, = 1., whers Lfl ,, Ar# the components
of L € A5[z). The rank of the linear equations [4.17) s called the =ank af
the aproy at ¥

The Bal sprays [<f. Deboition 3.28) are obeiously the rank oull sprays.

HRernark. A2 sguation (4.12] shows, the rank of a apray gives the
bumber ef independend equatinne satiBed by Ehe variational multipliees.
Conaequently, if the eystem §4.17] dom not bhawe 2 aolution with det)z,;] #
{0, then thers ia no variabicoal multipler far &, and therefore the apray 15
oon-variational Thus we can eanily obtain the fellowng

Theorem 4.4 ffatr<= TH we hgue

min+ 1}
5

thett B o nan-trariabonal in o neigbborhand of T

cank Siz1 =



Chapter 5

Obstructions to the Integrability of
the Euler-Lagrange System

[o thus sechien we will consider the savecse preblem of the salowlus of warg-
aticoy (b the cate of noalimensional mariinlde apd we will sxarmine Lhe
ilegrabiliby of 1he Euler-Lagrangs equation. As far st posmble we will
calry ool the dtody withool e=stracbions sithes oo the ditosndion or ow Lo
curvaturss,

£.1 Firat obatructions for the integrability of the Euler-
Legrange opcTalor

Wea denote by Jo (] the apace of Eagats ol the real valued functmos oo T4,
st el Ao P40 O Jo( D Be the diffarseskial equation of the gecond order
lutmal eolutioond of the Buler-Loagrangs cps ator

Fli=apddy + adlm —d.
Tile hawe Lhe nllowing

Froposition 5.1 Let p = j2(E); b v recond order farmal salubton 2
T ETMY [0} of Hz[M} ThHen p ron be Bfted eato o Fref ordar ralutron
1.'_|" gnd p:l'lJy I..lll

i el =k {5 1}
Remark., By Proposition 4.1 we ¥oow that this condition menns that

the conpection saaociated to the cpray muat be Lagrangian =ith reapect 1o
the Eolution £ o &,

LK |
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Froof, Sipce the Buler-Lagronge opecator i <of a second order to fiod
the first compatiblity conditicns, 16 2 examine of 3 given Zod order
formal solution can be fted anto 2 3rd order solubicn, o =il coosider Bhe
following diagram:

l"':l"""l:I
—_—

53T TraT —E 4 i) - -+

[ |
Ry —— iy 2PN pim
N
il Fiyl

Fo —— LY .

where A" ;= Duker o [Py ) A eibaple eale nlabiob alowes bbat ile symlicd of
bhe Enler-Tagrange operator o005 ] i

m(F ) ST — o [FFbafiX) = oS, JXx  (52)
and the symbol of Lhe prolonged system 36 given by

e d P ST — T @l |ed PO Y = 3OS A,
whereer € 532T7, A e 57, and A Y & T, lodeed, Lt fop & 0T A}

ke two funclions wanishing at . We have

aal Pl ) (X0 = s gl — el — ], {fg30 X] =
= {iglady f oy —dif Ady+df Adyg - f addyg +adlef o+
+ e f g +df dlerg + f SdEna) LX) = dfi X ] dei5) + dol X ; df( 5
= (gf Do 15 JX )

and we cbtain the expression [5.2) of the symbol of F, .

Let us pote that the operator 2 16 Tegular oo T'A 5 {01}, becanse 5 only
vagishes oo the null-aection.

lo cider to imberpret 1he obslouction space &K, = Cokeros( M), =e
first compute the dioeonion of gz (Fyd = Kerm( M) A symmetnc bensor
B e 533T* is an element of 2471 If and oziy if

B &S =0 {57
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Tor every pair nf vartoes ¥ £ T TES = [he g, v g} B oa hasis
ad:n.p-tac'l iz Uhe horizcntal distribotion detecqined by [ 1= A & T asd
Ly = 4 Tor i = 1. ., n, then Lhe equaliog [5.3) gires

I'I] H[.ﬁ.lsl 1|.I':| = L}I
I'r} .HI:L',;I o, 1.-1':| - L}I {54]

i.j = 1,...n Using the symmetry of 5. we find that {5.4a) produces =2
idependent equations, and {5.4b6) produces @ iadependent equatiote
o
. a1

P
apd Lhe chetruclinn rpace A 15 isnmarphic b the space of semicbasie &
farme: A = .‘I.IET:. Em ."I.ET: chn Bt amen s the abutroction apace. With
ihe belp of thie oterpestation s can compute the Grel intsgrability « or
cotapatibilitt conditions for the Eulsr-Lagrange aperator. Let v 0 TR
T*  + AT be the morphism defined by

L,
e BUA T - B YY) - Y X)L

racth (1=

It 16 eany 1a see that 1. ooy = 0 and cdim [Ker ) = ul ﬂ%“ i me
Lave the exach aegquence

gape D e e I AT {5.5]

Let W be alinear connection on the fangent manifold of AT, and Jet £ be
a gecood order solutioo ab 5 € T3 . Usiog the results of the Paragraph
14 we kpow that (=&Y, ran he Lifted aoin & Lthird arder formal solotion
if and only of [V K|, = & The Bulec-Lagrange l-formwy = Py E s
seacu- brasie and vauiaben at « oso, wsiog bhe Proposition 4.2, #e atrive ab

T [TAPLE) e = ey (P Ely = {ilp[iated) E + 28 F — JEF _= (§ el

whocl prages the Puopeailion 5.7,
n

[f u[= dim M1 — L. the abeve computation shows that every second order
solution can be lifted inbe & third order enlution. lodeed, 1o this case
AT 0, ceery ermi-bagic 2-form vamishes, and therefore we find that
mra% = . Moreaver, it is ragy to show that the Buler-Lagrange operator
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iz involative and then it i formally integrable Therefore every spray oo a
1-dimenainnal manifold ia variakional

The aikuation is diffsrant if the dimesneion of the mamfold M s greacer
bhan ane. The above coanputabion showe that in higher dimensional casea
there axiets 3 compakibility condition for the Enler-Lagranga operator which
it Bt identically eatiafied for all the ascond order solutions Therelore bhe
Eula-Lagrange operalor 8 oot formally integrable: the space of aecond
order soluticme - ar inibisl conditions - is too large; some of them canos
be liftad ioke & higher ordet. (o order to eliminats the ones which cannot
gite a aclution, we hawe introduced the compatibility conditiona laid dowo
i Prapaogilion 5.1 iets Lhe Fuler-Lagrangs ayatem. 5o we can congider the
crjimpator

=R, 7 : C™(TAM} — Sec|T) mh]’.{':]. [5.B]
where

Fro=apdy : [TMY — Seci AT

5.2 Secopd obstroctions For the Euler-Logrange aperator

Froposition 5.2 A second order formal saluiton p = 320F], of the
apetmlor .i"; a1 T.'I.-;Ir'll E[]_I cars b= H_ﬁ:‘d mta s third order solufion lf
and oxdy if the squalions

14Tz} =

(5.7}
[apfla)e =1
hald, where ones denster Ny = i,

Frocf. Ik bk saa7 b thew thal the apmbaol of Fr e the motphism o0 B
ST 4 ARTY given by

| [Pl X, ¥ ) = 2[a[BX, JY) - el JX) (5.8



Eeeand obidrusinond for i Sulrs- layrdnge cperaior ar

a & 82 X F & T, Infact if f.g ¢ C5(TM] are twn functions
wapisbiog o r € I'M, we find

ot Pyl [af D dgb{ X V) = hpdidy | (40 X, ¥
= |fzn—rddafz(df oo dg X, ¥ = Higddy — drdp ) Fg{ V. 1)
= [ind—de A dpg+ df aedy)+dr Ady—af A ds] (X V]
= 2{dfinX gl Sy} - df (Y Jdg(TX) — df{JX 1dghT ) — dF{JY )dgth X )]
= 2idf S dg) thE,JY) - (df O dgi(hY, TX))

oo we abtain [5.4).

Simce By = (P, Fr), whears both P and Pr oare of cecond ordar, as
hava oy Fy) = [y (Fy ), o[ Fp)], where o0 B) 0 F¥T* — T o A¥T) O
couras, we alen have o[ P ) = {0yl B, og[ P}

1t is maa¥ to eee that F, is a regular differential operator on T4 5 {00,
Mew Lot we comsader v C T8 % (0] and Lok My o 1851 C S W) be the space
of 1he s=cond order formel solulico of I~ o v Then ¥ [} will contain
gecond order regnlar Gorknal folutions.

lndesd, Iet [£7] be a local coordinate spatem o M. 11, y') the assooi-
ated coordipate syetem ou T M o the weighborhazdal . [ p = 34 [EY, €
Je[Th, ) s a kb ocder jet of 2 real valued fuoeticn B oow TAF we sel

. &#E .
e B e A

Eooo1<dis k. [58)

Then [:',g‘l',s,ﬁ‘..,.f_,]l amd I'u",y'._.::.h.'s_,._.s_l,5”_._.-‘:”,.1'_.*: Ei\'e a caorilinake
syetam on 0 (B) and 5 H) tespectively, A aecond order jet |- El; =
(a0, Py Be - e -] 0% 2 sacond erdee regular eclution of P in
v ={z". "] if and only iof

detfpy,] #1 15.10]
apd {P £, =0, aod [F-£]; = U are galisfed, 2 i we hawe [3 10} and
1he lestear Aqpetere

e b P =L 15.11]
P~ Pt U pag — Ui P =0 i5.1%)

lori,;=1...n, where /" are the compopeote of the apray and [7} are the
coeflicients of the connection [ =[S 5]



1 Shrbucions for e BEoler-Lagrange mpacem

Chaosing g, such that the isqualiby (5 10] w realized, w2 can solve
the syakema {5.11} and (5.12) for the perot terms p, and p,, Therefore we
can find & regular eecond order formal solution to Foan o e TAT

o ordet to tind the dimension of the chstruclion space, we have to
compute the keroel of the symbol of the prolooged operatar. & symmetric
tenscr £ £ 57117 i6 an element of ¢/}, if and only i the equaticoos (5.3)
and the equatione

B AV.JE] - BN WS IV =1 {5 13}

hald for e=ery X ¥.2 € T.. T=ming the basia |k, 2,0, o1 - 0f T,
adapted to the conoectico T, thal i1 4, & horigontal aod 15 = JR; Inc
Lt o SRR R W, And that B E .';;'!'T' 1t laund in .FJI:;'E:I i and |:lE|J_I.I af
|:E-.d] anc] the a:lu.a.i:inn:

Ul Bih Ry e] = BlRbst, ). -
B Bie ] = D, e o). [3.14;
bold far 1.3 = Looon Lel ua iodroduce the notatiow B, = Bl h, ty)
and By, = B{hov;, ) The equations (5.14) show thal o symmetonc
tensor £ is oo clemeat of 9:0 M) of apd ooly if the . and the B,
ace symmettc an i3, k. Since Uhers 36 e other conditio: iopeed un Che
symtuetric companents &g o= S0k R b and By = e, wE
can dedyc= Lhat

. . R
b gal F. 1 _-1[ 4 J

O bbe olber hand, an element 5 of the space 95,5 ] ia contaioed in 25(Fy )
if and only if the squakions (5.4] hold Using the symmetcy of 5 (5 4.0 =
obtain 1'-?1 independent squaticos  Emploving the equation of g0 /%),
the compooents which appear in the equations {5 4 a) age alsa completely
:ymmzhri_i;.l =z 1n 1he EFS1ET |:5.-l.a:| Lhare are L"?;ll'l' celakioas. Thersfore
we arriTe ai

Arigh + )it + 21 2nfe ~ 1] de(n+ 120 + 1)

7 5 ¥ [5.1%)

dim i Ay =

amel

st + 12+ 1

. (5.16]

ranbay £y = dim 570 dim paldh) —



Fecond ebatryctans for dhy Buder Logranpe operator .1°]

L=t

T T AT e T — AT a A Ta AT 2 ATy

be the morpbasm defiged by = = {7, v, |7, .7, ], ®hee

LUK Y]

BISX, Y] - MY X)

r B X ¥) = BlRY.Y) - BikY, X - %f:.cs. XY
A V. E) = CRY, Y. E) - DIRY, £ X 4+ CRE XL 1)

T RGN Y E) = XY, R+ AT R XY R O X

for B¢ S'T= 7 ¢ S'T* and X,}.2 ¢ Tp. U A; = lury, then bhe
deguence

S DL e T T e AT T A L 157

19 exack

Ind=ed, 11 13 =asy 1o checls that ryom M50 — 0 Do the ather hand, Eerr
1 defued by the syatane ;p =1k v4 = Ity = (hand =y = {1 Thess
epebems are ndepeudent, so that the rank of 75 15 the sum of Uhe ramis =f
T Fu. F,oand 1, . 146 #asy ko see that cank: = ankr, = %Tllfn -1
tabkry = sank # = e - Lifn - 2). Thet rank 7, = 3_-_-,'-_:|_:_:;-._—_'-_:-~ and

nin+ 1102 = 1]

i Kotz = (i7" 2 T T2 VT = rankry — 0

= rank 00,

Comaeguent]y Inosi /%] — Ker v, and the asquence [5.17) @ =xact.



I Chrtructtoms far tne Euler. lagrange spsdem

Let ua compute the compatibility condition of Lhe operator P e have
the diagram

cal 1]

iy 2L it witia (T AT =2 Ky — D

| |-
fly —— LA DIEL peTe AT

SNt |-

Ay - LR R To @ AT,

Lat % e an arbitrary lnear connection cn T, and p = (2 K- 2 escond
erder aolution at the point z £ T'AT Y (U}, Then (X zan be lifted into
a d order aolution if and coly  m%{f2E): - 0 Since (weh: - O and
[ritg]s = 0 v tind that

T WINEy =l E = Goply = (0iely =10

P TIRE, = {dyw — $L4irfs = [addy £},

¥R, 2 |daFrE: = {t'l'.'.{lrﬂzl]:= %':l.[h.h:ﬂﬁlz —dighiels

_,._,I["-.T Pl ldaFrEl —deldnegl, = é[l.‘-f|,|___.l|-.-lz}; — I}

Therelcre

IR R = (Nl 7afh, saf. B, (5.14)
which abowe the propaociticn.
C

The equaticma (5.7] ave not aatiefed in the generic £ase. Howsvar, we
can find a certain special lase of aprave, Iox which theae obetractione are
tdeckically satiafied We will coosider this £lass of sprays o the Para-
graph 7 ]



Chapter 6

The Classification of Locally
Variational Sprays on
Two-dimensional Manifolds

In hie paper |Dow|, weing Aiguwiets theecy, Douglas classifiea second order
vanaticoal differentiat aguations, alao called wmriational sprave, with two
degress of freadom 1o this chapter we will reconeider this problem ioe. the
classifications of wariational aprays on 2-dimensional manifolda. Howevar
ws will use a ditfersol approach to Douglas' 1osbead of working with a
diferential system on the variational mowltiplier, we il etudy directly the
intagrability of the Euier-Logratige arstem, ad it @ ooore patueal. Thia
approach allows us 1o presant all bhe chptIvctions in 4 naktural and inbrinaic
way.

A me caw 11 the previcus chapter, the fibst nop-irivial case i Rhen
the dimeosico of the manifold 15 two. [ty study o5 ioberestiag, becanss
a1l kimds of abstyuctiant ko solving st arer-detectatied paylisl difarential
aystern arige |problemae with the Arat and bigher ordser compatibility, io-
valutivity, 2-acyclicty et} [o thia chapter we @ve the complate, cxplict
angd caordinate-fres clasaification of the wariaticnal aecond crder diffarential
i:ql.l.nhnns

W= pnote that Lhe apalysis 12 much mer= complicated on higher dimeo-
siopal wwanifulds becayse we Luve 1o bake Lbe eguation wvelving the our
vabore tenade inta cobaidessticn. However, of the dimension s Byed, bhe
gtudy i3 sralogous to the b-dimensicral cae

We asgume that the manifolds and the other objects [tenaora, unctions
ete.] are analytic If an object is AsAned oo the laogent boundle, then it is
assumed bo be apalylic away ftam the f=co s=chian.

We hate showno in Seclinn 5 1 that the Euler-Lageange cilferential op-
ezator 15 oot (frmally integrable lolrcduoog ot compatiboldy conddions

£}



] Varabenal sprays on 2. dimendaenad marfolds

in the syatem we defincd the differeotial operater F; The compatibility
conditione of this sacond cperator are given by the equaticne [5.7). Both
forme 2 4flp and ig!Tp are pem-basic. 1 dim Af = 2, then the spacs of the
sewnd-basie Lo i Ube toiwial aull-apace, 8o bhe aquation @ o0y = 1) kolds
for every Lagrangian F.

Cto the cther hand, a2 we paw in Chapter 4, uing the graded Lis alpebra
atrialed wikk the apray end the notion of the canb of apraye, we can give
sinple eriterin fer the exigtence of a solutiom of ihe ivwvere= problem. 1o
partcolar, oo & 2-dimensional manifold we have A% = 0 for every & = L.
Therefore the rank of the apray 13 datermined only by the dimeneion of A},
e, by the dichereion of the apace of rector-valosd 1-for e spanned by the
veriical endomerphieny J, the Douglas temear 4, abd ibe semu-Fasie deriva-
lions: A', 4" efc. Bince the squation (4. 10] holds identically, the vectical
endomorphism J does oot give agy mstniction oo the vanatwnal maltphb-
era  Therefore oo o 2-dimeoeicosl manilold the 1ank of the spray is ziven
by the cank of the (111 semi-basic kenser Beld (S A0A", A e we

rank ¥+ 1=rank {2, A, 4 AT LT o

Propoaicion 6.1 We kave

FLY =FL+ L

forony L E AT T and [ € O TM), where [' := Laf. So, £f
E H e A N I I _f,,r'ir’" wih fu, ... fp & C{T M), then for
evEry r 2 op o | ERere eTtst gn, 0, ... o € CUT M) such thot

AT = gaJ F A A

in particuler, the rank of the spreg asroof and ondp 1f (S A A" 477"
21 basar af the [T A -module apanned by ke tensora (S 44", A" .,

FILIE

The rank of the spray ooly offers the firet conatraints oo the gecond
arder solutizna. Howewsr, 36 15 aatural bo organize the study of tbe loverse
problem depending on the rank of the spray, as Douglas doea in his paper
[Choua]



Flut tprayd 43

%.1 Flal =sprays

We cansidst b thiz secljon the case when the apeay is Bat. Thix oeans
ihel Wb Dowglas tepsop |3 proporlicnal bo Lbe vectical eodoworplosa, bhas
bhere ewiets 3 Bunction A such that 4 = AJ. o thig case the apray has
tank O, and X s ieobropie [aee Defipiion 3.29). hMoresver, the sectional
cufratuee of & Laglapgiao ausguiate] withy 5 vapjahes {ose Example 3.3

Threurem 6.1 Strery flof sprog s bewally veristotol 8 o Beighbath oo
of a poant & € TA Y {0},

Froaf. Let ws conaider the aecond order differeotial operator M4 defined
i (5.4) 1t s cegular and, as we showed io the Hemark <o page 87, al rwecy
powmk v © TAF 5 fUY there exista a regubar second order bormal salubian af
.

Moreover, 38 we have thown (ef. Proposition 3.2}, a second ovder farmal
solotion (7 Ely of 54 can be hked jute o Jed arder sodeticn of and oaly if
iialfely =0 Now

Hallgh =i gltel = Mdrd By — Mdpy g &1, AL

soevery secowd order solulios: cazn be Lied jolo a Uhued weden solokion.

The theorem iF prowed if we ahow that 5 18 alao iovolative The con-
struction of & guasi-regular basis 13 ahghtly diiferent arcardng te whether
£ is horizontal or wot.

al The sprap 5 hanzonial

Sccume that the sprag ie betizootal. and Tet B= {0, fa im Sy, 02 = 0}
be a basie, with b, hoTizootaland v, = She Let &7 C 557" be a symmetriz
tensor, and set a,, — L&, N0, By, = B0hy 4 ) and o o= Blvs b From
(5.2} and [5 8} wr Bod that of & S go| M| — Betmai i3, Lhen

bua =ty = Bl 0= RSy = LR el Fy L E Ry 5 = 0
tay — BN ) = [ra P IR —
tgg — BES O - e IBNC -0



] ¥anehmmal spmyy om S-dmanpurtiod ansfdddr

Thacalare

L 4z My N

Mz mzz B0

by 0 e fim '
0 1] . R

gii 2] -

where the comprosobe ), 1%, o, Mg, 011, f1z 20d £y can be chosen
arbarcasily Lt us cooaider bhe basis 8 = {oy ez, 01, v} whemee, = by +1
and ez "= 5 + 15 + wx  We shall prove that this basis 35 quag-regular.
Liencting the new components of B by a;;, -E-,; and ;, respeclirely, we find
that £,; = c,; and shat the block B, 1 @ven by

i= TR T S
itz oz ten

Thegefore the compenents G, are delarmined by tbe comproeats El.-, by the
following relaticms

f1a = M,
B =ty — o = b — bz,
g = bag — 213 = Ipg — byg.

Thus, iz the basiz E_' an elemzob B € g:{%) ia determined by the compo-
nenks l-l:||I |'-I]2| &!'ih ||.||_|_| I'r,:, -!Il;] .1:r.||:|. Elgg. an

n u f] ]
LT TR T
O bn o o
U bz oz fen

gallyl,, =

Then dim g2}, — 3 hecauae there are oaly 3 free parameters: s, By
and Bzs. Moreorer

ﬂ'i[Pl:'., o= a2l o = g2l e v = {91
S0 we pot

e o Fpb+ Dl (gl Fal) |+ S dliem [gy( Pyl

—1.2 1—L2

= dimy;| Pl

FL/Fa.1



Flat aproyi w5
which showe Ebat the basie ¥ ie quaci-regular.

&) The spray ar not horicontal

[t 5 oot be horissntal, and conpeider the bagic 3° = {f) . hg,1 . 1y}, where
by = A5, vy =0, Ty =0y and w5 =y + L7 We bave

ey 4y by IR T

_ ey LT =t — gl =iy o)
Pl ) =l + ezl ik cut
=l +enay —lenr + 2l 12 g

where the components a,,. ays, 92z, by, o4y, 220 and 03: can be chosen
arbitrarily. Let us consider bhe Bosis B = fo,.oo, 9. 10} whers ¢ o=
Ry 4omg amd eg o= ha ol — WS+ 170 [ thas hasis we And that the aser
compopenty are & = o, aod

b= LT L £y 'f:!}*'ilz
—I:r:'|'| -|-|';”'|+:31;|:|- —[r:--_; +|'."'1'J:|+2|':;'_|

As i the previous tase, he Block &) can be expressed wibh the Lelp ob the
hlack by

fuo=t
I:f|_',' = |:"£I —'t'u

fap = I-';‘.e:e '-"'!:':'r = by

Consequently & C g0 i determined by its compenents: ayy, £z, a7,
tri1, Bz bag and Bag. So, i ga(Feb,, = aud

gl{ﬂl]rl_.u =§'1':-PE.']|!| LER =£|“']|:F2:|.-| -1y = El:l.l -
Thua wr nktain

dimaz( P2 % dim ()], + & dim(glF], = diogy( By

1= -7 i L:

which shows that &' is a quasi-Tegnlar basia



o Varational Fprapd on 2-diraerd ional manyfolds

Examplc 6.1 The simplest example of flat sprays i1 given by the follow-

IDE BFSETN

J't:{:'-

{1 coursr, we bhave ["3 — 1, A =1, 20 the rank of the spray is 0. Therafors
thie spray iz locally variaticoal.

Exatnple §.2 Apothar example of fat aprays 16 given by the aystem

S L TRE
' rn (6.2}
iy =yl
An casy computition gives: Tp = 8, T - % ] = (lasd ] - -ps.

Maoreover, 4 =10 and therefors the aystem [6.2) i3 locallf waeiaticaal,

4.2 Hank 5 = 1: Typical apynys.

As we boave semo in the previcns section, o 3=copd srder formal solutico
70 &, of the operater A caw Le §fied jgle a bbird order sojutien if aod
only i (f 48t E)l, = 0. Hote that this chatruclion ia exprested in teceme of the
unknown function £, 1o arder Lo abiain a capdicion o tecoe aoly of 5, we
must intredace ik ioko the system and etudy

w =
iy = {6.7)
iar = I

lo okber words, we have bo study bhe differentiol operator
e 0 250 — See (1T AT o AT

1o orde 2 aimplify 1he cobalion, sB thi seqee] far Lhe dxdoplo we dagiole sy (4,0
[eespectiwaly £1,, 1, )] 1he slardard cosedicatn syatam on 1he sweifald & (ropeclivly
om PR )L



Rapk ¥ =1 Thpawal dptdyr ar
defined by

By =[P, Pab.  where Py = {qddy. [6.4)

The problem 15 completely different accordiog to whether 5 a6 typisal aor
nat. [ 5 18 typical, then B 13 orolubive and the Cartan-Kahler Theorem
lears 10 a simple resalt Node that the clase of typical sprays conlaina
the homogeneous and the quadratic sprags which are the mosk 1mporiant
rxamples 1 diferential geometry, [0 the non-iypical case, the Speocer
robomology is oot trivial and the crsulls are much more complicated.

NOTATIGN. 1n the caquel, if @} wF a base, then we will denote by £
the comprmant of Ehe weotor Xoom e

Xi- 3 g {55

[o thiz aection we will prowa the [olicwing
Thearem 6.2 Let 5 be ¢ rank ane fypacal spray and © e T {0

fr)IF ,-1:'. 12 dwagercalizatle, et Jhy b5 Thy 0] Be en adapted fordan
base of ,-i, and o the femi-bons J-forme defined by pser = 1 and
a0t =0 Ther & 1 variotatal on o neghboriosd of 2 &£ 0 & and
anly 1f

Dogrrin=0 %X ¢ Rern, [6 6}

whate D {¢ the Berwald counection associated wabth the spray [of
Poeagraph 1.3

(21 If 4 iz non-diagenolizable, then 5 5 non-vomationad  However,
there epsts 4 regwlar Lagrannon associded B 5 of ord only 1f he
Junction

=gl —Logi+ e

pE%isles 3 newphborhand of o, where b 15 @ horzontal vector
Feld such that [hS he £ 08} 15 on sdapted hase af 4 i a neigh-
barhood of 2. fu parteeular, o 5 15 guedraiie or Romogeresns,
then the conditiott [ = 0 19 sdentecally aatisfied.



*E Famafagd sprays nn F-gymynpcong? manafoifs

Before proving the thepream we will showr Lhe followng

Letnma 61 Let 5 be g veriotional spray such dhat rank 7 2 1, B an
asseoiated Larmegian, ang [A 1 f= o 0% adapied Jardar base of A,

- If A e dagonadirable, then
Delt i) F 0 amd [Eelvache) £ 10, (B.7]
- if A iz ron-diagonalzable, then
Neim.ka) £ 10 (6.6}

lndeed, wsing bbe adapded bage {10}, -1, e equation £ 400 = U gives
e, ) =0 iy the disgonalizalite cace, apld N (e, fy ] — 1) i the non-
diagonalizable casze, But £ Being regular, we have Jocelly Jdei. {ﬁ%j =10

L.

el K)o Sleita, s
'JH'( el k], DElrs, b J ?E”

Therefor: we have the ineguelity (687 io tbe sua-disgopalizalile cose ancl
16 T) in the diagooalizables case W

Benwark, Taking the Remark of page b4 inte accounl, Leoata 6.1 yieldes
tbat in bbhe case, whera the Eular-Lagrangs ayatem with itz compatibility
conditions has o #ocond srder formal solutiene 3o fhat che tneguality (6.5)
or [6.7) is satistizd. 5 i oocn-variakional.

Let s retwrn 1o the Theorem 6.} The prool iovolves bwe alepes. The
first stap i to show that P, 36 mvolutive [Lemma 6.2) and the 2nd step
is 1o show that i the bypothesss of the theorem bold, then cvery pacond
order voluticn can be Lifted wlo 2 3rd arder solution (Lemmas £.3 and §.4).

Lewitna 6.2 The eperator By it mmeclutios ot @ 2 T4 [O).

1t su clear thal Py ois & szcomd ocder difrrential epecakor, & simple compu-
tation shews that the symbal 230 Py 527 — 4370 of £ 15

b Patell X, ¥ = alAX, J¥) — alA¥, JX), {50}
and the ayrobol o7 M) 537" — T & A7 of the prolonged system is
[rai Mg a3, Yo X AV JEY - A[X. AL, J¥)



Rpmk X = [ - Typacal prygr 1)

where i 597 e §97 and X,V £ F.
Indaed, 10 f, g be (5 functicoos bobh raviehing 4t =z £ T, we have.

AP [l S da X V) = gl —idpf Ay + df Ay KLY
= dFl AX bl J¥ ) — df [ AV )i JX) + g AX T — ay[ AV i T X
= ‘df s dgl(AX, Y} = Wl o dp) (AT, TX),

whueh grvet 1he foroules (6.9] of the sywlel of Py, Sibee g2 [Py = gdH 10
e Fp Mg Py, B € 8% liea in 97| Py) if and coly if the squations

IHE, FXY = 1,
BibX, Y1 B{hY, JXi1= 0, (5.1
BIAX. Y] - BLAV.IX:— 0

bald.

[f we suppase that 5 iF typical. theo it belongs to an cigenspace of 4
Oa the nther band, whis 2-dimensicoal cigenspase is spanoed by A5 apd O
[s=¢ Cocollacy 3.1%], so from Froposition 3 B, @5 aod ' are properiional.
Takiog ks accouol thet 7 £ 0at o2 TA S (0], we bod that 25 = f..'-’ L.

The proof 2f the lovolutivity is slightly differeant in the diagomalizable
and w tae ooo-disgooalisable case, s0 w0 wll bzeat them separately.

a) 4 dagonaiizable

Let s denote the sgenspace groerated by 5 and © by 2, aod the corce-
sponding sigenvalue by A, Let ws zopsider the base B — [4. 1 har2. o
T.. where

@l M e TENas,
M N = RE
fodR —w, - 1

Writiog the equations (.10 which pxpress that & £ gz[ Py in this hakis,



114 Vortatlotal Sprapd ol 2-drcensenal mondfolds

we oot
Ol v =0,
Rz ot — b,
Az (6 11]
£lha ] = 62 Dlugoep) = L
il va] = Bika 1) - 0.
todeed

BlAl . ve] = Bidky, vgb = 0 by (6.0 then A; Fing. 1] — &, Biog, 000 = 0
L =0 1] h.a'l'z lB'I:1.'| :_1:;:I = l:I

|ﬁ '.I:._l

H[J-'t;g:l']:l = B[.flll I:|:|_:l .U[U.Sl 1'|_,l —_ .UI:_S |.-'|_|' f.g-.u{l.lg.ll]'| - Hllb :I.l|:| 13,
1 I.I'Iu

Hlkz, vy - 85,0 - BIIT 500 ' —gE Biag, .

Biky. vzl — Bika, o) 2

Henre

9z Py = {( :: i:_: ).,-1.:

sodim g f31 =6
{2 the same way, g3l = ol P2 ged 71 0 gs(Pa), aod 2 wensor
A 507 e fouwd i gy [Py} of and coly i bhe sgquraticons

e A g T et =
bz =0 cqx =, By = 53 oo

fE 5 Y] =
BiX h¥.JZ) - BIX,RZ. JY] =1, [$.12)
MK AV, J2) - B(X. AZ. JY| =10

bald. 'We noke thak P it & reguley opetalor o & psighbarhood of © £
TM % 40}, 1t is easy ko check that thic syaten conlaing 12 ndepesdent
equations; 3t ding g (F) = dim 557" - 12 = 8.

Lel ue copaider 18 hagp: {? = -:t:hn::gl LI u;]-. w hepe
F-i= Ry + 1y, and Fzi= Iy + oy + 1y

and denote by a,} vi-0p the coefliciants of B in this basic. [U iz saay to
pee that the alements of 5. [P0 are debermined by the components &, &2,



Rank Y =] Typard sproya. 1ol

e, Byg, é*|i-. and E'z-z- Hem

m (], — 2.
d4im [j‘i]f,_r-_. = dim |:5".'_|!| L = dim [-.':-l‘i]h Pp oy Iy = a,

and so
dim e Fy) + 3 dun{uzd P} + 3 dumiyai P, RNEY CIE e
L=1 k=]

which showa that the bage 5 it quasi-Tegular, and es £ i invalutive,

b) 4 men-diggonaizaile

In thit case the iwo egenvalues age equal. We set domra A = 4y = A4y Now
5 lim= 1o the migenspace & becagse 4w bypical, aod by Provosibieo 3.6 bhe
vecters &5 and 7 gpan AL Let iy & T awd = JFy he veckor Gielda in a
oeighborhood of £ ¢ TAF eo that 1Ry, kS, 1. €0 pives an adapted Jordan
Bage af .

[l us consider the base [y 5, 0.7 ). We bave B € go[F] [ and only
U the equatioos [46.100 hold, L.

H[.ﬁ',r.ll]- = HI:F:.F] =1,
A2+ Efﬁl:ﬂhli:'] =1,
Bl Cl =1

Henee

Qg =" fay, T2 T2,
gy =Py =0 o =10 |7

A: b
Ryl = oY )
2215y {( |!:|_.-| Cir =12

where the parameters a5, 932, air, b, b2, a0d oy ace arbibrary. Therefore
dimga( F51 = 6.

Let us wow eoveder Whe bagie & = {21, v v b whete o) = R and
#z 0= 5+ oy, and fet g, ﬁn” (A%, be the coeffejents of & in thia basie. [L ja
masy ko see that Lthe lements of g0y} ace detecmsibed by the compomests
@iy eads 2z, Biry By and by Conssquebly gui Pyle, ie detersined by caoly

tora paramelers dga, amd bay, s dimga(Pely, = & Moreaver,

dij.'l:F'!-:'i." w = d'i'mlhl:FE:lh.u.m = d:'n:"yll:PI:lfu LTI T M.
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and En

r =
Gim gl Pyi+ > dimigi Pl + 9 iln [gai Py} =4

HE AR .'Mr_
a=1]

It is easy to see that, as 10 the diagooalizable case, dimga( f5) — &, 52 the
base K in quasi-regular and Fi is inwohatiee. Thia prowss the Lemma o

Lemmn B3 Let § B oo rank 1 sptty 10 that A 1x dingoniolazable. Then
CETyY r:'gu.f.u.r Frd order folution E'_f F_J con b= ['|.'_|"|!4:|:f info o Srd wrder
safuteon 1f and anly {f the condition [8.8) 15 satesfied.

lgresd, 1=t us cowsider 1he wap
(T T & (M s AT e (T @A) —— AT, @ AR £ AT
defined by v, = 7. 74, T4 ), Where

B Cp Ui X, Y] = BJX, 1] - BV, X,
TAlB.Or DX, Y = B Y - BiAr, Xy - s0ri5. 0,
(B Al V] = (a5, XV = BiAX. Y + BAV. X,

aipd, congidering an adapted base { A5, h. . Covp ool A, ket r, be the fupction
Lo (T e T e T e (T @ AT — R
deficial by
i AT Oy = Bivg, hed

LTI, 8, Ra] 4 e Calne, 8, R ] + i Cale, 8, h).

g = A

for e T w Ty, O e T @AY, T T AT Let us provs Lhat if
aue pube K] o= 0wty 3 ), then bhe pequence

ST 20 T eI e AT & BT PP KE —— 0

is exact.

[ndeed, it 15 masy bo check that rank oz{ Fs) = 12 On the cther hand, it 15
oot difficalt to see that the four equations defining Ker |7 re} are indepen-
dent (using an adapted base, the becmes D k0, 2es, b v Ry ha),
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408 Ry ka) are piveta for the equaticns /- = 0, 77 = 1, 74 = 0 and
T3+ = 0 respectivaly ). Therefore

it Kerdmg s 1] = 4|||:n[T' T .‘I.ETIT = ."L"T':]] -4 = rank ;[ Py],
which preanes Ehak the sEQUENCHE ir 6% act

Thereby a 2od crder solubion j2{£) of M san be Lifted iobo 2 Jrd order
solution if and oly o {m3 & 1) PR = 0. How

((rs )W (FE]), = (WAL, ra FIAELLVISE]D,

The computation on page 30 shows that it ¥ M B, = Girlte. T401g), and
go {VFE}, =0 O the other haod

A (VIR E)) = \Lsiadd) Bl - (dafi E)y = (faddrEl (6 130

Since rank ¥ = 1, there exict o) and g pach that A" = pyd + e d Thus

[T VP, (s wamar@di e 2 pliadd Bl -0 [5.14)

and

(nTIFE)] =0, (6.15]
Mrcearer,
ETLFE L = (b (e - s {5 irlhe | S, hy) + rf"ifr.u”s[ihﬂ]],

£ e {TIA. |',4!’EE{SJ::-:';|
I
= {eateian ) = 12l (RS Aad = LafEELY. Ao + Fad18 22)

and dug = £, a2
Gupivy, hph = v gl B Ru) — Rl el S 122 + DR (S, [on ha])
T'hus
dhoglvz bg) = valtp[5ohg) + bt {8 egh = —ip(5 [2q. hyl)
and tharelare

V(P E]ly = islelpg el = 10tbEFles fell (G168}
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Let o £ T, be the semi-hasic 1-torm defioed by a5 = L and alie] = .
e hags

A= AcS o+ (el D

where & = A — k. The equation i ofbe (T — O @ives [Aad; aicleiz] =10
Thic imophies A1~ = @i O, Thus, by Propeaition £.1 aod equation
[6.16], tha condition ~ Tt El, = (13 wdentizally satisfied by Lhe regular
aecopd order solution [J 2], if and only if

e [Floy )] =10 {517}

Zince &y £ ot 11T and o Flha.J b)) depends ooly on the value of ko ab
¥, we obtain

e [Flhz, Feel= 0 [FRy, M) = e (F D bnde = [Da 0] lhels,
where [7 js the Barwald connection. Thus

IR (P By « 0 Wasd oply if (Duxd? i =0 ¥4 £ Heed,

Lemma 5.2 and 6.3 prove the Theorew jn the cags when 4 ja diagonalizable.
e

Lel us auppode now that A ie nop-diagooalizable. Fisily we have the
tolloming

Tormnrk. I F o8 a yepolar Lagravgian acenciated to 5 ob & neighbor-
bood §F of & TAL Y {1}, then svery vector + € [ has oull lenpth.

Indeed, & bas to satisfy the compatibility conditron Py £ = 1), . the
equaling z".fIEE - l:l: oo [, C-nl:npuli.ng il ao 1he weriazs 5 and .|'|.; we find

1 aTpi 5 Ral = THo{ AR hol — Qi Al 8] = - MIE[(7. 5]
Comeequently 11500, £ [ire 0. and therefore 5 is oon-varaticoal

1o qrder t prove the second papk of 21 4 Theorsw 6.2 we chow Lhe
{ollowung

Lenuas 6.4 Lot X b a rank 1 spray unth 4 men-dizgonakzable, ond
r € TH L {0F Ther every regulor zecond order formel safuficn of
can b lifted indo o thaed order aciutton n oo f and ondy 3f C(rh =0 M



Rane L — 1, Th'p:uﬂl iprmya. 1n5

prrbicuinr f § 15 quadratee ot homogeneows, then every second order
Jormal solution can by Lfted tnée ¢ Ind order solutsomn.

Let us consider the map
B O Cal s = B0, R
+ Cathe. 5,023 + 62 Caitn, 5 hej - § Or(€, A5 o),
where 17T, by 7, ] s an adapted base of A. T we 5ot K5 = lm{ra 7.0,
then ihe zequence
ST 2B T g (T a BT AT P K

15 exact

lodend, the Inur 2quations definiog koer (v 70 ) ace independent, since
Blwy hpd Op (5 By e 74050 4 fa) aod B(C, ke ) are preots for the egua-
bt 0 =M, 14 =1, 14 =0 and v =1}, Therefore=

dim Kerimy @ v] = dim [T* 2 (T 0 AT 0 AT -4 = rank oy [ P,
whith prowes that the sequence is exast.

T compute the compatibility conditions of £, let we coneidar 350 B,
a secood order focmael solution of I'% 1t can be lifted inte a thard arder
sulution U aod ozly af (718 0V (PLE], = 0. The sfame computation as in
the dagnnabizables case - actyally coly the debnivioo of the functicn 1, i
different — shows Lhat [£.15) lulda, thur

[Ars 0 R IFILAET = (nRIFE]L 7P E]] = [0 R THRE),.
koreover, we have

- AE. -
- |:'C'|:'-'5[flaﬂ'+ft: [afipt B R HE 0 a5 ) — 30 [ar e {hE, h:-}]}
= e = Legf + 8N Npler. B = Clr) Neles. S

Teing Propoeitiom 6.1 we find that ol J[r] # 0, thes Lhere ia oo regular
formal solution & of Py satefying the compalibiljty copdibions = Vi PR E] —
(h. [nike case ¢ = () we biod tbet every secopd arder farmal solution tan he
lifted inte & 3rd crder aslution.

If the gpzay & ie quadratic o1 hemogeneaus, thes a5 = [, 5o {,;‘.'. =0
the ctber band, the horizontal projeciion f ia also hotoogetsoud: [, ] =10
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and tharefore wjhy, 7] = (A, €)0ha) = 01e €82% = 0, Thoa ¢ = 11, and
every second order formal solution can b lifted inko & 31d order eclution,

Lemmas 6.2 agd 6.4 prove the Theoretn 3o the cooe when *1 I pon-
diagrnalizahie.

|
Examnple 8.3 [CPET). Lek un ronmder the system
{i‘ = —ing [6.18]
i1 = 13

HNate that an the eywtess (6. 108) 1w bamogeasans, $he carrespooding epray w typcal.
W hare AY = 5, and 5 in ao eigeorector of the Douglas tenear 4% 2 II[I'I Sy =
&, 5] =1 Aneawy compataticn pone

I. = K2, r-li =1, Fi =0 r; = -,
Al =!B-;, Al = —Fpge- _.‘ﬁ =. _,q_; =0,
Al =), =Byl AY=n  al=n

Thae rank 5 = | 30d 4 ix diagopalwable Ao adapted base w offersd by the
eizenrectam

hy=5= y-ﬂi."’”ﬂi 2J:I'II--‘aﬂ. +5':;;
h —i+ ..i

Il il

g — -ﬂ_

T A

Simee [Ag,vz| = 0, Whe equabion (6 17] bidde, 80 Abe cooditaom (£6.6) 1 idenbically
wbinfed far every eood crder selulian j;I:E]r af M. I fallowe from Thearem
5.0 1hal ili= vpnay 5 s vauiational
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6.3 HRaok 5 = l: Atypical sprava.

Firatly, Isf us note that, i conirast Lo bl typical case, there ar= go ob-
gtructicma to lifkiog the s3s;ond ordec furomal solutiooa of P indo a third
order solutione, when the spray is atypical.

Indaed, 2 it the typicsl case, the space gl P 15 determioed by the
erualiota [£.10) and dim go{P] = 6. But if 1he apray & popbypical, then
rank a4} = 13 Defining ) by =5 = (0, 14, 74 1, 36 e did in the ippical
cage and &, = [mr;, we obtan the exact aoquence

gips IR e Tr A AR Atry) 2 By —ep (619)

Sioce [f VML = U, for a escond crder formal aolution 5515, epy 2od
order formal solutop cao he lited to a 3rd order one.

Despite this facl, the joverss problem for atrpicad sprass is much more
cotaplicated. becawse the gymbnl of [y 33 pob imvnloture. Indeed, io this
cage we hawe dim g Fa) = 6 and a5 for aoy o € T, don [y (bl = &,
[becanse {8 = ¢ riglds 2 maxioum of four squations on £7 € g2(F}). o
the cther Land, ilirm gad 40 = dim 537" - rapk o300 - 7. and 6w o7 ooy

basia 8 = [r, }1_,. we bave

LY
dim g: (3] < 3 dim{glt5)),

k=]l

¥

Therefere a quas:-Tegular bagis does net exsk, eod Py ie wob lovoluative,

Foke that imvolutiviby ie Dot oeceseary for the formal integrabilicy: &
acyeliciby suffices. Unfortuoately &5 is oot 2-acyclic: there are noo-trivial
bigher arder cobomological groups m the Spencer complex  This means
that chstruckions [or intlegratilily anse in the bigher ooder prolongations,
This is the repast @by in the sludy of atypical sprays we peed to prelong
the srstem.

Although the study pressotied 1o thas section maF seem too comphicated,
wr will expose jL o deball becanse 4 may b instrochye to gee bhow all the
difficulties of formal inbegrability appear and cao be polyved.
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€31 MNon-trivielidy of e Spencer cohoruologp.

The aitn of thie section is to compute the Speacer cobemobogy groups of
the opeentar Py and in parbicular to prove the Eollowing

Proposition §.2 M the atypice! czse, the operator 5 15 not B-aoyche
The firsl non-trainal Spemcer cohomeloponl group fs HE{P:.].

FProof. We will begin by showing the folowing formola;
dim gy [(F] =m +4 [&.23)
far amy e = 0.

To prove it, we introcdwce the follewing notation. let ©F be a differential
aperator and put

i1 = | B & gml Py | W"B =0 {6.21)

O congee (3, {F)] = n [FIE™T.
In sae coss the eleoeenks of {5 ] are evaluated o st Jask one vertical
wecior and =0

Fml ] = 5Ty i G [Pl i6.22)
Since dim S™T = m + 1, we bave post o prave Ehal
dim Fm{Ffa) = 3. i6.23]
The praod is elightly differsnt according ko whether d ie diagonalizable ar
ool
a) 4 15 dizgomahizable

Froperte [.

Lot 5 &¢ o rank 1 atyprcol spray ord suppose that A s drag-

onalizable. Then:

{1} the sigénspacar A, of A are anrariants it respeacd b 5,
e |4, 5] C A fori=1 2

(8} Lt pr, k¢ Ihe progecskien on the mgenspace A,  Then
P A S) £
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Let ue provs (17 Consider an adapted basis {hy, v} =y z. We have to shaw
bhat [4,, 5] ¢ A, and 0, 5 £ A, i=1,2 If Ry, 8 an sigenvectar of 4 we
bave Ah, =tk 5]] = b2, and 3

rro{afh Sl =0 dor £ £ 5 [5 240

Lmmre rank s — 1, A4' is a linear combination of J and 4. Hence tLhe
sigenopaces are invarant by A7 Do the other hand

ARy 2o[d, 8)i) = e[dh, 8 - ARG Y] = (e, 8] - AfR 5] = - (5800,
+ A w[Chy + S0, 51— AfR 3] = —[SA), + (L J - A){[h,-3])

and A — AJ = & pr ), 2o pr) Th[Ay S0 = 0 for 7 # (0 This equaticu and
[6.24) show that

k., 8] £ A, {6.25}
Morecrar [, 5] = b, + J R, 5. a0, by [5.25).
[v.. 5] € A, {626}

1= 1.2, which proves [1)

Hew, we will prave (2] Lot {&ividiors e an adaptsd hagis bo A
Uming the notation (6.3) 1he spray 15

& & & -
S ot Lt FE W E

We bave %o shew that & # 0 ond & £ 0 We bave (h5): £ 1 because
JikA = & aod O does oot vanish ab 7 ¥ 0. Thaw coe of the corflicients
Ef. ic diffecant from O, aay E:.E'. £ 1l Lt un suppcss thal Ef} = (1. Sibce 1he
apray be atypical, § f Ay, e0 £ # 0 Now hS = £f &y ia an eigenvector
of A, hence we can take k; = h5 and thersfore w; = & Thus we hawe
wh = &8 L+ Siwe Simee £] £ 0, vE £ AL New uf = v(I'5) =
uflf 5]E - o, 8] and £ € &, Sioce &, iF invariant by 5, a2 we have
juat saen, [{, 5] showld be in A, that ia [, 5] = ek, + 1. Hence oS = by,
bhak e w4 £ A, whith leada a contradictien. Thue Froparty 2. iz praved.

Let us aoer returo 19 the formule (6.23].

BoTamon: Th ordet to fomplafly the totofaen, we will ute the tyrnbsi
o8, af the tecbor o £ pepeated & Hmids 1m the argument of a fymmisirc
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baisor t.a

Bl..o* 0 .=D. v .0 {6.27)

To prove the formula we will show by induction that every element B
of (FmiFa) on = 0 s determined by the thres independent paramstecs

Bnlh? '}, Balil vk Baldnt! ek (6.28)

Let mo= 2 and By € miP). B i symeseteic and catisfies the eguations
[6.100. [Uaing aw adaptecd baais, these sguations hecone

Ba[3 e} = BaiFom) =10
H;[’l]lr.lz-'l - H‘-!I:h-zlr.q] = fl, {EEEI}
Sl tq] =0

A direct computation shows that dimga[F:) = 3 aod By € ga( M) is deter-
toined by jbe components Halha . ugld, BEx{v) ) and By lue, ol

For s = 3 Whe =aplicit cowputation sbhows that By € (55 [P p ia de
beymined by the compeoments My(hg, ey, ey, Sadag, by o], Balty a, vz,
Thess parameters aps independent, so dim {41 = 3.

Let we apume that for any m = 3 we bave dim (R 5 (M) = 3, and
that an element Ba,_: € Oimo((f%) i determined by the components
St o dRT 02, B (0711 and Beo_ 20 ') Simes 5, (M) i a lin
ear aubspace of T @0, FMy], by the recursion bypotheis etvary elément
By im G Pad g determyined by & matimum of 12 components:

Hl'lll:'ﬂlllll';‘n_glt'l'!::'\- E|r|.'['--'|:-'“?|.ﬂ_:l_':'| H.-.-l|:ﬂ|:_1-';1_:':l [Eau:l

i=H, .4}, where fe oz o = Ry 5t o0 Prom (6.20) it Folloers that
Do € gm{ %) i3 chatacterized by the equations

Bl 5. 1. . 0 =10
Bl Byvotie = B hen. 1, i, (£.31)

1
LY [ A T B |8

£ = 1,2 Thug for the componsnts (6.30) we have . B, (b, 1) = 0
Erltz. )" "} = b By 1 =0 Bt 0y M0 =6 Bl A7 7 2] =
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i}, and the follownng relations kald:

(S ff ' m
.Em [h|.|’.'l' L.| = _T;L H.ql.1.'l ]}
&

5
IR ST 1 . 1)
LE]
£ =1
Bofuz 00T 4y = .[‘*T] B (v},
hr
£i 3
Bofhy B g =—%H.q[h?".vz] - —;’-.B'...Ifw.h?‘z.wj-.
LT iy

Thereltte A., in determioed by s components (6.28]. This proves the
formula [B.22] whea A e diagapalisable.

i) A is non-diaganalizabis

Ta prove Whe furwela [6.28] ig Lhis case we peed bhe following
Croperty 2.

Let 5 be o varighionol sprog and suppose that A s aet dizgo-
nalfeutle Then 15 5 nat on mgenvector of 4. M particular,
1f -|'|'|.|-,1-'.]-1_|_; 1z @ Jordon botes adapied Lo ,.-i. wedfe My e —
Sl apanititd he sgen-disiribulion A and Wy = Jkp tpon:
fimg fhe ofher chardcieridie Apace, then .f;?t # 1.

Indesd, 5 & & , 6o either £ £ 0or &, # 0. Let 03 suppose that £F = 0;
e Can chooes B3 — A, scthat vy — O, and we have 4h; = Avg 1 O Thas
0= AR0AS, bt s (ITARS Ma) 4+ THAS, AR — Aldley ha) 4+ AR Ry, 22} +
5 & =145 7, wharh 15 excluded by Lemma 6 1

Let ws oow prove the formola [6.23]. We will show that, ko an adapted
lordan basie for A, an slsmeant Sy £ O (P2 ) 8 determuned by the compo-
nents

Ooth™b s, Baloar ™'y Bl (8.3
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lodeed, in an adapied Jordan basie the squetions (5.13) Jor an element
B, ate:

Bri5. v, =1k t=1,32,
{ Ba(ky. a7} — Baihg, gl =1, (5.22]
Hylt.1q1 =1
A dir=ed computation ahows thab dine G2 [(P1 = 8, and By £ G0 R 9 de-
Lerriitied By the companetbe Ao (hg. ), Bylog 4] and Byi1y. 2y ). Likewrias
By £ 791 P)) is alsg deterpvioed by the these componsnota B, bty 5,
Balirg, vz, rn] and Balag, vz, mel, 8o dimdry (R = 1.

Ta sbhowr that Jim G (P = 3 fox 10 > 3, we auppose by induction
that dim G, (] =3, and that Br_ | € Gmea[Fr) 18 determined by the
components B 00 "5 1), Smoafoe, ), Do {nf ')

Since (¥.0 %) 1% a boear subspace of T 2000, (M1, a0 element B, of
{in i M) s delermined by the cnmponents

Bm{fl |'|I15n_.-l-1'2:|| H‘ul':{'lrl'l 1 !"jm_z:ll II-qu'l. [rl".l-'l?_ :II {qu]

i = [loowid], ®hore {e b= o = (h03 ] =00 But B © gl Py, o the

equatians

EBol B .. ]=0  di=0L2
Bl fy. Juz, p— flplfige g, 1 — 0L [ﬁ.ﬂﬁ]

Bl v uy, =0

bhold Uaing thess equations and the pymmetry of I, , we God the followiog
enlabicos betwmen the compooents (6.34)-

- B30}
Brity, v, 5 FE
N L3 H
ENEﬁE-uI.l'? 2] .Ei'-'l.l _:_?_E.m[vh.'__iu J:l.
b |

L 3 . a. : . -
L = Em:..&z.t't..t'!m JII = —%;E"-_ll::.ll;" I}

Ay

Baity. gl ™"

To Gnd the relations hetween the olber components, we notice thak
B R 611 and Beihy' ' o by ) can be determined witk the help
of Br(f. 0" ), Bafhd.e ' fey ) foar any Lonsnch that € {2 m - 2.
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[odwed, we have
TSI SR - ok
- -Fﬁ.ﬁ.. LT ""h’f -1 ’I:"“'Ifhﬂ[i'lnhz.“r - I:':-'ll::l
= [, Bl e i :“sm, e e,
A L ¥
and aa
BI:JIH-I. nt |- I] I.E;ll-l
=—IET|:.,:._B[J|.,i'|".u§"*"'1+{fIB.:1,,_J|=:.,|;{”"'}+£f]B[a.¢,-'n ay iy
L}
1 el =i =i £ i
=--5-c¢f._5rh1. ! ]+ 5T B e T )+ £ Bl her TN

_—{[E.'qli :e __, +'!'::||: ;f: ]_E.[ ant 1"-]+3:;;B':-L‘2,I'L|5.,r_u;"*:"|:|:|_

It fallows that Bm(hs vl *1), Belte, AT 49), Bmin, 5 k) are deter-
minad, by S (o b and B, AV On the other hand

B lly it ) = ;T[{flﬂ[h-g..h}'.r.u:- L2 Blua b7 v ) + £5 Blu AT w),
".

hepce it ix Alen A=t ermuen=d 'I:|!||' Lhe rnmpnnr.nls |:F| 32}. Sinee the :nm]:m'.:-:n!:
of [6.32) are iodependent, it follsws Whal dim i) = 3 for any m = 2
apd] thia proven the Jorula (6.230. &

Let ve now prove Proposibicon § 2.

HoTATIoN  To desfimguzsh the maps § appearng tm the Spencer e
quence assoceated weth v differenfnl cpergéar £, we demode them by

i mlPY. T g [P — AT % gmd P, (.36}
upel
Famif™ AT % gmil] 2 AT Sgn (M (537
Ficatly Lot we compube the rank of §; o [F;!. Sioce the sequences

1= Qg — T g —r ‘HI":E:'Q-,., 5 AT ® gy — . {8.38)
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are cxack in the terms g1 aod T @ g e Bor Aoy e > 0, Bocodding to
[6.20} we have

rank &y (P — dim (T @ g 1 [(P1} — diin gy 2 [Py = e + 14 [6.30)
for m 2 2, and wo Tank § (P31 = Bk
Conaider mow the aaquence
[t R A F o O gl o SELEN S ol T A
[£.40)

Sythow it i3 exact, Kex > o determined by 15 independant equatione. But the
worphisg & 2{ M} s bhe restriction to 5; o0 the subepace AT S, (P, 20
tbx prakene & ;0P ) = [ coovaing @ marimwem of 15 independent squations,
and thue

dim Kerdg i Fy) = dim A%T* g (Fy) - 13 = 21,
and 10
o HE (P = 1,
which proves that F4 19 oot Z-acyelic. & dirsct computation shows that

dim HE{E) - 1
a

The shabrtciion da the aecond Hfi

Since HI{F] #£ 1, some chatroctions ariae Lo lifiiog the second crder formal
apluticns of Fx twice. [0 thif eection we will compute them.

Propositicn 6.3  Lef g — f108), be @ thard order solulion of F5 ot 1
The semi-banc tensergp € 3207 o AT defined by

2l X, ¥ 50 = ;[:‘.'"E':'rﬂ;][.-l.‘:,ﬂ“ T - TV Ry RAY LN, T
— (WA e b Z U X Y + {UF 100 JE, X,
where ¥ i an arbitrary connection and e = &4 E, depemds ot 1 oondy

en Jal£, (fand nat an e fourth et of £ gt ) Moreower jo(£]- can
be lafted to @ 4 "order spiutton af and omdy 4 Gce ], = 0.
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Froofl Let us dencte by £9 = [Fy. W) the et prolongation nf Fy.
To pimpllr ootations we w10 uer

= TE 2 AT 8 A'TL
Then FY : O={TM} — Py @ (T & Fa) is defined by
FHE) = lwe, itfle 1400g, R, Virlle, Piallsh {5.41}

A standard computation which takes iobo account that Pl (E). = @, shows
that

(e 1 5, ¥, B AP = (AT, AT e X0 7) — Rl AX (Y, JZ)
+ .qx{E(ﬂr_ﬂh 2T, ¥+ Dl 2, R I - T 2, LI'],_I":"J}
el
- A}’{E |:ﬂ;_--:|.'1 B X+ Uet)E k] XY — )2, :;1..:1:.] _}
gl

- hE{E[ﬂa[ur_-'. AX| ¥1-el S5 AY]. .T]}}+[h &, AN eV L)

rprl

+ W[ 3 (Aef| 22, 4%, ¥} - Qe{| 12, AxE YY) } -2, avInei X, 1)
E o |
Thus formmla proves that (g}, is #emi-basic and depends oply on the hird
arder j=t of F a1 .

Let us now compute the batruction to the second lift. Note that Pf
if & thard order operater O ooarse s sesand order part does oot appeat
o the symbksl, o -ITgI:PBI':l - U x s Thus to cowpute she apace of the
obstruciion we vuly need to construck ab expek gsjuence

gire DB grpeg g UL K s, {6.42]
becaugs Coker oy (] = Im {.!dr_u‘ x 7| whare L S deooles the id=h.

ity map of 777 6.

Let ne propose =} := 2 || @ry. The tmovphism 1, ie the first prolongation
of the wouphism 77 defoed m Lemana 5.3, We have the following diagram-

rI
57T @ F - T Ky
e
IHH __.-"-"‘"1' e
T @ (P e f)
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New im N3 A = 1, hence  cim{lmes [ P51/ Ker rf}— 1. Therefore, e
arder bo find Lhe myack pequance [6.42] o have to complets the morphicm
1 #ith » aew o, Which givee exactly one new indspandent retation with
rexpect to the systern defwed by Heor) . Lat

SITH R Ay — AETE AT {6.43)
he bhe mocphitiy defned by the farmula

T a8 By BaH XV, 2,00 = Balhll P2, X, Y] - BalhZ 20X )
+ 1 [BrlAX Y. Z.0) - BridV. JX. Z.00).

where [Bs, Br, Byl € ST 25 and X, ¥, E, L7 € T. It is easy o check that
the equation =), 4, = Wit independent of the squation 7 = {). Therefors
the xenuencs

ﬂ'llF;r:'

i VS aE, LR e (6.44)
is ezact, whers +] == 7} % mp 4, and ) = Im #]
The diagram correspondiog bo the prolooged cperatbsr i

cat Py | L
—

sire (T E B (S LELL R £l =0

| I
A — L 2EY pim Tz AN

I.i" l:u 1:..

Fy —— R TR qoert w i

Thus the compatibality sepdibien for the first proleogaticn of F7 s
ff;: X "'.;.'..m][':"[F]! E]],= [ﬂ‘. Vita Tl [wpl ).

Mow ¢ (1 e variehed ideokicalby and Ltbarefore %2 111 e = (). On the ather hand
& 3rd eydat formal eolution £11&], of Py satisfies the mquatione i 45kg), =10
mud [ Wi q1tg], = 0. 5o, Dcc the rank of the apray 18 one, A" 13 a foear com-
bination of S and A and tbws (% 4.1 ) = 0. Therefore the compatibility
condition Eor B} i given by the squation », = 0 only

O
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6.3.2  The taverse profdemn when Al durgonniczalie

Az we have asen in the preceding sactions, if we sbudy the differential op-
eratar M e Lhe Buler-Lagrange system with the first compatibility coo-
ditione

il
Ealle = 1,

Il
=
H

{ up = (iadd) +dfe - d)E = 1,

a lugbher order compatibibity cooditicn appears. This obatrwction, noked
a3 vy, cal ko second or third order PDE. Thia leads wa to define three
different kinds of sprage: reducible aprayes U -2 6 of the second arder, and
aemi-reducible and eereducible gpraye if ik ie of the third crder, accordiog
to ibs complexity  Moto that bhs classification is very close to Douglas'
classitbication of separable, semi-sepacable and non-sepacahle sprags, bt it
s ot exactly bhe same.

G.3.2.1  Reducibility af gprays

Lemma 6.5 Lel § b oa rank T alppical spray and suppose that 4 15
deagonalizable. [t j1{F], v a Frd order formal solution of 75 at 1 €
TMY {0 and [l 0}z gy 15 ar adapled local tavir on a neighborhood

L' afr, then

H z
(op): Ry, gty hpd = E winitgha, ]+ z k(P 2y}, (645
1m] 1=1
where 3; and k; are funciiars on L) dependeng on fthe B, b, compieicly
delermened by the sprap [Phewr defimfagn 15 gnen By S6.35) resp bp
(6.54)).

FProgf Let £ be a Lograngiao oo A such that 0 00- is 2 3rd order
solubion of £+ Mots that '1e depreods on the second ooder jet of £ and so
the leims

wpdieieg, fy )y v llgley e Rlleten. Red, Meltelv. Ryl |6.45}

comtain the thivd derivativea of £ W prove Grt 1hal Lthay can actvally be
prprrecsed at # o terme of dhe coedicienks of §) g, wibhogk gk deppvalives.
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Lince the J-form by vanishes idenlically on the vertical bundle, we hare
Mgty 1] =4 On the ather hand (VP EY, = [, an

(VA Ry = Iy (e Ry ]:I =1
{E‘F.{}:I:.ﬂ;:'h':l ;.:I = [":'_I - ':l' :Il {I" nblhxlu }} = u

Simem &) — kg 2 01, we ot (v, ﬂg[h“t',]}z = [b for 1 £ ;. borsover,
Ny = defr B 6 an exack 2-[oem, hence

dlbp iy, vy ) = wlkplv) b ) F v gy, b + B0, 08
—ftei(e, 1) by ) = SEpiluy. By o) — The(lh, ) 0,0 = 0.

A ety by, i) = I g (i, b)) + 1l el By + BTl e (g, o))
—tp{[h. ). by d = Nl A L) —The{ Ry k| v,y = 10

BD
vlteie,, gl = Sl mg), bl + ﬂE{’fi'J Jsloe ]+ Rpel[hy ] e,
and
R wie,, = Opllfs, o] 00+ el gl 0+ D[l ] w0,

Fa1 & £ #,4.f = 1.2 Heore theae terme can be expreased with the help
o {1z withowt its dereatives. On the other band, [irftg)- = [ and
[ia5lg}: = 0. Thus = have at 3 '

wdigle, Ry b = x5 Diefo, b + 58 Sheley By,

, ; :. (6.47)
.'1.._”5'\.1'_;.,.'&_,]' = !l_'l,hﬂ;{#.l_-, . I'i_?:l - xn.”ﬁ“{”' . |'1.]-.
where
. vy &, [ERP R | W,
Xp, = —& ' =§., L '
' " e (B.28)

Ik, . ||

" Ie g5y [ 2
?-l:.';. = fl'., ' xp. _"ful fk '
for £ # §. Uring theas formoalan, we fod at =:
elhy by ey Agh = f Relty R} + e (v, hg)

+ (g = 3 { Pezamal{f2pia0. 1) = [ {Tr (eg, ve 1) .

W% are oot wsiog the summaticn copmctico in Ehas paragraph.
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where the [, are fuostioogs on 07 depesding on by oy

o= e M= altenl g mylial 4, thL" Mg e et
— 3 clm ., I‘EI" 1 |+ A, ‘ll' 'IIE:" . .!II:_EL.P:..HJ‘I'I.I 1. +-':|-|.IE|,: Ja ]

Tru,

+ [ = ah (gl wlglhen g et} - g glrabiiglen b

for € # j, 6.5 = 1.1, Sance pry(88) # 0 [ Property 6.1.1) we can chooes
By = pr RS We bove at =
HE[IS 1.l.| A+, fa.]:l = —QEHJ S]I'J..l'l: =g |1.l. 5| i}

) [5.47)
= — 30 el b

Buk wing onee the eeactoess obf 11, we accive al Defle & [dis ool 2 =
gigdidr b = dog, and

(sl ] + ReiToe| ke + Doz 5 4
del Tl i ae, by

S{tei L 150!

at ¥, lor 4 = 1,2, Thos for any 3rd order formal aolution and for any
adapted basia, we got

N D T = e o Ml b0l T )+ e Tralo, By (G.EYY

where
_ &
Ha, = =27
=R
1, ., . . .
A A £, — 2 {52}
f,
1., ...
k=~ i, + 6w, )
f,
few 2 2 4 r,p=1,2 OF couren, £ _ll.fwfta}:eft|_ EZ. But

|""-- '-l'!ﬁl-'{'ll.l- B = :!'éi-l;l"'“I"-:-!-,dT I."Insl:"; l"‘::' + |:'$!-:l:"u'| - {;SI t:“lll':"-'_'nﬁl:"..ll 'I’.l.:
| {[EE.:I.TII _Es{h.-'ﬂ.'lx" +|'£|"l...|.'.|_{f- a"l..l.:‘].t:. \l ”r':,f-'..-'h_:
I {:Eln':., H |-'| e, I”L.v. + |:E|ﬂ Ll EI. E|'|- .1, I:l"l: :I ”'_I:r
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52 [op ) bas 1he sapression (5.453], wheze the coeficiente of the thicd undec
Lerms are

x = Al gl gy, (6.53)
atd Lhe coeficiente of the aecond oode tetms are
k=t + 28 e S
S AR TA N SRR E - Sl AP 21

En 5 phpr
Sl R S R L S

- [l =g el

where ¢ £ §.
¥

Hote that che alstooction gy =40 of seceod arder  angd sudy o 4 =0
and y; = 1. Tt fcllowe that the analyais of Lhe problem is diferent accarding
whether to tke v, vonish o1 mok. Thoa we propost bthe ollowing definition:

Definition 6.1 The spray & is called
reduceble iy — I} and vz — 0,
- setet-Teducible i ¢y =0, apd e 20 [ow ye = 1 and ¢y FE 0,
- irreductdia if o £ 0 and ¢, =00

Dwppite Lbe fact that tbe functione x, depeand om the choice of the bacsis
{Ke. 15}, these notions are ioirineic 1o order to ser thas, we will adopt the
fallnwing

Definition 6.2 Let A be a distribobon oo TM and copsider &0 - A
md A1 = AT AT The distoibintan A7 {r > 2] 56 called redectble at
it

Frilwr AT — i;" g Sr B &L

A s called reducible ;b 3 reducitle 2l any =

Mobe that if the cpray e fouod io 57, then either A7 38 iovalwbive, or b
15 & characieristic field. This terminalogy is justiied by the mllowing

Proposition 6.4 Letz < FA {0} Then [ =0 6F axd anly ﬁi
i3 reduciie ol o for £ # .
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Inderd, wn have

E:i' I|::""H"'l|
X021 — Alz) dot ;5' ﬁ?-'f-.--l {xl.

where &7 = 1 and A, = pr.5 Thus we obtan x,|7) = Uil aod noly if for
t £ J ¥he veobors pr.Y. and prplh,. |, are hocarly depeadsat, 1+ 1f and
only if there exists o £ ., 3uch that

Fraiffz, o] - pn&e =0

But the spray is mon-typical, (% ¢ 4], bence 3 7] = 421 and anly o
p=0thatis &) = A, at ror B ¢ A? at 1,10 A? is eeducable 2k £
W

Wil Lhus tetnunclogy we can slate the

Cocallnry .1 Lfed 5 be an afypical sproy of rank ! oarid duppuerds thod
A = diagonahzable.  Then every Xrd erdar solutiom of the operator
Plocate be Lfted indo o L0h order olutios B ond only of the apmay a5
Tepycukde and £, = 0 fo- i = 1,2

.3.2.2 {Jamplstien Lemima

Bacall that = are studping the prolongabizn M of Lhe aperator & defned
by the equations
wE '.].
W g =1,

i,

1..1!”]'__

where wy = (cddrE + 48~ E — 4E ip the Euler-Lagrange arm aod {1, =
ddrE  As we romputed 1o the previows paragraph. an nbstruction deooted
by w appears Hamely, if £ is o Lagrangion associated to 5, then v muosk
vawsh The complezity of the equation » = IF s expressed by the notion of
the ceducibility of the epray. Deoeting by By 5. 0 CF0TAN = O[T A
the corcesponding differential operator deficed by

Fow ik = 3 L Ln et Bi+ D kllelho ),

e=1.7 =10
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we have bo stude the system defined by
[ Fiaa).

A we erpected, ohstructions to the iotegraloliby appear sevaral times o
this sysbem's analysis. but 1they can be treated o & similar way uwsiog 2
gzoeral Lemma, which we will skate m Lhis subieciion. To focconlate this
Lemma, we sntroduce the follewing

Notallona

I Consider an adapted local basis B = {h,. ¢, },=) 3 o0 2 oeighborhood
LFolz e T 0) and bwa fupchizte o and F; on {7, with q # ) We
Pt for wad

I |:1:i':,.1,£"" i ez gl - (60 -
[I.I;' Ei I|..|-|"'1 vzl ﬂ'll:.-l I=-|“1 i) q -Eﬂ_:l':!;'::.-'ﬂ _ I.Sﬂ-i-_:l} .
[5.559)
e, = I:'-M £ dagh 50 )
[ﬁ E|5|. L + ﬁ:l{!_i' gl _ I:.‘?-l.ljz_:"} .
where 4. is the projection of & on the cigeoepase &, F— 1,38

2. Consider two functions g apd gp vu [7. We will denote by F, the
secobd crder differential aperator Fy @ 0 (TAT] — O[T M| defived by

FoE — gallgia: i1+ gaflsfus, hel
and By Ay, .. the toatrit whose rowe are the costhomnta of
T e n ha ). W litEite Rl Slefog by, flging, ha)
it the equaliona defibed By Bhe operakors

Fioay. TPy TuPy Fo

12

Hamely,
vl oxz kb
T T I
Mn ki I J| I..: |:55"E':|

[k ] i“ e
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where

A= feg gl A= Com 4l
,!?5 = -Euagl +ﬂ'11.’3-,- -!:ril = E‘-:-!H +§lx3;'

Lenuna 68§  [CoupLETION LEMMS]
Lt Py =P = iy + A8 — o addy, 2qikd)] omd .F-". = [P, B
Conmder r£ TA Y {1}

fid if qlz) — 0 srg4ad = A, ten there are me accand grder regular
formal sofutrons of Iy gto1;
FE IF e x) F 0 and gal1] 7 10, thew
() there are reguier formal solufions af fhe JFerentia] aysiem
F 7 =% an a neghbarhesd [ of 7 of and ondy of

&) = Hgl g =0 and  Ae{df, 3=

on
(&) Morrouer j-.". v “rompleie”, o the semse the! of we aodd to
."—'"[E]- =1] o0 new defferenfial dqualisn of iype

gty lhple, h: )+ bolipley Gt v Uity b)) +allge Ay =10

which o5 dependent af the athers ot T, then the new system
hiza no reguiar second arder formal solufrons of 7.

Proof [1] 15 ab=ous: 11, for example, 2,(x} = ¢, then 5 waniahes al
Til and nonly o gl -3, =1, sn there are na regular solotioos of second
arder &t x.

(2 hY s Amest evident. Indeed,

Xz ko ks
TR L |
drt £ 0
b mop 0
] L] i o

at r, 2o o = py[Fy, i1 2 Whird order Toyeoal solution at @ of the Dew
gperaber, thes oy Oty K refteies e, Ol &y Thelvg, bz b vanidls
al = and gr1s mal cegnlar.
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Tlhe Proof of (2.2) is more counplicated. Tt will be carrjed oub iy ¢lcee
steps: v the Grsk iwa atepa we will Aod the chebtuctions foc 1the Acst twn
lifts of the 2od erder forrmal saluticoe and 1o the Lhird step we will prove
that, after proleogelico, Jﬁ; becomes 2eacyclic.

ETEP 1 - Biret lift of [he 2nd order formal saiutions:

Every second prder formal sofulian of P? ab ¢ can be Wyfted
nts a thind erder formal soluHon £F and omdy oif 5! iz =1

s 3i-g
and &7 . (1] = 0.

Proof The symhol duiF,. .0 : 5T — B of B, ., i defined by
FulFoy go i = gy efay, 1) + o ity 1], 16.571
and ite proleogaton geffy, g0 0 50T — T 5 preen by
letal Foy o AT c= g 0 v b+ 92 AT g g [6.58)

o< 5 e 89T X £ T,. With the nutations of the preceding eecbion,
Fyi= T8 AT b AT, we define

o (TMafRitT — xR R
by v o= [f1. g0, oz} where:
BB OT .4 000 = Tl B0 B,
M e a5 = g Blen ) b oge Bl Ry - €08,
Pl B, O i = 5 Biva. by +{f?[:%C|_-l:u|.h|..|1¢:l— %L‘A{k..h;.h:]}
_y {Ci.rh.;— %Ep[n,ﬁ.-hﬂ - g—;fu-:hz,.h-_..'.;]}

-5 [Tewen et - e {ratm) - Riau, 6 k).

apd 3 — A — Az Lel us put forward lm &' = 7, and sbhow that the pequence

T

Fipe 2 iR aT s £ s D [6.5%)

= exack. ) _
N ir easy to cbeck thal [mey [ Z ks 7. Onibe other hand, ATE A
[Ty M gn Py go 1 whece gy Py 00 15 defioed by Lhe squaticn

n B{X vy ey) o U v =10 [5.60)
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where X € T, U we replace X by the four elements of a basis of T, =«
abtaio four equations, 1wo of which are indepeodent aod o of whaca ace
related 1o Lhe spatem which defines gy 1) [odesd, we ret

[ors (P g VELEY = g [0 b (BB 0v, fah + o [0 20 P DB [, o],
[rai Py g b [.I-"u-fr'} = wilesi P ] Ay )
- [— Al P Az, Ay Rl + %pnr_mmih:.h..h:]}
[9" |30 PalBlizy A e ) — €5, [Ewmwﬂjrm i et
+£':||_.. I: [-D':.I:I’ ..Hrll fay. hg]——Il'.|'1|_|":q__|'H||:|'1|_.l'l.|.|'1:_ll
[ra[Fy oy | B [praf) = gi[ﬂ':.' FiiRing. bgh
_Eu. |: [aal Frafi T, fae hd + gIIhTJI:FA}B!I:.'IL.hg..'L.'I;I
S ECTENT W N BV .,':5"3'|m|:n:-n|r_... ha i)}
+ 65, [Bloai P Bllve, o b = Eima Pl Bttt
whers pr, 5 ig the projection of ¥ er the sypenspace A, (= 1,2 Of courze
thees equations are dependent, becanae ¥ = pry S+ pr-85. Ontae other haod
the equaticms 4, - 1} and 4 — 1] are iodependent of she equaticn 77 — 1)

(the cotreaponding pivet terms are w45 and {511 Thas dimgs[#1 =
it g [Fy ) — 2 and therefors

rank 085 = rankaaifty] + 2
Taking inte account tbal the asguence {F :0] 18 =xact, we God
dimBrery = dun ke +dimT" - 2 = di KoL 1 + 2,

= almon By = r.'|.|:.|-l.r.'_1|:.F'5.:| and theretors 1he €equencs {G.50) iz exXack.
Led ws pow coroute Lhe compatiboility <opditiens. Takioz a secomd
cedet formal aolution §, £ of Fp, the pow abstructions: are

pTEE - L{Ly:s'"l“! ml., 55 - $5g e . 83

LI

MTEE =g -L!Z'r_-[|.'-...l1|| S e L ._,k.:.J.
. b
=& T e iny hed b galibe D Ryl = 3 gt ] kot

-l

- E,I.:I |:|1.'|_|.|| el A+ [ p: M e g, ey +:__'3-._: q;[:'r;:[l.q . |.'1|..|1;'I:|

+r'fk|zz qtedfrs. b & I:I - .ﬁh:I:_E giite | o) hy I::I
rul

el
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Sines the spray s reducible, the veclors pry [be. 12| aod pro S (resp. pralf 1],
aod prs §) are boearly depeodent and so

Reihn 1] &) = Teilb, v a5 + el 0], 25
= fed gt - gFahh ) e (v ),
where 1 # ;. WUsing [5.49% we oblag:

aFEE = Y (gl gl — kgl o sl Sk e e, bl

=12
2VEE = (aguel T + pal= M eS80} tsive )
+ 'I:yz{!.'j"h" +anfh 7 — () Qe e, 2],
(8.81)
Simee fa{ £ i a second cader formal solution alse of £, ,,, the equation
mlrHielm iz + Rlrdie (e, Azd =10
holds, and ao
s TFE} = R TR TV
Therefore p,-['C'F’EEfI[T] = 0 if and only if H;:.g: [ry =10, ¢t = 1,1 which
proven STEF 1.

L:!ht: i, }.’,, i6 nob Z-acyclic and an explict compatation showe that
H3(F,], the cecond Spencer cohomology group. is mon-wanishing. Heoce
sowe ubskroclions arise for aucceseire ifks. &

ATEP & - Second fft :

Supmose that every tegulsr second ondér formal selulion at
t af By can be bfted inta o 30 arder ane. Then eoery Ird
order megular formal soletion cot b difted at = amto o JtA
praer formal solation of and endy of fiS; L 1p =0, 1= 1,1,
end dek( A, o, 1] =10

Proof. We begio by showiog that the sequante
T gl LLENY: L SN UL LI S (6 £2]

15 smact, where 7L (id et 7] @ ryp g and ro g is defined in [6.43).
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The equations defining gﬂf-—’g] = Humql:f:"g] ElTe some reatrictions on
the components containing at least ooe wertical wactor. Therefors we have
the splittiog 5;14{!:’._,] = 5T ® [P, where f.'m[F-'_‘ ' 18 defined by [6.21).
Now dim o[ Fp) = 1 and

rln _4,|.|[.F-’,‘.:| = gim 5" Tr+1 =4,

e il 5.-1,{!-:‘_.,} = iliso g [F ) - 1. Vaing whe exactness of the ssguence (15.44)
and the fact 1hat the squations id & @ = 0, 7 = 1.2 give § ‘odependent
equations With respect 1o the equations £} = 0, we have

carkey = ranka () ¢ 2 = dmBer &) 4 dim 5T B - dmKer 7.

This provea that the wquence [GA2] is exacl.

Let us compute the shalrostinos to itiog the 3ed order sclutiona of F,.
A drd srder [ormal sn_luliun J2( By can be lifted iotn o $Lh arder sohzbion
if and only i # [VVF,F]_= Il Kew

FUTITEEN, = (TR EN, na ol VIRE,
= {V[ri{VRE, "Fll_p."':-'ﬁgﬂ']].: I2s f-:h..’l|':vpg£']]:-

auil
T|-1.rl-;l[l"'IP§'£.:'r = | Fn k.
T[T, == ViR, = 1k
Tl CHEY, = P{65,  tio.a)),. 21— L2

Ag we have just aeen, =very second otder forimal solubion at = can Tee lifted
imta a 3rd order golution it and only if &, (1] =1), ¢ = [, 7 Let us
guppoas thak thia condition 18 aatisied. Then

7! [":"':"-F-'LE],= (P 4 Bl (98, e Thefon )]

Thua, If 1]y 15 & Jrd ooder esmgular formal sclubion, which can be Lifted
imto a 4th order soiution, we have WE; _ (r; = G for 2 = 1.2, that is
A8, 5o ], =0, bezanse we suppese that |8 1 =10

Oon ke cther nand, note that dedd M, J0x) — 0 3F and coly if tbe Grst
row of the matric 18 & Imear combination of the others, because g, [2] 2
and gx4x] # 0 This means that the differential opstatar Fiy, 4, can be

linearly expreseed at + wilh the belp of €he operatars % Py L VR e:)
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auil . Heoce, sioee WIF, El(n ), (V. ENue) and P L vanish at = af
2212z 16 2 third neder [ormal selution, theo dee( A, o Hz) = 0 if and only
f (Fp a1 & = Udor a thaed order salabion j3(E); . Thia prewes ETEP 2

STEF & - Higher order Lfts ;

The first prolangation Pl of By iz Z-aepetic.

Prool We bave gm[f:’;} = gm[}-’gj and _q,..[}:’g] = gmd L1 11 el Fy) for
m = I An clement B o€ gy( %) is characterized by the equation

FoBlE 1) + g2 B{vg 2l =1 (.83
Farst we will compute dim g, (5. Note that
Sl Py = 5T 2 G [, (6.54)

where (i Fy) — GCoff1INCL[F ) Now, dinCmif) = 3 and an etement
5. & w5 s determined by the componenls (6 28] Morcover, from
che mgquaticne (G531, 7 Ghd

Ay TE D geem-d e P2

fur v # 3, 45,7 = L2 m > 1 Thus o GelF,) there is ooly ooe free
camponeil: bl H-I'h';" 'llgu?]. %n We ohlagn
:linl.g..-.-,l:.i'ig] =i &M +1=m+1% i-E.ﬁ-E-]
for any =3 Heme
tankdy mi Pl = dim (T B gmad Bl —thim {apgu )] = b+ & (666
for amy rin 2> 2
Krmark. Tsing (6.66) we cat nabe that rankﬁ,,g[f-\}] = 14 Op the
athar hand, from the easciness of the sequence (6.47] follows that tank

& At £ th S0 dtoKerfp ol By = dim AFT % (1) - 15 = 13, and
tharefore

Ker iy 145,

Hilf) = (a5 41 By

L0

andd Fy iz oM Facyelie.
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[ npder to chew Lhat Hf,.ll:f-"'"] = 0 foc iy moo > 3, e oboly need tn
sompute dim Ker §a .07 ). By the splitting {6.64) we hare

AT 8 g LB = [AITT @ ST {AYE 8 G (00

Thus for & € AT ¢ 5™T* we Lave &-J_m:ﬁ*:-.l? = 111l and oply i the
&uatians

z H[EL.fjlrklh;‘-i:uij e (E ﬁ-l']
L'pr!]:i_l.l]
and the ¢quatione
E Biegrs e, AP =0, 120 € (6.68)

vt [k ]

bold, where (g },=y,. . 4 denctes the vectore of the adapted basis {h,. 9 Ja= 1.
Thus dim Ko & L Fy 1 = rank LE.6T), (6.65)}, The rank of this iyelem can
br found by a completely analogous compuatation as the rank of the system
PO, (6.711) b the prool of tbe Theocers £.3. Thia secoend aoe being
stighely more complex, me would prefer to expdoes it o detad] Jaber on.
Howeyer mre can ase, that the ayacem (G4T] cobrepponds te the squations
&) of [8.7¢], (4.43) is the same a8 {A T1), while b) and ¢J of (6 0] now hold
identically. e Gnd

vang & w4 = I + 4
and Lhecsfore
i Ker 8p (B ) = A [ AT 5 g 'P ) —{3%m = 1) =Jta + &
for every = = 3. 5o, by [£.66),
rank #n ] = dim Kec 8., ()

for 1 = 3 and then A2} - U for m 2 3. Since H2(F,) = AR far
ny = 3, wa ghtain

HAE =1

for apy = = 3, 1., F,;! i d-acyclic. Tha proves STEP 3.
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The peint (2 8] foilows from these these slepa and then the Completion
Letnima, 15 provesd
()

5.3.23 Reducible cose

We will now eludy the reducible case for the atypical aprays of 1ank 1 and
we will prove the fallowing

Theorem 6.3  fol 5 ¥ an atypical spray of rank 2 anth A diaperal.
wrable and suppnrse dhat 5§ t¢ redecible
al Jf k= ke =0, ther F A5 acally variational;
elaf ki #lQand kg =0 for k) =0 and &; £0}, then 5 15 npt
locally voncHonal;
el ol b 20 snd by &1, then 5 ad Joeally vartational :f and only af
@ = and (2 P

L L Lyakg

To prowe 1he Thetcetn =& just have 1o theck 1hat the differential spec-
alot M4 i Bacyelic. Judeed, if £ ia Zacyelic, then the proof of a) fellews
immediataty from the Corollary $.1. Mate that we have here an sxample
of a difereotiable cperator whoch i formally imtegrable though it is oot
2-acyche,

The alatemenk of b) & obvious becapse the compatitulaby condition
(5.45], ie & fHu, A1 = 0, canmol be satiafied by a regualar solution {cf.
Lemma £.1)

c) Eolowrs from the Completion Llemma with 9, = f, fov 1 = 1,7, Tondeed.
in the eedurible case we have 3, — x2 = 0 and 5o det (M, .1 =0

To prove ine 2-acyclicity of P lat us check frst, with the notation of
page 113, that

dim KeT o (1) = Jime 4 14 [6.5%)
tar any @ > 2

Fitst we goe that &, [P]) = dg o (] Congider oo an element H ol
AT B a0, and 16t {ei]e=) . 0 = {M fizamn ) denote an adapted
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baxit. Sibce
AT @ P = (AT e 5N AT O [FY ),

we hare &3 F = 9 if and ozly of she equatinns

wl L* Gleae, e, g g = 0,
sperjiakt

B PN LA TIRRTRY Y ) (6.
SR IFL

e E Aie e e vz =
2pelipk} w1}

and the sguation

h Z Biw,.r,mg b Ry b Ryl o= (6.71)

ruri{agk] — -1

hoid fer T 24 < m, where 6,56 - 1, ., 4 are all diferent  The sye-
iz (6. 70} gaven 12 equatizps, 2pd [6.71] gives 4 squaticns  The syatem
[8.70] meaos that the compopents of Ay B correspaociog ta AFE™ o L,y
vamsh, whole the system [4.71) means 1that the comproments correspondiog
o AT e BT ganish.

The syetem (6.T0) i compasad of eguations for which, among the last
m = ] vectnes oo which B computed | ab least coe in vertical. We =]l call
th=se i:nr.ﬁ]:n:n.znt.u "firek 1:3,']:|I= :aam:Fun:nL:" of &, apd the a‘lh:rﬂ, jor which
Lhe lagt rh— | weckodd are borizoobal, "second kol cempoo=gls" .

Since ihe elemsentd of 470 Py), for ;o = LY omre deleemibed by theee
parametars (of. page 1130], the slemente of A T 247 -0 Py ] are detertaned
bv & marimwm of 18 patametsrs.

Let us now compite the cank nf the system (6 707 Tn {6 Y0UB) the
rquaticns comesponding va bhe ndices (3587 - (T, (1247, [2340 ace in-
Jepeadent {thr commespanding pivats ace BA; s 0", Bk 002" and
Btz va. o™ respectively], whereas the equatico correaponding bo the in-
dez 1k} = [(144) depends ou the former, becanas we bave the follawing
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relation:

BlRy hzova o "V Bl va ey TR B, by R !

El'h];l?ﬂ] I I:ﬁ?g]

1541

?:: Elhy. vy, w"]
lo [6.70 c) the equations comespondhag o {ijk] = (124), (134), [2H] e
independent (the pivcts aze Hh . Ao, of™ ), B0y ved ) and Bifa. v, 03,
and the eguation corresponding Lo bhe index (176} — (123) 5 Telated b2 the
athers by the following

Bt haow vl 4 iR e ke el T+ Binh ez ol N
w WRISILL (6.73]

A Ey po
£
[n [5.70.a) the equatjous carresprobding to the wdices (k) = [123), (124},
r334) wre jpdepesdenl [Ale comietpendipg pivols are By, .|L-|,|'JE“_",L|3:I,
Firg. iy WP 1) and Ble.eg hy' Loag]), while the squation corvsspand-
ing to {ifk] = [13] depende on them. [ondesd, nang the nstation {8.27),
lrevers XY, 2 CT-and D= k< m 1w hawe

B{X. ¥, Z )" yfmrabmibean 2l E"’EH ¥, 2 ks My Ay
L1

Thws il we depot= the ¢quation (6.7 a) serrespondiog to the jndex (zrk] by
£, thet mgeiation Sgpy tan be exprested it Lerans of the other eqoetiomes:

= rh Bl
‘E'l-: LY + 'E'l-; Ll H =

= Bty e, 56T T oug] +£7 Bl e BT T e B8 Bk, v BT e 10
= —E5 Blevr e AT T+ G B T T )+ L BT AT e

FETI _ . _
! = E:‘rﬂ[ll:hl'.'“.&;n z_llg. ‘UJ]+E:: ﬂ[-‘lqll.'“'k;." E.I‘.u.i!g-f

. el
Il&;“'l E EI:PT:F..U'_.hz.I-'t? 311%}
FrifouL g |
[ i Lk ¥ | ik a
Ry Y Blpmsehed T 2,
{-'-z wieX o b

where pry depoten bhe progechion on the cigrospoce &7 Thos the equaticn
._"'.'I“_l_ = & 1% 3 linear combangation of 1the A her gqunhin‘na and ke rank nf
bhe gyebem {6.70] is 5.
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Lat wa pow consider the syetem (5.71). [o the (F 4+ 1%k black of [(6.71)
the equalitbd are.

S Il e KPTUURL S O

reel dapi}

whete thed, 5, k= L. . 4 are all differerd. Inoeack squation of [4.71) we have
two "Aret bype" componenta (naovely fer (i) = 31340 and |250) = (LH]],
and obe "second Wpe' comporent (ijk = 234]. The equation

B Bithpagee At LA =0 [5.75]
ercifhbgo gl
io Lae (-th block contaios the same “gecond Lype” component as 1he equa.
ticn

E E:_nﬁ.".r.'l 1-':.'.Il'|-lln ':|'-|-|:'I|I-||L:. =10 rﬁ_ Tﬁ':l

eyt Ay g

of the [ + 13-th Block corcespooding bo the index 3k - (1M1 Dy the
relaticns which delermine the sppace 35T o (P ), 06 i@ easy to prove thak
these equations ar= Lineasly dependent. lodead,
1E.7h] "= Bley, v, ||-I;.-..|Ii“_-l+-ll. ft;."::]

— (B R s BT R )+ B Rz AT TN

—[Bifa hy. e AP BT ) b ke Rl TR0 1" 38 {f.TE].
Therefor: the caok of the system does oot change if we remove the =quaticbs
of the {-th hlnck corcesponding bo the mdex {2pk] = (i) for L < f < ni.

It is oot difficull ko check Bbab bhe teccasnibg eqoations ate indepencect.
[nd=ed, the pivars io the first bleck are.

Bthaow BT BiRe, vz, B0 Blag op AT Bl s A0 NG
agd 1o the -tk Black, with 1 < T =
Biha t, A 00 ihe g, BTG VD Bl e byt RLY

Thus ther= ara 3¢l 5™ 'T': —itn &M ':TI_'_' = i + 1 dependent equa-
tions im bhe syetews (6 71T which ate alas sudependent of dhe apatam (5,707
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Go, as the rank of the apstem (B.70) is %, there are Jin 4+ 10 indepeodent
squations which determine Ker 35, (F) Theraby

dien Ker & m 1Y) = dim[A*T" 2 gm (F51] = [3t0 + 10)= Jin + 14,

which proves the formula [8.69),

Taking inte account {6 539} pow we abtaio:
[BOE &, ml P ) = dim Ker & o Fyh

form 2 2. Thus HE(P) = 0§ m > 2. Since gu[Fr) = gmi P} and so
HEiF) = HE(F) for m = A, we get

giir1=0

for every m = 5 ‘Therelore the operator &y e 2-acyclic.

()
Example §.4  Let w caosider the mystem!
f = Flry L.
R ta 77)
Tz = I!:lll:.:tz..'lij].

We have I = I = tand AL = 4] = A7) = 47 = . For F and (7 geoeric
A3 - A} # Naothe rank of 513 | The eigemapaces 4, v = L. 4. a7e spanowd by
{_}"TI._ 3.:_-} . Thus the 5, are integrable and bence eedncible AR 2 genersc paant
5 wooet in &, so it v atypical. Clo 1be other band, it ic e3ay to check that the
k, wapiuh, thersby o = O faoswacy third ondet sdation, Adcdvedisg b Theorem
6.5 Ebe spray v variatiomal.

6524 Seme-reducthle caze
lo thes serlion we will stody the semi-reducible case for atypical aprays of
rank 1. W recall that this means that in the obetruction Fy, 4, =0, where

2 2
I.F::.Il.ﬂl'F".:Il:h'. -h':': 'Il'] .hi] = Z{"n:li f—u. |ﬂEI.1.:'| 'Ill}la' + Z{kl]lnE[hll.l:l.:lr

1k cocresponda b [houglas' saparated taae 1lal.
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bas to be put in the prolengation By of the system

. — [k
irlt =
E',qnf = U,

whete o — 4 is the Bular-Lagrangs equaticn. 1o the semi-redusible case
coe aod only one of the coefticients 7, (i = 1,2) vamnhes. [n packicular,
the cperater Fy 1, 6 of thurd order, \We assume for example that ¥ — 0.
To express 1he theorem io this caee we need bo inbrteduce some matrices
which nabwrally aree o the fady The theorem containing the cesults ae
given at $he 2od of this section.

The catoprutation is carried sol wn bown alepe. et we skody the ob-
alruibione to liting bbe bhird order selubiona to & fowrth order, then in the
aecond atep we check bhat the syelem i Z-acyclic. 1o the fwst 2kep f=o
cascs have to be distinguished: K — Dand ks £ (0

<7er 1. Firat ¥4 of third order aalulions.

We will begin by computing the symbel of bhe operakor Ff = (8], Py 4.)
and prove that

vank g [FL] = thkog{ ] + 1L (5 TE}

W have
[z P a3 )] 8 = x0 Belvy.aq,oi} {6. T8}

and thus
et Fyw 03B 3(X ] = g Byl X o], {5.80]

wheze Oy € 5T, fiy C 347" and X 2 T,. Binte gq(P}) = an(P 7
Ol Fn 40 for e 2 3, we have

Om L3} = 3T b P[P §E.81)

where (Fm{Fal = Gmi{Py] N Lim Fin ay).

Ad we have already ahowo, an elsment Hy of 90F5) 15 detecmned
bor thres frae componenke; 5,0h8 1], Ha00F} and Byl (see page 110).
Therefere the squation which defines (£ 4} that is 3, Balv]} = U, is



136 Furuibiomial dftdy ool B-dametd ledLal mas1djialas

Timearly awdepandent of bbe saquations which debprmine @0 M) ance Hu[l.'r:l
15 a pavet. Thue

dimgi )} — din a1 - L

To compute dim g4} we =il replace X 0 the sguation (R.E0} by the
wectors of 1he adapted baes A: and v, £ = 1,2 We chtain four equatioos
in additicn to the equaticns which characterize the space  Cg{f) We
know that dim Ga0F) = 3 (aee equation (5.23]) aod ao element [y io
£r40 ;] is debermined by ita components (5.28}. Therefore the oow equation
Fal Py ) (t1) = 05 linearly independent of the equations defining g4 ).

The other squaticna ara related {0 Lhe squations of 7;(F50: between the
symbal of Fjy 4 aod the eymbel of the cther operators of £ there exist
the followiog celatioos

frat P a VEFT = o Aral BB o, A D,
(ai P 1Bl lhai= 3 (o FeaBu e va b el + S (oa (P B e b, e,

[Pl Py Baj (o) = 5 (sl Pad e 1 k)
Thus rh gq[F]) = dinegg{ Pl — L, which proves (€.74).
Let #) : (ST @) — K] & B M5 F be the mos phisom defined
by
Ty = (T T Pl 2L R
wikh

FIUE ) = LS L )

.ﬂ-!lr-a."?T.f.ﬂ.':'-:a All ='r-'|,n LR TR - IR T A PN

PABCT Can: Cnand = Con aalhad 4 FOrlby v bichd - A Cadin B i
LS iy ) = 400 gl a) - J'%"'3'---'[1'1:'-'1-. ARl

We shall prove that the seguence

gaps TG o pg e g g [682)
i exack, where f7) = [mi7).

It is eAEy 1O Emé kst Ien r.l.quqj':l [ HI-J'T:‘. On Wb other hapd, el ge
congider the eyetem v} = 0. The tepge Oy 4000 O a3l Ty, it
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are pavobs, 53 the equakiome pf = [ — 1,23, are independeol of the
system defined by =) — 0. Since the sequence (6.44) is sxact, we have

barkag! Bt = vank sl + 1 = dimKerr} +dim I'™ - & = dim Ker ;.

Btk the sequence [6.52} it eract.

Lt us pow compute the obstructions The new compatibility conditions
tor £ are given by the squatiens (¥ ) =0.i = 1,23 Let ;1{E); be
2 3rd order solutivn of FY st z €44 4 {0 We have:

PUTFE] = 5P 438 = e (Fwpivn i) = xal S Tibs v A -
- E'!;:'|I:I.'||':;:;| {':Iﬂgl:l.la. III| - :?J|_|.'.;-!:;I q'mﬂr{m . 't:.} + [.":-I\':||_|_:I1'|r|!rlrL'| ..'I:] +
+ [5.':.}ﬂ£—{r.-| .’Il:l + [Skrlq E'l,'LI:-";g.nl'Ig:I + k: 5'1'!}:{:;. ..'I.:l + h.ﬁ'ﬂe[w. i|-:|']':

AS P ) = hei Foy 4, B+ pien {Foefieln ) —)'% vy [FEalbe (e, . had)
= 4|7 [E ﬂs[ll.| _||1|J__|'1-:|:I}-I-[h:|x|h.|ngl:ll| .‘h'|] + K1 ||Ii-:|I |.||{2J_’“‘.’| Ift'_] L]

rprl
+ kR 82 el .fl.:.] + .i:‘-_-h:ﬂr_'l_llj. .I'I:}_I + I_hzk| :IE trl;1=:|. hy :I =+ ‘I_l'lzkz}“'ﬁ' [".I] ..F!z};

FITPREY = m [Py 4 R - %m(vmz,_-i.;..m.hﬂ}
= X1 II|{:§:f!r|:|1.l|. Ilt||.lzl'l:|+:.?.'::{|bl |§tgl:l.||..|'1|] + :{|[F."_|.L|:Hr_'|_1'|.'l.1} +

cpel

+ I;Ilpk|]:|2|:l:r.'| _||1|_] + ‘I_r.'zkz_:lﬂr_'[ll:.fu_l + K121 Erl;r.| ..I'I.'_] + Eaus HE |:1.I:|. fz .
Stnes £ # ) [a=e the Property on pags 10B}, the aystem o) — 3, i - 1,2.3
ja apuivalant to the syetem o =0, @ =0, p2 = 0, whare

B =50+ e
Taking inte accounl the relationg in 840 F,) 1 we have:

pHTPLET = xluelhelan Bt + &0 ley Byl + dabuine by
AITAE] = yinllelm ) + 6 Helz R + &35 he). {5 B3}
pTWPLET = i e lay BV ke [y Ry )+ B3 RDL Aa) & ksl e (1, fead,

whete the coefficients '4;{ and # can be expressed uniquely (o iermE of vhe
apray & {iheir explicit formulas ars givan io the Bppreadiz by (A1) and
{A.2%. We have proved that evory 3cd order solution of Iy can be bifted
inte a 4th arder aclution if and enly if the equations o5 (WP E) =0, = 1.3
and F4% F) E) = 01 hold.
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To discues bhe diflezent possibalities, we have to consider the casen by =11
and k; £ [ separately.

1) The case &y =1}

L#t un denote by M; the matriz formed by the coelicients of the opecator
£y ) 2nd the coafficisnts of the cquaticns of (5.82):

e LT
1 j:] 1

M, om i; o j;; (6.80)
o KO

Firatly we prove the following

Lemma §.7

(1} If rank & = 1, then every third order solution of ) can be fifted
info a fouarth order solufeon.

Far If rank M| = 2, then o new seeond oxdes condition hos e be ver-
tfed tn order to HfE the thard order selufions and the Completron
Lemme geoes the prphioet comeiions far the spray te be vartatioral

A I rank M = 4, then & 15 ot vamationct,

Pracf. Let us supposs that rank M, = 1. Bioce y; # 0, thore coet
&' ¢ R, i =120 such that [x], k. #3) = a* (32, &, &2} Thue if (1 £,
is a thurd order solution of &5 at © # O, then we hawe

BT R =" B, Bl =10

t =12 4. Therafore v} (VP E]; =0, und every third order eolution of A
can be lifed inte a fourth order sofotion.

[Erank AT, > 2, iben ik i5 eany bo sz bhal there 1o oo cegular 2econd arder
telution satisfyiog the compatibility conditions o (VP E1; = hi= 1. 2.3,
becawse thete squations ioply D e[y, oty = Band (1. Rl =10, Heoes
io thic caze 5 iF oot variational,

If 7ank A — 2, then the syetem o) |V PR}, — U gives exacdly one oew
celatizn belwesn the berms (Pl b and e, fed, 1.6, & oW seond
arder compatibility condition, which we shall denote a5

I:l':lﬂ['”]l|I'|I_I'J: ‘I'qiﬂ':zl?lh?.:: _I-II lﬁ'ﬂﬂf"]
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whete ) and o3 can eamly be computed fom (6.33). This relation yickla
a new tilferential aperakor

Fy c (T M) — 9 ([TA
dehned by
FLiEY = agRehe, ) + aafipim . hal, [6-.86)

which bas b2 be wotcoduoced ioto the system. 5o we have to study bhe
diflersntial sperator

P P, TR = [P Dy oy, P WP (687
Considar.ng the second order patt of the apstem [6 BY], {Fy, 5], the Cam-
pletion Lemma [Lemuma 6.6] with g := 4, gives the pecesary and aufficient
conditioos for the spray to be variatiooal,
if] The case ke L0
IF ks £ 1. the mquation ,r.rg = 0, that s
Erveflafay fag) 4 B fleiey, b 1 b (re, he) - L

mith b, = {.‘:i" - {_—:-:I i = 1.2 = of the Lhurd order. Y0, in arder Lo apply
the Completion Letama, we teed aome eupplementary compuistions. Let
.F'!, ST — {:'"L'{T.l-;lr] e ih# dif=ceyla] opetalor deBped |-_-,_-|-

Ful = kpwpthdag gl + mflpleg Joy ) + by fhefag fa). (6.5%)
Inktoducing it iobo ble syebemr we obtain bthe opecaior
F/(E}.=(Fy. Pub.
The symbel of F. ia
2Rl - T — R [al Fy1Ba] := xy Palim, oz, ),
and the aymbi] af the frst prolongation e
g Pl BT — T i BB ) i ke D b v, b

where £y £ 8717, B, £ ¥}, X £ I;. The equation |z [Fy1E,] = (b
independent of the sguationg of g7 ) becasee B3] = o pivat. Thua

-|'.|I|'|'|g';|I:F5'] =-|:|l|:|:|_|?:|:-':".¢:I =i
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Cmn the other hand, ga( 5 ) i3 characterized by the equetions |o, (A Jie, ] =
0.i=1....4, whers {g;} is @ baais of T-. From the preécsdiog compulas
tieny we know that dimS,(F)] = 2 and an elemeot B, of GL(F)) i
deteymined by i*a components B, (A5, t1} and ffy{af). Hence the equatieo
|4 Fp By iyt = 0 contane a pivet termm The other equations are related
ko the squabions of qy(F ). Thersfore dim g {81 = dimg /) 1 and

rankay [Fy ) = rank () + 1

L=t us consider bhe mormbueng

ST eRarTeT

F,n R+ Ra R {680
defined by 7 := (7], & pf, pi]. where

AR O Ca T O =18 O D )
Pet B O g a4 DTa) = Caf &1 — xp B, bs, Azl

k k
P E L O O e ay Do) = Oyt = E’mu._u., by bt — T’Cnm.h:-hl.hﬂ.

Pf';ﬂ.*':r“-ﬂ.q-cm.m.cb] = a1 - %Fnl:b"i'.t-i'-hnhﬂ

e sball prave that the 2equencs

gy DB ez e T = R — i (6.007

s exack, where .Fl'::! =Tm 1':!.

[ndesd, oy (#Y) © Kerv). On the other band, 00,3, Calbs) and
Cpiey ] are piwots, thus the equations pf = 1, i = 1.7%, 5 are independent of
the= equatiwons ker 7). Therelore

rankaeFL - rank7) + 1 —dimKer =) 4+ dimT* - 1 = dim Ker 7,

which praves that 1he sequence i3 exact.
Ty compute the new compatibility conditions, wa will conaider & 3rd
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order formal solution 4 EY of PY at £ € T f0Y. We have:

ﬂi [vf’; .i":-.:l = k; [:'I- 1.l:||5 h:l:li:-. ||:|:|:I o+ ‘Ehl.wih; [[.En-l I.'|:\-]I k:-:l - I:St']:ll-tslﬂ[‘"}. ||:|:|:I
+ [t S ey, o I SRt ) e (SRt he ] + Ba Sk, o
P%F E} = fary {E e fh . 2] faz}l} ke e Tetes, R + k), ]t fushiz)

opl

+ [fdy el b+ f’l-"ll.r-'.E'{l'l . FH] + ”llbz:lﬁEl:T-z.l"lz:l + b:hy nEl:F:r-lllzL
ARFE — bl ¥ Rl ol o) b s kadeale (e, hab + kalusau[Rgioe, e}

[ T

Pl defen ] | b S D dd = Db T (g, gl b B SEn g, g0

Mate that the system (g} 545, 50 is cquivalent ®o the syetem (o, of. o),
whers

8% = & ol &l

brecpuae £ # . Ju the space fiy (P ) of the third order colutions of £ at
x, the drd arder s can be tapceaded Wik the belp of sacomd order tecos
nginy the squation (6.47) aod the squaticnos Py, o [E) = asd FIE] =10
Thue the equations [5.573 a,b) aod the abstructione of F' can be written in
the foru
i [V P E)
I H E]

£ kel iy )+ Gl pdeg, ], =132

5.891
Slte(in, b)) + cflelag byl =445 [5.813

whepe the cosfficieaty Low L cxpregged g tarvee of tlhe spray 5 [ther ars
given axplicitly io the Appendiv, ses [A.3)). Lat

A, o
M= 2 16.02)
i, o

bie Lbe badrid wWhoee reave are the costiicienta of bhe saquatione (8.91], then
we haye the [ollowing

Lemma 4.8

(1) W Mz =0, ther any Ird srdér fermal selubion of Pal' con be hfted
mia o J#h order selutipn;

(2] Mfrank My = 1, them the gquations (G.%1) mor a mew szcond prder
i:ampa.!:lb:l]:l.!y coniifron wheth can be srodisd by thp {Tnmpn!chn;m

Lemma.
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{31 ff conk My =2, then 5 i3 ot varaational.

Indeed, if Mz = 0, then ol [TPLE) - 0 for i = 1,2, and (VA E} = 0
for i = 3.4.5. ¢ nf VA F) = 0 and therefore the compatibility conditions
of the operator P are satistied

I rank M, = 2, theo Ug(e:, b )y = 0 for any Jzd order soluticn Jof B
which satiafies the compatibility cooditions, so £ caonot be cegular.

[f raok M; = |, then we get a new pecond order compatibitity coodition
Towr Fg':

mitp (v ) + ety Ry ) = 0. {6 93]
Dengbiog by P, bhe= differ=olial oprecabor coresdpronding to equaticn §6 093],
FAE) . =eitgiry. Ryd + e[ hal, [6.94}

g masak atudy the duferential aperator
O A Y [6.85)

Uuiqg the ﬂqm]:lzﬁnu Lmtoinh widh n = r.|,15 = 1I E:, o+ have Lhe Enll-::-wing
poaaibilities:

L] IF &y oy vaniahea ak r, or the matrix

I U R
1l kz Fl| -tI]
My = LR L T . [f. )
[I [ H'.i E:j
n 0 m oz

where &) i= cagy, + () aud &5 = ny, + (6], 16 soo-eiog olar ac
¥, then the apray Y is oob variational oo a oeighbtorhood of 7 £ 0.
(2} [Eeyie) £ 0, elr} £ 0 and det{ M=} = (b, than 5 15 variatonal oo a
neighborbood £ of  if and only f &), = Uand &  ={0on b
In order 10 complets 1he semi-reducible case, we only ueed Lo stady the
bigher order Lfts 1o the racr when Mo = 1)

STEF z. The kugher order proloogations
Fy = 1P Byl mnd B = (P By nee Soacyrhe
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Let us Bret consider the operater L. With the usual nolationes we have
it Py = E™ T 2L 0P {5.97)

Hom Fa (P = Go (B 04T B al- A element B i 0 Fy)ois de-
termited bg the thees components (6.28), that g S, ih™ el BaleM
and B, {»"]. MNew, if B, E Gy(Fya, then x f, 00 = 4, that s
Bl =0. Thue

dimimi Pl =2
and 5o
dim g, (51 =den 5™ T + dim Gl —m + 3 (E.94)

for every mt > 1. Mow the Spencer compiex (L.10) correeponding to the
operator & s sxact in the Grst two berms, bhat i3 im0 gegs () and in
I & gmat i} 30

rank £ {1 = lim (T % s IIF‘,.J ]}—dil]] I:y,-q1.g[F" :I:|= e + 11
(5.99)

for evacy >+ 3. Do the other band, from [6 97) we bhave
AT et A = (TR S T AT @ G PEHY.

Let O be an slement of A°T* Gg [P ). We have &2 0 F) B = 0l and anly
if the syatem coneseting of the equaticos [G 71) and of the mght cquations

3 Bleiene AT Tag) =t
cacl{ed

6.100}
Z Fie . eee, vl <, [

ercMrikd

helds, where {2, )=, .o are the veciors of the adapted bame {f,, v.] =1 z and
i,j.k =1 4 are gl differeot  We can ses that the equaticos {6 100} are
the same a5 the equations of the aystem [£.70) withoutl &), The analyes
of [6.70) bas showo that (6 T0a) aod [(6.705) both contaun 1 independsne
squationa (for the computation sre pags 133). Therefore the rank af [5.100)
ie B

Morecwer, we alao showed there that the system {6.71] coolains 3m +
| independent aquatioms with tespect t2 {6 70) and therefore alsc with
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respeet to [6.100) Hence Ker by o | F ) is determined by 3im + 7 indepeodent
equations, aod

dicn Ket 8z [PL1 = dim{ATT" 8 g (P = (3m + T)= 3m 1 11.
S0 rank by it = dim Kerde,, (PL) and thos HE[PY) = 0 et w = 3
which provea that I s 2-acrelis.

Let ue now concider the operater 5 = (M, Pl with &y # 0. We have
Gl Pl = 57T 0 G (A, {50017

where Gl = GalP NG (P, Ltk B € CnlFR). T Bn € 1wl P,
then ot alts has 5 {w"} = 0. Thus

dimiZ..[H) =1,
and an
dim gH[F'E!] = 5™y + dun f;ml:f":."":- =m+ [&.102)

for eyery m = 3. Prom the T-aeycdiily uf the Speocer complea we Jiave
Ta“k'il.rll[PEL] = afirn [.T.. 3 LETY! lI:F:!.]II _I'I'”" {qﬁ"l | !I.FlEl]] HJ:II'J. E|:':- b_l," I:E'g'&']l

we gel
r:nrlku‘.-';llr_,l[F'::] = JarL + H [6.1004]

for aTery ta = 3. On the other hand, using the decompaaition (6101 ooce
again, we have

AT 0 g (PN = [ATT" 50 8 T (AT e G B

tF & s a0 slement of AST & g d™ Y, then we have fo 00 = 0000
antd only of bhe syskem comsisting of the equations [6.71) aod of the four
@iyl at ik

E Birs, ey en, M0 1s) = 0, [5.104}

L':rl:"l-:l.\_'ll::l

aith 1,7,k = 1,....d dafferept . Lolda

The équabicn:s [6.104) ae bhe tame as the eguatiot of bbe 2yskein o)
of {5.70}, whizh iz, az e have already abhown, compoged of 3 indepabdent
eyuabiond. [ Fos e tuwputaticos ae page 133.] Agait whing the fack 1hat
Elim eqatars (6.71) containe 3o + | iIndspendent eqpations with respect to
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(B.70) and therefore alas with reapect to (6.104) we find that Kerdy (M)}
it datermined by In: + 4 independent aquations, and therefors

dist Ket by md Fy ) = din{ AT @ gm [Py 11— (30 + 4] = Bn + B,

Thue cauk dy [ FPe 1 = dim Ket g o [F2), Tor m 2 3, which provee that
K2R = Ofor m = 1, that ie &) is 2-acyelic.

Using tlie results of 1hid seciion, me cam alake

Theorant 6.4 Let 5 be 4 mank one atypieal apray. Assume, that A 2
dingonolizable and 5 1 seoti-reductdle.

1) {f By = 1, then
(ol ef rank My =1, then 5 aF looalin veréalionad;
fo) of rank M, = 2, them & w5 lacally waraghonal o and anly of

m EU e dady o mband @] =0, B2 =10
feld tf vank Ay > 2, then 5 or won-variotionad,

FE) I ky # 1, then

Jo) if M — 0 then 5 o locadly varsgtionad,
(B0 af rank e = 1, tienw 5 s dooadly wamadionad of and only of
o FO e £ Tank My = Janad 3! =0, 3 =0

(=) ifrank Mz > 1, then 5 &5 manvarnateanal

329 Ireeductdle cose

1o thic patagraph =+ conaider bhe case where the sprary 18 arreducible, that
ia e condition of the compatibility of & o ao adapted basis (k. th bz
L

Y owedlplto A+ Y kATE(va b = 0. (B 108
e=_,2 1=-1.2

with iy # 0, and go #0. That gives a 3ed order operator &, 4, which bas
Lo be oteoduced inko the ayaism, The symbal a8 Fy, 40 0 BT — F of
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Fn;.b...-u 18

(T3 Fpn a1 B3l = w1 Falvn v, end + vz Brlen 1o, {5.106]
and the syrobol of the fret prolongation oy (Fia ) Bt it

||:r4.l:ﬂ.-,l,1:.f|34:|:x] = .qu:x..t'hlh ' U|_:l + Lz ﬂq{x. Ll o RT llj:l. {E]D?]‘

B, e &% By € ¥'T" and X £ T. Tha equation {5.106) 13 independent of
the equations which determine gy Py), therelore dim a5 [F) — dimogxd 5 -
L

Le#t we now conmider the prolonged syatem. Replaciog Y in the squatwn
(6. 107) of gy{F;y 4] by the fonr wectors of the adapted basis, we find that
(o4t Fip ap b Fal{n) = 0, i = L, 2 are linearly independent of the equatioms
of g Bor £ = 1,2, (the pivot terms ave Fyded) and Fe4ad)), while
the equations [Ta(Fin q:08]i0,) = 0, 7 = 1.7 are linearly related to the
egquations of g [F4]. How dim g0 = dimge(Fa) - ¥, that o=

rank g P} ) = rank oy [Pyl + 2.

L=t 7} L= the pap
o E T E RET — Ny WD 8 {6 LOB]
detined by r) .= {f}. ryap 80, g2), where
HOE.Cr, T D} iz P07 Cr Ol
ay dsfwed v page 116 and

_r.'l;.l:B, |:'|',C,q. t-':_l,_,.":l = X Hl:l'i.l'| ,.:I.::l + i El:-l-";glll:. |II1:| - l':-“-,_,q l:-Elul
palH, O, ) = D, 50— 1 |:Bs|:'-|-=l'r."5l|:""

+ ilﬂ'rl’e..uhhhl‘:y} - ilﬁ'g[m.m.h;.hﬂ - EC‘;I’E..E“J‘“.:‘J?W} -
2 . A A, .
_1:.{'5_*Lcr.:p.1.,.a..h:-] P STRTHPIOE SOE SYPPS I S hh'-:l
3 : reltERLLALIY 1 1 E . T .

Y:= X% -3 and pr, 15 the projection cnlo the igenspace comeapond g
la the eig=pralue A,

4 mmple compatation shows that the seguencs

— iy . ; :
e DAL T b T — 2 W KD e D {6, 10%]




Aamd & = |- ARTued sproys e

with f] := lin ) 1 sxack

Indasd Im . (#] < Kerr). Gothe other side O, 4 (50 and £y 40005, 5
are pivol ke1ms in the squaticns gb = 0 and p! = 0. and therafare they are
indspandent of the equation 7] = &. Taking inko account that the ssquence
(G.44] is exact, we have

rarke [Pl) = rankr) + 2= dimKerr} + dim 7" - 2 = dim Ker ]|
which proves that the prquence (£.109) i exact.

Let p = 72[ R}y b & 3pd ordst aolotion of Pl 3oz € T 40). The
eraselilinne of the compatibility of the apeeator £ ate given by g [V P E] =
I, where

.|.i'|l:":"-"“;:'f':'_:l = II{I'-'IHI."”I"'.. 5;'. ey ] — Iuﬂr:[fl'l:u-.-"?'l. vl e, SR A ])
+ yefreftptha, §.0a) — sefisithe. S)oeot + ew, F)6s (12 had
= [Fyoedieten ) — 45w e e, A,

||1:-I:":"P',I F.'} = I:.'_'-i'x|:ll'|ﬂj:l:l.| ..|1|_:| + l.ﬁ'x::luzﬂx:.ll:h fig s = '5::.{!J|ﬂ|:|_|ll|.\_5|..':l|:|
—eidtedfhe, Bl + v SiEtE oA —{fl[h:. o fSbelvg. by )
- {:I:J[ﬂ.;.!';.]ﬂﬁl:ll:; hy :l] i ,5;.:-|:ﬁ:. |-FI-| ' I-zlﬂr[tl:l. b+ ELT: |_1.-'| .1';-|ﬂ Blwa, i't:-:']
+oxuiEn i At b ke b= S D S, el )

vyl ol
- nzifh e dbslfe R Rk £ e Y Reilva w ] he))
Lpil vpel

which cpm be wrilken ax

TR = % A e Y A0 k) [6.1101)
=Lz Mla
e = 1.2, whers there iz a0 surmmation for the repeated index, and the

coefieotes r) and =) 1, f = 1,2 are functions completely determined by 5.
Ire deficution ia giwen in the Appendix [A.6)
TUeiog the conditiona (6 105), the aystem (6 110 can be written o3
Foadlele by )+ 8l The(ug, Ay ) = S TElr. hed = Oy

! [6.111)
sAbE(u . L) = w2 T, ) = 0b,

In stder to Lift she thied ocder aclutions of P we Lave to egplere oo the
nethrients ry, s.‘:_ nf this ayatlem.

First rasa: 7 =1, -:' =1
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[n 1his cana, ohtiansly, any thivd ovdey slotion of I} ¢an be lifted into a2
frurth oeder solution.

Geeond case: ry = and rank(#} = 1.

Yimnce 1o this case [£.111) conkaina two linsacly independent equatioos re-
bating D glvy, by} aod CEglag. o), there 15 an regilar secnod nrder formal
solution satisfring the above compatibility conditicna, and bherefore 5 05
non-variakicoal

Thicd case: v = aad vankl{yl] = L

Y rank{a)} = [. then (5.111] gives 2 aew second prder rquation, which we
shall denote a=

s llefay, haf + srilsfvz, ) = 0. {6 112%

In others words we have ko iutreduce inte tbe syelem th= second ordec
operator &, . COITAM] — O (TAM ) dehnad by

F,.El:= ﬁ]ﬂt'{lljl.llﬂl]-l'ﬁgfn!i'l:i.l?llll.-z-': {E!!E':I

ioio the syskem.  Usimg Lemma G 6 we And the opacessacy and sufficieot
cenditions for 5 ko be vanalional: se= ak Lhe end of the paragraph.

Fourth casa: vy £ 1)

- b theo the Srst equation of the arstem [G.111) gives a new 3rd arder
obetrvcticn, represented by the operator Fe : O TAS — OF(TAS,
where

Fo(E}:= e egtgly by ] + 6 8he it Ay + s plreg. ha). [5.114)
Hew we have to study the ntegeability of the ditfecrntial operator
£l ='rFl Fa. (£.11%]
The symbol of F. 1= givan by
e P ST = R mlFB] = i), [5.116
and tbe symbaol of the prolongaticnm s

P ST = T e (PO RIX = m gl X o), (6.117)
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where 1y £ 57T, By, £ 847 and X ¢ T. Tha aquation defining ga( Fr} i
independent of the equationa of 9;(F ). Thoa dim 9:45 } = dim gz} F 1- 1.

Copsidering the prolongation, b is ioteresting to cemark that G4 {F5) =
CalFY ) apd theeefore we alse bave 9008 ) = gao{Ff} [ndeed, an clemeat
B. m (P 15 determined by the components B, {h3, 121 Therefare the
equations ma a0y — 0 and a0 - 00§ - 1.2 can be expressed with
the help of the mquatinns which define g, [F7) Conasquently dim gy M =
dim e[ Fy 1 that 15

tauk £ ) = ranke Py ;.

Let us eonaider the map
T ReTET —— RlsRoREF &M,
defivmd by ») = (], [pl]=1. 4] whece
AR e i = 2B O T C )
BB O Ca Uy as. Crb = Sl 5 — 2y Bl b,
L L nan U = (i) + %C‘rl_qq.u..hl.frg] - JtT'IIZ-'JqIHt-L.fr..-'u.F:!g].
BB Cr A Ty O = Colnn) — %&[m.":.-'l:.fu].

Fix:

X Catem, Ny Rl

DA ;K P Y TR oo IR Y S ORI ST TR LR S
The eryuence

u..l_i-',! 1

ol
53']"'- el [T'MFq}l'-BT' ik 2. h.’i i [ﬁllﬂ:l

with F'.’:'_ =l -\_ LCRLETLE

[odexd it 19 casy to eee that Imoo (8% | < Kerr On bbe other side, if
we congider the system debined by nd - O, thea T0ihy ), Coolial, Soiesl and
Cerw, ] are preot terms 1m the equations ! =0 2 =0, 25 =, and oy — (I
respechively Usiog the exactarss of the sequence (6 (09 we 3od that

tank ey [P =ramk 7] = dimKer s} +4im T - 4 = dimKer .

which proves that the eequence (6.118] is exact.
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We will pow compute the obatrazlions ansiog fom the mape ot Let
F1{ 7], be o third order formal solution of M) ak r. Ve hava.

P WP E = P E] = rou{ Vel )}
+ [Sailftefer Ry) o+ (8 Wl da] + a 800 p (g, ) ) = 2] S0k [0z bz

PHUTE EY = ha [ B B+ roia [Figdipio, flz]}—r—lll.lt [Fiastelhs, he ha})
= roua [ 3 Rl f). bk ] 4 Char Jneinn ha) + malhew [l B +

cvrl
—alhefteiin, A+ £ hsbeltg hat e haa WD e lu Ay )+ (hgsd IEED ks, B,

AT El = 1 E) - %'1!1 (Fiaitalm, by, hz)
= s[5 fetfon, bl ved S Reden. i+ e, el b+

cxel
- [L'zsh:'isf.ru ) fvaa s va, Bt Hh el efay, e} + abvilefen
AT R El =[x o]} — rofwmk ) e, 00+ Cxo[vanth — ruf e M, A}
+{xiEm +xn - rlaxn = sk ot b - el efile, Ay
+ [y a7 — P ke il e Ra) + r;;;;{[u;,u;.m[u;,.hz} + u;{E Y[z, va], ﬁz}]}
upsl
Sioce y; £ 0, wr £ 0 and v 2 3 the 3rd order detivative of £ appeariog
w the abowe expressions can be expressed o terms of the second order et

of £ wriog the equakiogs (6.47), [5.105; and (6.117 2) Therefore the opew
ohsbructions van be writt=o io the form

AUTEDN = 0wy, kb o+ gdfH e, R, (6.119)

v =1t. ,4, =here the cocfficients -q'] can be eadily cemputed.
Lat us concider the malrir

o

M= | T (6. 120)
4 oz
58

defined with the help af the coethcients of the aquationa {$.111 b} and the
equations (6.110].

TE Afs = [, the conditions of compatibility are identically satisled [wc
every thivd arder solution of Bl Then any thord nrder solution of B can
b= ift=d (pko & 41k order dolutjon.
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I ragk My — 2. theo elv,, ) — O and Thede, bzl = 0, which s
excluded i 5 i raniationad and F s a regular Lagraogian amccaled 1o 5
[see Lemma 6 1].

Il cank M, = 1, then the mqualinns [G.119) abd the sguatizios [5.111
E-:I AT Ii.nea.rljl' dz‘pen:l:;n.t and ane of them can bt rettoved Let us de=oole

w S b bl ey =0 (6.121)

the remaming equation. 1f @ - Dor g — 0, bhe spoay canoct be variatianal.
Assamiog ¢ F U aod g. % (b, the squation [5.121) gives a new secnpd
order condition of compatibility. o crder 1o iotcoduce 1t inko the aystem,
we define the differeotial operator £, : O™ [TM) == O™IT A} by the
frrmula

FoiEy =gl )+ gl Azl (5.122]
and we consider ibhe new syst=m deflped by the operator
IR B TR (5.123)

Using the corficisnte of the sperator (S, 4, Sin]. V5] 5 we de-
fine the matcix

X ka2 Lo 2
TR R T
Mg = o ! qﬂ' rIIEI. [6.124)
T 1
o0 0 g2 w2
whers
slo— 1 =1 _ " 2
tg; . f:le_uti'-} L li‘il.;_- q_t:; = lMhgal t qzxi-. {6 :25}
§i = [Eq] Q.. § - [vege) +qaxi,

According vo the pare reason Lhal e bhave already weed, wc soe that
i rant Ay, = 4, then the systeny bas vo yegulay 2rd ceder soluticn. ao the
dpray & is oGh-variatiooal,

If rank A = A, then the two Oyt soma can be cxpreseed in Lerms of
the others, and thic meana thae the diferential operators By, 40 and P can
be remeved from the evetem. Then the syckefn ie sguivalent Lo the ayeten
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defined by
PR Y LN IR (6.126)

whese condition of compatibality can be expressed o berms of the functicns

&),y 0B the Completion Lemma

Fiunally, by a computation analegous ko that ol the abowe sections, ooe
cam check that the cperatars £y, I and JY are Z-acychc. Mow we can
akats

Theorern B.5 Lot 5 be & renk one afypeccl aproy, suppoas hat A
diapondlizable and the sproy 19 erreducabile. Thew.

(2) Ifry —Gonds, - 0fij- L2} then 5 w5 lecally varesienal
(2] Hfry =0, then 5 a5 [ocetly verrateonal of and onfy 1f

fa) detis)de;pa =1,

(bl AL, =10,

o) so A s fUand B 0 & 0

(&) Irry #0 and Ao =0, then 5 65 lacally vartatienal .
(i) Iy #£0 and We # 4, then 5 w5 locally somatienal 3f and oy of

fa)l rark My =1,
(&) ek Af, =3,

fed oy #0000 #FF und B 0, i=12

1.72 =

G6.3.3 The inverss probdiess when A 4 non-diagnnatizabile

The study of the ;nwecee problem (o the rase whers A 13 poo-diagenalizable
13 very close ta tbe study o the diagonahzable case. We will zive ondy tke
1esultp Lere. referring o |Mu| for detailed demopatrations. The sxplicit
farmulae are given 1 the Appendix.

Lok we peturn ko khe Section 641, A we have seen, bhe supplepientacy
cotdibinn &f commpalibaliby te bfl & 3rd order formal solution @ = po[ R, of
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the prolomeation 1Y of the syelem

w—1. e the Buler-Lagraoge equatico
folk =1
40k =1.

6 wr =9 (cf. Prepesition .37 We hove the fellowiog Propositicn, which
corresponds bo Lemma 6.5 o the pon-diagezabizable coge

Loemma B9 fn an aa!aipied Jardan bamns {.l':,,:.llh:-,lgl, {:I.E. III|_ and
w = Sl rpon the prgenypoce Y essocaated fo the mipgnuatue A af ,-i_,
ard o, g = Jhe pan the other choaracteratae space) we kats

'._.F'E[hhhg..'lh..ﬁg_:' =M |.-";.:”E[l||.||!'_-:| + E B ”E[IS._.'I'I':]. I:ﬁ.l‘l'-’]
1=1.%

where Lhe funehons gy, p ded o depetd otly on the spray. Ther
defnitior s e o the Appendi (AT T particolsr, o vatishar
if und otfy of the distrabution A7 i3 reducibde. Th (A0 case we wil Jou
that the ERriLy ef cedncihle.

Proof T ;'K oa 3rd ocder solovion ab =z of P}, thes we bave
(VP L, =0and hence
(VAR IA. Ty hy) = &bl o] =0,
(VR A R 1 = A el = XN e = =X T =00
lor every X' & T Bul dfp = (1. agd su:
DAl ]obel + el e b + Rglitg Ry oy ] -
- .Fl.]ﬂE:-E'hlll-z'l - 1'3“5'“&2: .II.]:I - .rtzﬂ't_[.rq.l'."} = I.'I'
Dedle Ryl ) + Dpllhy, faj e + Sredlb. v ] by )
- T ﬂf[.ﬁ.],r.';] - h.i!gl:t'g:uﬁl —1."-.;;!5|:|.|.h|:| =10
sioer Melr, o — U WMBE(w . fe) and vy fheily o) can be expresasd by
Ne withowt its dezivatives, 1= Dy the s=cond opder derivatigea of the
Lagrangian £
.||£|1.-1E!-1'|..|I;: = !E;_;[[.II.: . r.'|_|..|:|;-:l + [!Ei|1:||h=_llh|] _ ”']_'"[[.'12-. I"!||.-|.|'|_:|..

1l|".-."E:-|IE| .r.';] = ﬂ:;_;[[z:] .Illll.l'z:l + ﬂb“f‘hi:i‘]-"l :I =+ HE[ET"I.L"_E. h| |
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Thus we gel

vdlelm he] =gl V(v e + i'_l;ﬂzllllj.-"l-z-.:', (6.798)
miltelay, hat — af, Thefag ba] + nf Delv ks,
and
tiSbeiea bl — velteley, hed + 5l o hed + F.'f.;nr-:lfvz- h=1, {5128
by fbetey fot - Rafleing iz + my, Deiey, da) + o, R eiz. kal,
whers the ooefficients are dsfned in by (4 .3) and [4.9].
Oy bhe olber hand, [Saagly = ]y and idoy, ], = 0 aply that
A XY O[5 X LY ) + Dl X |5, Y0, [%.130)
Sa
Fllginy, heh - (gl E!.l::'h?i}ﬂﬂ-_':'-'lnhil g Elnalrre i, bl
Strpivy. heb = (0w gl ety k) + (g0 BN 0 ),
an<]
Raflg (v heb = vondbplv b + g Rpde, ) + 0 Quiee. bg),

Fatlgliz habs 3 wonafivg el + 3 o Qe ), (5131]

-1 L |2

where the cosflicients v, apd v, 4,7 — 1,2, deprod only oo the spoay (their
defiqitaon i given by [4.5). |f we tollect ihe secnod and third order Lenos
which app=ar 1 the compatibalily cobdibion pp = 0, we obtaiw bhe Aist
park of the Lemaus.

For the second P'FI'--. we polic= Lhal we hare 1'|||_|:,.";.:- = 1] if and n'n]:,-' i
levm] _ 0 al x, thal s

'EI"L; .ﬂllul *+ L
g, o
et E.‘; El-:.'t| Irl=1n
g 1

So myix] = 0l and only f pr=5; aad prafi k] ace Bosarly depaidene.
where pr: deostes the projection on ko the charackeristic diskribylion com
plementary tn Lhe sigenspase & in Lhe charactecistic splitling of T3, that
15 Lhere exasks oo & B, such that

]:.I'l'gl:|1.|||ll.|_| - I:IS]E ={|
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Simce 5 & AL, 5 (7] vamebes if and ool of estber & 15 integrable {i = (0,
or 52 £ A2 that w A¥ is redocible a1z, O

There ars two caeee be study, accevding to wheter 5 s radocible or pet.

6331 HRedurble sgae

Cne ran check, @ a way complete]y apadogo:us Lo that ip the diagonalisable
cake, that the cperator £ 5 2-acyclic (<. [Mull. 2o if the coefficienls
m and pe vanish, the operator M and 4 are formally iotegrable. Tt fols
l2ws that the spray is vanatioos] An sxample of & spraz sahisfying theae
coo<bioog 19 the followiog-

Eamsmupk: 8.5 Let ae coorider the sabem:

li' = (6.132)

F

Ve have [T =0, 4] = 47 - Af = 0, and 4f = 1. Thas A" = U, aael the
rank of khe cpray ia 1. The sigeowectors of A adapted ta the cooonectian 17 ae
{.ﬁ.: = %._'u: = I,,—'L } In particular, the migenapace 4 i olegrable, the spray e

not typecal and a Jordan basjs of A is {:‘% -'ls-'u'-. i .-ﬁ ;_':—1 } Heoce the brackeila

which appear 10 the exprestians af the fooctiao f, vamsh idenlically. Therebore
Lhe wyrakem [6.133] is waraational

Lat us anppeas \bay o aod 7 are oot bobh zero. 1o order to givc the
conditicns of commpatibilaty of the operataor
PyE = [ug, frite. iaite. Fip o E) (6 133)
where
Con o lE = gt tg) + ey Re (6. 124]

we: iplrodure the follownng octating, analogons to that nf the funstisns Fie
{se¢ page 122]) atroduced in tbe diagonalizabls cage.
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Definition 8.3 Let &, and &, two function oo TM, wih &4 £ 0. We
can dafime the funectiens Pt on T{T 2f} by the formalae

a8,
WIS lif"ﬂimf""” dgf el g gl "l gan)

l:ﬂ{ E;E'u | — ] EI-’-: 1|+_3|§.H'|"" 1 [Sﬂ:}].

{6 136}
¥, e I:Iﬂ g gy gl - (5]

{I:I IE|'.| 'I-:||+1:i|i{l_31"-"-l - {S.|Iﬂ':l:|}|

where 5; = p 8 and 5; := T are 1bhe prajections of 5 oo to A and oo
to Lhe athor charactaristic 2pacs.

As the [srmwla (6.127] shows, the bigher order compatibiliby cogdibion
in Lhe reducible chte gives & new second order conditian. The anaiyaes af
Lhe differant poseibulilies o the redocible cate are posgible with the belp
of Lemrea .10, which correcponda Lo the Completion Lemma 6.6 of the
diagenalizable case,

Lemma .10 [Jempletion Lemme i the mon-deggonalizable casc. )
Lot {Bi i ]—12 e on adapted boss of A, e TM Y {0 &, B2 smooth
Functions m a meaghtarhood of © rat beth zerm. Laf ut contder the
zerond prdetr differentasl operator Py o CETA) o+ T AL defired
ofi a neighbarfood of 1 by

FﬂE = ﬂ]ﬂh;[lllllll:] + lﬁ'."--'E.'['-':. 'Il'i":'n-

and the operaror Fa o= [P F], and let ua denate by Mg, g, the maimz

mwm P
""'I-'.’l.l.'-'] = 1;2 I:-l'] ‘IHI.: EEI-EI’EI]

I.'I- I:-l'] 1:-'-,-
defived by the coaffictents of the rows of Py 4. VPalv ), and By, where
"-?I: = {ug ] + & :'T-.- -1 {{l-. | _ Ll:::z-l'l.zl - E.Llll;:l.-..-nl]l
By = () + dod, —dafe e - gl
Then

[6.137)

(11 If taiz) =0, them there are no regular recone order formal safu.
tiomd =f [y af x.
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(&) Ifdalxh 2 0, then
(o) thers are reguinr formal sefulons of Py ot a asighbarhoed {7
wf o of ond only af i':.jl 4 =1 4"31:_11__ =1, and 8Ll M, a7 =10
LA )
(&) Mordower, the operator Py 7x "complefe” i the ssrsa thot of
we add to Py E1 = 0 g mew differentin! eguation of the type

wwuefle[ug, fy] + beaftelie, hed + 7 SHep Ra) + s Moz ] =100

which 15 indeparident of Pl R = {1 and hit prolongotion ot
x, thete the new syatem hoa o regular fecend order sodutiomn
af r.

Thr xtatements 1) and 20} can wasily ba checked by a simpls computas
fon.

The praot of 2a) 1% wecy similar be ibe peenof of Leantia .45 Ae in ke
disgonalizalile cose, oge can s=s that any Ynd arder [ermal colution of 5,
cib be lifted jotu a drd ocder gulution of aod ooly £ ¥, .. =3 ¢ = 1.5
However, H2i Py 2 11, that is /% ic oot 2-aspelic. Thus thare is an sxtra
compatibility condition for the prolonged evstem  AD analysis analagaus
to that of the diagonalizable case allows us to show that this ohstroction
Appeags lo Lfl a 3cd opder soijution inlo a dkh ocder solubics. To :[B.r:t., ALY
Jrd order solutivn of Py g be Jifted iolo a 4th order eolation, and thers
alsn exists a regular secerdd ordec solotion of aod cabe o ), I:"I':,I g = I,
: = L2 and did &y, o =10

O the otber side, the frst prolangation of P being 2-acyclic, the ap-
statar Py and therefore P, are formally ictegrable and haves a regular 2nd
order solution, bence 2a} of the Lemma bolds.

1o the reducible cag= we ayriee at the fellowing

Theorem 6.8 Let 5 be an atypecal spray of ravk [ and suppoa= that
A 15 mon-fagonabizeble and & redunbde Ther 3 1x [ocolly varattosal
lf qnd pndy of PLope — U orpe 7 [ and *.:i't.l-:- =0, 1=1,1%

Exainple §.F L=t us connider the ayatem

[i, — Firy 12 &j,121, (B 138]

g =1k
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whece S8 2 & We have [T = 1, and A7 = Af = 0. The rank of the spray is
1. The sigenvectars of A adapted to the cenmpectian I' are {.Fn = % Ay = 3-'%} .
benoh tha aipTay v Don-typical The Topdan baas for A is given by the vacteos

a 1 o i
by =— -I;—. 1 = .
: £z :l."i'_l.n b ah’l
8 pd -2
bz = dx; r'i'i'_l.n' YT By

The computation pres 1y =10, = =1l and

Ty TR TR La P

—-r'r' =
dr, 1) dr, ben

F] 1 1
rAT I:rl‘?'a':l' + % ; rt'i,‘;'l' rhrhj

where 17, := E&- 3a, gemerically py # 0 and thes fhe apray 1 noo-vYaratiooal

£.3.37 Mreducible case

If 7 g irraducible, then we bave bo #tudy the integrability of the diffazential
Lperakor

ek = [we,arils iafle, Flua ], (5.125)
whers
P (R = megfipieg gl + g Bl e} + gl g gl (R.140)
Lot
oS e R eT —— KR R aR [6.141]
be ihe map defined by r) = {¥), 9 q), . - pa). Where

fﬁ[E.cr.':-.-i.Cln__q:n:' - H{E1CF.EA]-
AT O Uy — m Bl o hed - Coe w050
Eal B O Ca Uiy acd — Cln gyl = J;‘—I'fr[le'z. up gLt = O e Mooy he)

o2l B O Ca ol 2y = G (e + s adive, 12,y ke
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It iz easy to show that the s=quence

srre B et e py T 2 K It
with ) :=Im ), is 2xact.

The new condtions of compatibility for a Jod order formal ealution
Jsl&Ye of Fym r 2 T8 [0}, are given by the equations o[V P £ = b,
=140

i FEIEY =S bl he) 4 Sipilag, hed + palitlug, A
+ o [Foan Ty fead e {TIUTS, o] b ) + BEe 8 8 )0
p;[TF,' .E: ;[u"l‘] T ]L‘z[rl;1-'| .|F|2_:| + |"|::| |:F|_”':_1|1 . h:;:l + P‘_l“l:!"_a-.. rEj_l_l
+ Ry e e et - e [ 3 Rl ] hod )
vyl
i VR B ={uym heg My gy + oy ey vy, R + pofog )]
+ |y, v S Red — M (Z §HToz 0, hﬂ-jl.

el

With the help of the equationa (B.124), [6.129] and {6 131} the abstrocticn
can he writlen as

APATRE - 3 At hab+ 3 B el ). {6,142

~11 1-1.1

The mxplicit expresoion of the cpefcients :|'|-:J and r_r: 1= given ip the Appendix
{a. 410, Let

Mmoo e
=1 LY | = | =1
o o T P i
SO I {6.143)
i FME
i W A gl

bee the wratrin of the cosficients of che operator Fiy 4 aid of the equations
PPy =001 = 1.2, % Leing 8 Lige of jeasoniyg comopletely analogous 1o
lh= upe we Lave rll:'l.'ell:_:-pud i the [J:-Etnﬂeu‘. Eeccl s [l_[ fun Ex.auu[.n-]e 118
procd of Lemina 4.7, page 138), we ficd

- [Frank ) = 1, Wen every thitd order solotion of B can be |ifted into
a Joarih scder anlubieb.
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- Ifrank &, = 2, theno a new condition of aimpatibility has to be intre-
duced 1nto the syabom.
- lfrank &, — 3, then:

{1) ifi3y =0,i=1, 2 3 the spray ia non-variaticnal;
{2) fone of the 4, £ = 1, 2, 3 doea oot vanieh then a new 3rd order
condition of coampatibility has to be wiroduced in the arstem,

« If rank Ay = 4, they the spray is nob-variational.
The new conditiooe of compatibiliby <an be wtitten io the lorm

Mty itE (e, gk + 'i'i'”E'[*l.h'.'] + E'Eﬂ}?[’-'i.hh" =0,

! ' {6,144}
Tl (3, ) + gt fag figh = 1,

where the coefoieots o, f can caoly be compoted Bomw the malnor [5.143).

al luam gy =0}

Let w4 aspume that 7 = (1 abd the task of the mainx &) s bwa. 1o this
ads Lhe two squations of (f.144] are linearly dependent, and give & oew
relatiooship bebteern bhe terms Nigl, o) and Sz, ha) Lek s denoke
kb by

audtelrg he )+ qaflpleg fg] — U {6 1453

Accordiog 1o the Coopletiou Lemma [Lemma 6.10} we oblain Lhe uecessary
and sufficient conditiooss for & to e vaciatiowal.

b} Casemq # 1

If gz # I Wheo the flest eqoabion ¢f the compalibulily conditions [5.144)
giwes & mew Jrd order condition, 2pd therefore we haws 1o considec Lhe
opetakor

Rl E=4{F P, [&.146)
where F O[T MY —= O[T AT denoles the operator

BE = thuNplaz hy] + r"i'ﬂgl:bhh?] + rffﬂgﬁl;-, hal [®.147)
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Let na consider the map
AR eReT el —2 . KlzReRak (6148
defined by v — (7)., @, &2, gZ). where

‘.f: [Emﬂ].:ﬂd'\.ﬁ'{"_ﬂl- lr:.:.l = r: [B.C’r.ﬁ',q,ﬂ'.:n..,u:'
ﬂ:iE ﬂr,ﬂ*lﬂrhlﬂjl f_.-'i.:l ='|:|,Jl:.q:| - T;l;l.El:T."'l!: 1J"||.|I'|.]}.

FRE. O O Ty Oy = Gyift] = ECr{en. . A ) + :]EBM.A.HM.
1
PRl £ O s Upd = Ol s = il (Fin g ) Bl

apd T} is detioed oo page 158 Hy a standard compulation one ran check

that the sequence

nys Pa'l

A M T B R T — i) —a 0 (.1457

16 exact, whetre (P denotes the imuage of ). Lok 530 B, be a dzd order
formal polution of &) ooz © TAf Y [0} Compuoting Lhe obskructions, we
ATIvE 3t
_p,:,[‘FF: Eh = I:Erfg:ll‘gﬂE {I:-"' e+ SI:_q;L-!‘F fu. g + q:-ﬂrinﬂz.hg]:l
+ r;.,;l?, r.'g]r.'r_-l:ll:. I'Ez_l + r,!:1::-|{|’!;_-{|.‘;-'. LI:]. .I:I::I + ﬂrl: Ly, |5. iI.:l:l}
PR EY = (kv Defay, b ] + B (pftede . o] + g Thelvg bei)
- E{thew etz ) 1 helqi e ) bl bl |
+ rlty vl iRl had — mlfes vz [Tleie: ha) + iaa I:Z et sl h:—l:l .

TEEl

T B = wyle e El i had - gl e idbeie. ha)
+ i qiteiv )+ geftedes, he b —mu pa Qe bob v e (g ket)
+ ey [ E L ) o ’JI'JJ'-'?{ZHRHIH-t':l--'Jz]}-

rard

b ymrer, using bhe squations (§.128), (0.122], and taking inte account that
(P4 El: =0 [P F], =0, ®¢ can ebimiwake the Jrd order bermas from
the expression of Lhe coglitions of copppatibitity, which can be written in
the fe1m:

AP = elitpteg 4 oS, b, [B.150)



162 Forrafioral sprmys on Bdemenseopod memfelds

i =112 % Let os consider the matnx

oo
rorl
Mg = ! 6.131
2 PR [ !
b

defined by the roetfczotla of the stcond order conditions of compatibility
(6.1%)) and [6.194 k). We have the {cllowing possibalities:

(4] If My =0, them cuery third onder solution of tha operator Po con
be lefted vndo 4 fourth order solutiomn;

(2] Ifcank My = I, then Lhe eguations (8. 1500 are arunalent bz cne of
them, which we denole

PI‘ = :I'.ﬂ.;_-lfll.,jt']+:I'!,|-t;..;|:1.=|.r'tz:l=u. [5152]

(3 I rank My — 2, then 1ty ) - DBl kel = 0 and & cannol be
vartgtional (ser Lemma §.0).

lodeed, 1} and 3]- can tasily e checkad by 2 J.'imp].-: computaticn. Let
we conBider the cate, when coank My = L.

1f ro = {0, then there are no 1egalar eecond arder aclvkions of P:_‘ which
satisfy the compatibility conditions (6 144 b} and [9.153), &0 the apray =
17 noo- rariational.

1 ra # & we must study the integrability of the syrtem:

[FL P, QP [6.123]
Let

N moIx

0 th ¢ 4
L (6.154)
2 -1

rora Fy Fi
0 0 ror

be the matnix defined by the coctfcients of Py a4, Frlt ], ¥ Fr(12] a0d Fr.
The coeficients 7 arc given explicibly in the Appendix (A 10)

Since r; # 0, wa bave rank Ny > 3 Obviously, of rank /vy = 34 theno
5 s teo-variskiona), becawee bhece are oo second order regular solutions
satisfyring bbe Loinpatibilily ropditions.
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[ rank Ny = 3, theh comgidering kbe epetems M = (5. E), ie the
tecond ocdet patt af the system (6. 153], the Completion Tamws (Lemrma
G.13] gek us the bacemary aod sufhrisok condition oy 5 ta be variational.
Therelore we can atate the faluwng

Theorem 6.7 Let § be o runk ote etypical tpray and suppose that A
1z non-duagoudafizable ond 5 teducable.

1) iFrank & = 1, then & s dacally vamatmanai;
f2) ifrank &, =2, cnd

Ja)d af s — O, ERen 5 o5 locaily vzrigstenad o exd ondy ff

dArL Y

LI

it} U # 0, and
.oafrank Ny = 0, tker T 15 Jocxlly varational,
it. af tabk Wy = 1, than 5 o [ecally varstional if and oy if
rank ¥, =3, ra U, and ¥ —=U, E=12
e ef rank Ay — X, them 5 1 mon-vertatianol

r3} Ifcank v, =%, and
fal uf pr =0k then 5 5 menevzredlonad,
(b ef m #101, ama
1 tank My — 1, them 5 o5 larally vartatiznal ¢f and anly 1f
Tank My = 5, ry # 0, and ! =0, 1=11%

Try
. rank Wa = 2, then 5 t4 now-vardativsal.

=1L, ygo# ond ¥ =0 =12

ra) Mrenk Wy =4, then T it fion-voriotoonsd,

B4 BKenks =12

G.4.1  Typical sprais

Ig this s&clion we sypptds Lbhat the spray has rank 2. This meant thal
the Lepsor Belde 4, 1" pive & basiz of the O[T A iodole spansed by
{0,044 4L
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Let us return bo the study of the opecator £2, that i of the system

wre = A,
icflg — 1,
falle = 1.

An we have seen (6. page 50 and 103), a second order formal aoluticn
J2(Ely of Py inr € TA {(} can be hited ioto a third order solation if and
ooly f t4.fle = . W rank s = 2, thue giwrs a new abstruclion which has
to be iotroduced 1oto the spstem. Then we have to study the differential
aperatar

By 0T —— See (T & ATTY & 41T @ ARTY),

defined by P, = [Fi. Py), where Fa = fy.ddy.

Proprorsilion H.5 ,"D-Dujl Let cank 5 =2, If A ond X' haw a comemah
crgenuectar, then Ty apay 15 notk varational.

Tadeed, if 4 and A’ bave 2 commen sigeavecion, then ihey also have
comimed horizonlal eigenvettor &) awd a vertical ane gy = T, et hy apd
vy = JMy be soel that Jhyo . Rt} ois an adlapied fordan basis for 4 agd
denobe by a,, the components of the matrix of 4" in this basis, that .

A, = daiy * el

©OF course, 0,2 = 7. Mote that, since rank ¥ = 2, we hawe gy £ 01 3 is
diagooahsahle and . gz # 0if A i= oot diagonadizahle

Fuppoee that bhe spray 5 5 wariational and let E be 2 regular La
grangioh aceocialed tu 5. Sinc= i g -lg =0, we hare

ig-Teth Ro) = andMo fa) —anflly k) - anthie ) =0

Mow a;, 911y, byt = 0 i 4 s diagobalizable and iy, — mag] Ty kgl = 1
il 4 i3 not diagonalizable. Thet §Ep (1, fiyd = [ it the disgonelizable case
and e[y, by = ik tbe oogediageualizabile case and Elin 13 excluded (of
Lemma (6.1

O

Corollary 6.2 TTha typiced sprog? of snk P ore not vorzational



Fone & — 2 L]

ladesdd, suppose Lhat 5 15 io the sigmaspace &) corespaociong Lo the
eigeAvalue A o this case 45 and € — Jhoare alen feund 1o &y [l Prope-
gition 2.7). Then 13 C A, beoce there exinks o C R auch that 5, — pC .
We have

ANKEY = F[ARS + L'FRY) = FA'RE = Fu|d5,5) - FA[MS. 8] =
= Fu|AC S| + FA|EE 8] = (SAFC + AFp|m 5| + pFA[C, B],
=1F1
(L8] = [J 8][8) = b - 28 = AT = pl”
Afrd sh
AW = (NPT - AFaS + oFARS = (TP = (FA)RS.

Thin means that b3 ks a comman eigenvacior for _.-i| and .-i.', wher=by we
cay coucludes bhat the apray Jo wop-sariat icnal

£.4.2 Atypical spraya

W will now consder the cassr where the apray Y e atppical. Vsing the
repults of the Completion Lemmas (of. Lemmae 6 6 and £ 10) we can gas-
Uy formulate the oecessary and sullcient conditions for the speay 1o be
vamakicmal.

al At diagonalirotie

Let {f). ey, 1,19} be an adapted basis and A% = 4,31, = @uatn. The
compatibility condition which has to be mntroduced into the system 5 — 0
15

J_{lﬂE‘l:llh. .I'l.p-: = —Eg:jzﬁl:l‘.ﬁ.ﬁ:_:l + ﬂ.;!iﬁl:i.-"_l-hj:l =1

Mate thab @2 and @ are oot Bath seto, becavee runk 5 = 2. The situation
1 1the cue descnbed io the Gompletion Lemooa $.8. Thus we can state the

fello=ng

Theorany B0 Lot T be un wbypecal spity of rank 2, with 4 diagonai-
irable. Thed 7% lacally tarietonal £f ond only tf
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1) A and A' huze e commen aigervector | e dinan 2 10,
noe ., =ht=12

3 orank (A _agas) =4
where the matrix Ay w,. W defieed e (G.58) ueth g = -5y and

I =3,

) A ir ron-diagenakzable

IF _.-i 15 nnn-l;]:i.ilsnp.ali:ab]le, kh=o Lhe :nmp-u'.:lhi.nn! and reulks ape simalac
ta thnose 1 the disgovalizable case. [n a Jordap basis adapted to A' the
cotpat ibaliby condition {49 = (s

[ﬂ'_| _ ﬂﬂ};!l—'_l:lﬂ ,hg' + ﬂl'a-!.la'[llglhz-:' = [k
Teing 1he Completion Lemma 6. 10 v arriee at Lthe following

Thearem 6.9 Lrt 5 be an atypacal spray of rank 8 and suppose Hat.
A s nomediagonalizable. Then 5 a8 levally varzattonal if end orly ef
1] A wtd A' have ne comtmen sigenvector (Te. g # 0],
Z] ¥ = E= L2
3] rank(MNa,, camas] =8
whers the veairer Vo, Capwy ¥ defined by (FIFAE wth o) = agy - a0
and ty — dga



Chapter 7

Euler-Lagrange Systems in the
Isotropic Case

1o the previous chapter we gave the complete clasofcalion of the varialional
Epraya oo 2-dimensicnal manifoqds. Deepite the fweb Lhat the diwewsioon
of theas manifolds i3 low, the complete analyaia 18 complez, ac we hawe
FPen [0 the bigher dhmensional cases the situation ia, of courae, much
more complicoted simoe the conditisne of 1nkogrability invelves oot only
L= Crowglas bewsor, Lot also the cucvature tensor and ks detavalives aod
the higher order elemente of the graded Lie-algebsa associaled to the apray
[sec Sectien 4.2). Therefore it 35 oot really Teascnable to expect o complets
rinssificaticn of variational sprays oo n-dim=prional manilolds where n € &
IH ﬂ.r'h'll‘.rﬂ.r:r. unless #= consid=rc a parl‘.i-.‘.u]ar class Al XTICATS-

Matural yestrjctions cap b= tmpaeed oo the caureature of the natural
funlecbion avacdiated te bhe gpray. 1z this chapler we will coosider aotropic
wpraye, whose georaeirical meaning was explainsd o Section 3.5 i ther
are variational, the apociated Lagrangian has isotIepic curvature, They arc
amalogous to the geodesic of a Riemano manifald with constaok curvakure
fer non quadratic serond order egquatinos.

A 1o the previows chapter, mamiolds apd tbe sther objecta {teusors,
funciinma ete. | are assumed 1o be analylic. I am ohiect Lives on Lhe tangent
bupdle, bhen ik is assome=d to b= soalylic away From the sero seciion.

T.1 Thr Aal case

The simplest case of isotropic sprays s wheo the sem:-basis 1-form o o
ibe Dowglas benror (3.33) vanishes, aod sn the spray is Gat (see Defimition

157
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3.23) The ollowiog theorem 15 & generalization to the »-Jimensizonl case
of the Thearem [ of Douglas,

Theorem 7.1  Every Aat sproy 15 locally variational on TA Y {0},

Remark, This Theorsm has alec been proeed by 1M Andecson and
Q. Thomson io [AT] ueing Cartan's Theory of exterior differential systema,
and recantly by M. Crampin, E. Martinez and ¥. Sarlet in [SCH| using
Riguier's Thecry of partial differential apstema. QOur result bas already
Eeen poblished in [SH].

Froof Recall tpet a aecond order salution 3 By of the BEole-Lagrangs
uperabor By can le Lfted jnks o thied coder solution if and ooly 6f (00l =
N, whers ' = [J 5| and {te = dd(E {f. Paragraph 5.1). Thus we hars to
gtudy the iokegrabitity of the differential operator P = (F, . {rdds}. We
have already abowed that M 13 2 regular operator oo T0W 5 {U], aod that
at any =& TM ' {0}, the et of secand order formal tolutions, Ry, [(Fq o,
containt regular 2id oecey foxomel aslubiops {aee Parsgraph 5 2.

Oo bthe obber band, the sompatibility cendibions for Fy are given by the
rquatioos

1afly =1h
igfleg =1,

(rf Proposition 5.27 How
faltg = fa, ity = Mypllp = Ad5F = AdynE =1,
and
bty =~y e = =L e = LA AR E A
Thuot the condbions of cunpabibalicy rs salisfed.

Let us now prove that M 15 imeclutive. Let 5 527 be a symmetric
MEDELT. Fhee 9z (5] = gl 10 @i ), we have I £ g2(F5 ) if and anly of

Bi5.JX1 -0 (7.1;
BILY, JYY - HiWF.JX} =10, (7.2
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lor any X.Y € T i [52} and (SA8) To ao adapled basie bh, 15} ar., v
with &, . A, borizootal and o, — Jh,, these equalisns are

Fi5 ) =1, {73}
fheuy - Bt ) =0, {7.4]
whete 4 2 3,6, — 1,.. .% Ginee these equaticns ace 1odeprndent, we find

diin gt P31 = _h[rz::- L]

+ o

o the other haod, as we have steo 1g Geclion 5.0, we hawve

dafst + 1025 + 1}
Y .

dim qiifa) =

To give a quasi-regular bawsis, ®we will consider the hormsgeneous and the
Don-homogensous case separalely Mota bhat tbhe spray is homogeoeous 1F
and soly if it s harizontal lodeed

TS = [J5E = |08 - S5 8] = [ 5],

s pf o L5 - X)) apd hence 25 = 00F and only o [, 5] - 5.

Hempgenreus care

Let ws first consider & batie B = {h,1, 0= o of Tp with hy, .08
hopizuadal, .ﬁ.-, =Fand fh =ty Jm 2 =1,...n We have ., = 7. Lat
F & B*T* ard pul formard

a,, o= Bih gl by o= Blk e and o= fean )

Heie that
al d, =i, and g, =rc;, iF=l...0n
K B, —0, i=1,...n
<l by=08,. p=0L..n
The celation @) comes from Lhe aymmescy of B, while the squations o)

aod ) corredpond bo the equations [7.3] wod (TA] reapechively. Ap sacy
computalicw shawa that this badis i2 ool quesi-regulac, Lel us nofr cobaide
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the basis fT = [#2, 0 ]az1. .n whaeTe

.i'e.—'h:., foy :=10_.. n-1,

T | Etu,. Jor 1=n
-1

&y T

W shall prove 1eat Phos Dasit ic quani-tegular. ek we denote

i, = FeLo ), by =Bleag) and &y - O, w,)

Wabave 7, =r, ori.f=1,.., n, and also

b, + ey, .f=1....n-1;
- “in. 1=
Er,_, - h

El‘:r_'. 1=

h=i

Th=se re=latians allow ug ko =XPTESE the= compoaeale of 1he block [e':,_i] 1.1
berrme of Lhe conponents By

1
Elﬂ = I!":n.. -!.'::'l..
1
| - -
3. = e by, = B 1g - .
& 1_}1&,, 4, ] o B B
‘EEH -_II-‘I|I| - Z E‘L ';Eli'l - ii'ﬂu]' 1{\- i,
LE T
o 1.
Tnn T '!:'11.n Zj_: I!:'l':r."
tE

Thus an elemeot & of 921 M) ia completely determimesd by ita components
fiy, and f-._.. Taking into account that the matrix (&) ia symmetric, we
obtain

in—kWn—x+1]

dim g:(Fee, o, = . + i - k.
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Oow the cther band dimas (P, rvy o — O for & — 1, n, whershy

dim el fy) + 3 dimfwl P+ E dim [P,

[ L Y

[
m:ﬂ+1] in—I][n—.ﬂ: + 1)
= E 7 +Z:ra|f1t =kl
N r1|fn+1,| . r|.|.1"|—l.|[=|:-|- lj - I] 4n[n+ 162n 4+ §)
-F 2 G —5 3
= dim g+ 3],
which proves thak bhe basis £ = {# :}2). - i guasi-cegular.

Non-hamageneous cose
[o this cass we lawe o5 # 1. Fiesl coneider & bass {620 1,.. . with

tv = Fh, hn = k5 such that the wectors &, fw v = 1,0« — |, a1e
horizontal and the equation »& — 30 % holde  |o Hhis basie for an

clement 4 € 3 00%) we have the ollowing relatioos:

al Aif = thii and R

B by = by

bl‘ll = = El:'.l:l-
il

fer 1 = 1....,n. The relationz n) show that B e ppmmetric, the aguatinn
b] comea from the equation (F 3], while the propetty ¢} comee from the
equation (7 4], becauss

Jie

b = BidS.ta] = 5 b — Flos i o Bus ] — —Zch
b

Lat ve pow consider the basja 1'3' = {e,, th)i=1 . where o b, + iv, far
i=1,..,m and demote by d,;, b, and &,. 7. 7 = I....,n the componenta of
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B in this basis. We Lare £; = gy aud

E,] = -'_'IL} 1o, Liml,...n 1
E.“=—Zr?*.1 +itun, E=1,...,n=1,
-D-'nl':-'zl:'k|+ﬁl:in- i=l..,n-1

Henee, an inthe hotoogessons ceas, the blodk [, ] can be expressed io tatme
of the slements of the Blotk {E,J 1. We arrive at the following olaticos:

F._.-ﬁrr?_ - B0 Lp<igm [TE
a-1 - - n =
E|| = _ “'nl_l:'ln]_'!l"'r.l+ E

n [

Faw = om { B, +Z—[Er,.|.— } (L

ii[E.h.—Em]. l£3<r. (Th)

Equation [7.37 1= ohvinus, Te check [T.6), note thal

n-=1
by = b + MOe = E Ca — Ok — [7 — Lioy,
— 1A £
and bence, weiog [T.5}
S R
'I!u=ﬂ_|_ = e = B — E "*i';f'”
A ! =1 .E4n :
To prove (7 6] oote thatr Bom = fm -I-.ﬂ Cnn. 30
Aol
- Eﬁm + (1 = Ly,
k=1
and thuz
Cnn_rl_l(rll"'z"‘:rlj _ {IIH+Z -|J|_‘!1r':-|']'

Mow, az in the homogensous fane, an element B of yy(F) 18 determined
by thke components of the bloce i, and'.':-,} where i, ia syeometric, and
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therefoes we hud A in bhe homogenenu s cote

itk gz [ B, oy = i le —k+ 1 ot — &),
and dim ga (P, wy vy w, = 0,00 & = 1,....n. Hence the same compu-
iaticn a3 in the homogenesns case showe that the baasls B ic Quasi-regular.
The Theorsm js prosed O
‘The ramputaticn of the Captan charackers shows that the general aolu-
tiog depepds on A + 1 fuocticos w1tk 1 vansbles =

7.2 The nuan-flnt caeu:

We quppeas in bhis esction that the spray is iaotyopic, 1o 4 = AJ + o0&,
whers o i3 3 non-2eme semi-basic 1-form.
Moba that if L 15 & oomo-hasw ¢1-L} tamsor, ite matrix in the oatural

basis | 2, 2 } i
b
L= 4

wher= {z'] is a local coordinate aystem an M agd [y & a lecal cooTds-
pabe syutem vo TAF. To give an inttinaic defiuitivn of 1be Jordan blacks of
tbe malcix I:f.ﬂ], we pit formacel L =FL+LF tcd. page 5!:]-: Mo clear,
Eroum Abe toateit of Do, rhat Lo hac the sames Parilan Blocka as § R3]} of
the componenta of L. Mow we can formulate the fcllowing intrinsic

DeBuition 7.0 & asmi-basic (1-1) tensor L bhas a constant slgebracs
type 0l an open seb L7, if the degress of the elementary divisora in the
Jordan decompomticon nf L are ronstant on o

Lemmia T.1  Let & B2 g nen-Faf tsatropee spray jie £0) and £y © T
Then:

(£l .-i_-, fa didgotaisadle if and anly if 1oy, 2 0.
(2 ff A kas a constarnt algebroiz wppe ob L5 akd 5 2 vorfoliamol on
0, tham vyay £0 for stergy c £ L7 Inpertctadar & [

“Thin cesulk :a differact Erom the reaulta of ([Doul, (AT, and 55M™ because we consider
lagrang.ans ko be Yime-incispancdent and, morsovsr, i our problem Bbs woroown func

7
Biop i b Lag2angan E, whereas i 1he werks maetiahed i ankareng aom n-"-:;-'
PR
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Proof. Lat us denote by Span (&) the Los bundle im T spaoned by the
werkor Beld X ¢ ¥,T M), and more genetally Spen (X, .., X)) deoater Lhe
disteibutiou tpannsd by the vactor Eelds X; C B{TM} 6 -1, .. k.

Then the horizontal sigensparss of A are H =t = I and Span (45)
correeponding rexpectivaly to the sigenvalons b and A4+-al S B ol 2, —
then Ay bae s multiplicity of 2e. Now if .Ji,u is diagopalizable, we¢ bare
Ay, = AF; but this is exctuded hecanse ey, #1).

Cenveraely, if o{5);, # It then

Ti — Hep & Smanihfh,,,

and we have a eplitking of T, into cigenapaces sorcesponding bo bhe sigeo-
values A;, amd (4 +1g0;, F

T =1{H & JHJ:-: T [FpanfAs] & EFHIHI:_I::I_]LJ
which proves bhsl ri.m 1 disgonslieable. Therafor: we Gnd (1]

[2) Sioce A in an algebraically soostant type om £, sither A 39 diage-
nahzable o1 non-diagooalisable ab aoy pouwt af £F. This omeans that either
bt o= 11 or 15 [0F 1) Suppass rbat 5 i variaticpal and & i3 a repalar
Lagrangian associated to & The cendition of compatibiliy 1497 = 0 (<l
Propoaition 5.2 gives Iy rawecibe = Gie o ficite = 0 Sipee o # 1,
there exiztn pg € OF[E7, ] aoch bhet 100t = e un [7) and bence
FMC, 50 = ppoi 50, So, il e = O o {7, Eheb evecy < [F B oull length,
But Lthiz i3 exclod=d by Lemess (31 Then we have o |2£ [ Pinally
ik ia maay to pe, for Arawple waing local coordinalss, thak eqor(0) = 0, 33
gL 2

Let us pow asnume= Lthak the apesy 5 08 variational, and lek £ be a 18-
gular Lagrangian areociated to 5. The compatibility condition £ 40 = 0
BAYER Dy g =0, 06, abipllp =0 How iy ag e - Tp[C Sla =1
ab t,. Tekivg inte account that (Te[C, 51 £ 0, € (E5i2),, = Wthen o, =1
which is excluded, bacanss the ppray ia oot Hak. Then we hawvs:

Corollary T.1 Lzt % be 4 non-fat tsotropee apray with 4 — A S Fawd,
and fet 4 be alpedraseally comstant. Ther af tignly =0, hen 5 15 nof
vartatienal on a neghborkaad of =

In the following we supposs that A han an algebraic constand fype and
icee % (b oo 2 neighborhood of 7 € T
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A3 we bawn peen 10 Lemma % 2, o peceesary coodibioo bo Lift a secood
order formal sodation j; [, of F: into a Jrd crder formal scluticn ia that
FaTEl: =0, ie o AIRSE)ly = 0. Then %« bave to iotcoduce this
rquabion ok the eyebem and consider bhe differential oparator

Py:i= iR Fr P s £5ITM) — See (Th Al a4l

wheee A2 — {BH A2 | IFE T B —agaf] and Py OFTM) ==
Secd? is deflped by

Fa=igdis.

A we will ace, the study of the integrability of thia avsiem =il depend
on the degree of nom kalonomy of the distrabaton TF spanned by § apd .
The Grat cane, when D a0 integrable, anses 1f and ozxly if 5 s typical:

Froposition T.1 At isobrogic nweh-fut apray @2 el 1F and oniy F
the distrabution T0 spanmed by 5 and {7 9 1indegmable,

Praof. The inle-p'al:li.l:itj of 7 i.'mp]izu tbat then the spray is bypical {l:F.
Propoeition 3.6} .

Cooverzaly, bat 5 be an isctropic epray with 120 £ 0 and auppose that
it 15 typical. Hokethat [0 5] = &  2v85. To prove that T is integrabls,
we anly oeed Lo prove that 15 and O are linearly dependent. As #a have
seen, the eignmvalues of 4 are A and A + ize. The dimeosion of the vertical
sigenapace of A correspoodiog ko A | dear is 1 Bul 5 s typacal, that e
it iz nn migenvector of 4. Thus, by Proposition 3.7, A5 and 7 = J5 are
eigenyeclorg cotretponding ta Lhe sawe sagevwalue ae 5. Haow, if +5F = 0,
then 5 and 7 are linearly dependest; U o5 # 0, then ©5 i3 also an
sigenvector corresponding to the same eigenvalue as O, berause 5 and (5
arr alss eigenrector cotresponding W the same mgenmalne as O Hence 1.5
19 prepotticnal to O

13

T.2.1 Typicol aproya

Io thus aection we suppose that bhe distmbation © = Spani5.C] 1% e
grable, that is 5 s {ypical. The following Thecrem contains bhe case of
bamogenrss GPTaya o particular.
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Theorem T.2  Let S be & non-fat tseirepic sprap, wth A - AS+aml
e auppoae that A hos an adgrirmie conatant tppe on 4 seaghiorhood of
r and that § 15 bypreal. Then 5 45 locally varmattonal on a4 noghbarhood
of £ € TM if amnd ondy £f

1. agna £ 1, [T.8)
2 ahdper =0, [T.3
A maar =0, (whees i’ =, Cgpal, [T.13)
A4 e Byvn =0 for every X £ kero, [T.11]

whare [7 it the Berild eotitiaction ot T adsoetated (o the sptty 5.

Froof, First we nolice that ab any = £ TS () thevs exicts a vegolar
204 erder formal solution.

Indeed, weing the notation intreducesd on page E7, a emcond grder jat
Gy k) € Lef B8 15 A regular secnod order snlvtion of Fy iox — (2, v') €
TM U and enly iF it askiefes the jpegqualily [3.10), the loear squations
{5.11], [5.12], and the linear squation [Py £, = which is

Py A = P AL 712}

wher= M = my ﬂ';.r['r] Let {1j| |Iﬁ} oow b= a basia of :T: mo 1hat Eh=
mains ..4{ ix diagonal, and let 5, be a acalar producl of T co that the
busia J1q, ..., o} 36 orthagonal. We then bave g, 74, X, V) = pl X, A,
If {m, } it the matrix of §- With reapect to the basia {-I-r% L= -, wefod
that [5.10) aod {7 12} are satiefed. Solviog the spatem [5.11), {5.12) with
Tespect ko the pivot terms p and p;, e azcive ot a regula secood order

formal salubivo of F5 at 7 £ T

The ]:[nc-.f ol bhe bormal inl‘.:g[al‘.‘d]ilj of Lh= operalar F']_ mTolres Lao
AlepE.

Srer I. Firdl caompatidiity cenditzats,

We hawe already compoted the grebol af Py o ita Gyst peedosgation
in Saction 6.2, We will pow compute ditnge(F;]. Let B £ 377" aince
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gl Fa) = @l A N[ Frl Mg Fa), we have B £ ga[F) ¥ and only if

BiX.5.0%) =0, (7.1}
BIX. RY, S2) - BLX LE J¥) =0, I7.14)
BiX, AY, X — BIX, A2 JY) =1, [T.15}

fc-r-Ei'Er_'ll .\.'I P.XeT. Lt = {ft“ |.'.|}.|_|_. . b & hanps u;:'l.:lpl:ed [T .-J: g thak
B, fy, - Bfe horizantal cgenvectars cortanponding la the sigenvslos 3
&y, = &5 [which i& a hoyizont al sigenrector correpanding te bhe sigenralus
A+ igie), and v o= A M7 = L, L. The squation (7.13] vields the
ayatarn.

Bk, 5w =10, (7 16}
H[.IIIEISI.:'IJ] _'-:ll {? ]?}
for i.J =1,.. .7, while the squation {7.14] @ves
Bihghy ) - B{h hev; 1= 10, (T 18}
iy bz ved = Biey Koy — iy (715
iy 4.7,k =1,....x, and the eqguation [7.15] givea

Bik, Con} =10, £7.50)
B[.I:Ilf:-:-""_l}:n- i?zl]

ori=1,...,% and i = 1....,n = I|. Sioee the spray s tymacal, thers exicks
e 04T M s that 5 = pt). Thue the equaticn [T.EEI:I can be ey prested
with the help of the othar aquations. Indesd, noting that £ = +,, and weing
[7.1%), we arrive at

fth, O] = Bl b el = Bing &5 0] = Bin,. 5 0 - gl0,, D00 =0,
boca,ji- L ..n—=1, and
Bilb, Cowo= AhS Qo] =Bl hs o] = Bl 5w — pBiO i =0,

foci =%, r=1,...0¢ -1 accordwmg to [T.17) and (T.21). New thers are
four blacks in the teneor B B, = B[R, & h) 0y = Bih b el By =
Bikvy) and By = Blan, by, v ). Of conrse, By and By are symmetric
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iq the jpdizes i, 3. &k, becapse B ia spromekric. By [T.18) and {7.10), 5, abd
1 are ales syipmetoe. Thua

4n(n + 1] +2)

ﬁ 1
A mmple computation shows that the sysbem [7.16), [T.17) containe Nﬁ—]-*
equations which ace independent of the equalions {7 1E] and (7.19]. Mogzs-
over, cach equation of [7.21) 15 independent of the equations (7,161, (T.17],
17 LB], aod (7 1%]. Hegre

dimgalfr) —

(7.22)

dirrpl ) =

nuin « 1= ¢ & i dl] in-1'w
n - |: 7 et (= — 1]:|.

and &

Ard + it + 3 — 1

= (7.23)

tane o | P = dim 23T — din gyl 8] =

lo erder bz find Lhe copdatizas of compaliblily for M we copsider Lhe maps

Tamy - [T"EIIT:}UJ{T+E-.-\E]|LI[T‘ :-:,';i} — .'ll_f
e (T @ T IT @A s (T & M) — Al
e (Taf e adlls (T i) — TraT)
defiped by
13<h
ToalBs Or BO00 21 - 3 BaldX, Y 2,

X.r.a
To [ Fy Ap, Aol X V1= A8, X, Y- [Bsi AN, Y- Be(AY, X1,

where ¥ V. 2 C T, and
raclBe . Br, AN ) = LAR AV, X5 + Ba(J1 X)
— L mlIYE K - .lﬂdilllx,_.i ¥]
st Eyrh

for XY & H whers H = o' nT". Lak us considey 15 = (15, TIr Y dar. Tl
where the morphiem # 1€ defined ag jn khe Paragraph 5.2 {ou pegs 80),
avel ler Ky = I ry. Then the tequence

LI T
—_—

s I IS A e maly — s Ry — 1

is exarct.
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Iodeed, it is easy to e that 5y a2, (P31 = 0 On the other hand, coe
can chack that Ker 7, ,, ie defined by !;"—"-1?“;2’ aquations, while Ketr,- i
dafined by (% — 1) equations and Ker ¢, by (v — 1]? squations. How Lheae
squations are independent and they are alao independent of the squations
which dafine Ker r4[F,]. Thue

dim Ker re(4 ) — dim ler m0 %)

- 1[r - . a
T—[ﬂ—ll—[ﬂ—l]:

+ T @ ALY -
and s

gt + 0¥ + 5n - B
)

whith thowa that the sequence g axact,

dim Ker r3[F} = =rang s, [F)

Let % be a Lnesr copmection oo T3, end p = j:[E}; 2 regular 204
otdar Eoctsal tolobiot of Fy prcén Ba lifted sl o Sed coder sedubion of and
only if [ty PP EYy = [, that 3 [rp,7 1 ap T, o) [FIFAEY; = 0. Taking
ioto account that (wri — 0,0 11g]: — Dand (1411} — 0, and using the
rquationo [5.18) we bare

r[VirsEY, — VIR E]: - {0, . ErltE, 0 I
Mouw

AR=J =LAl +razd]=dArl+dpan G0 —n Al

-:'II'!'.I'.-HE:I_T = [l'.'l'_.l-Er_Il, o, ':I.r_'ﬁsh

Bhat (e 4 lbp e = o M (EcLtpd, = 0 and ey # 1N thus, Lhere existsa pp £ B
such that

Cbettel: — pge,. [T.24}
En
MRMlety = o (dree noals.

Wotibg tbat pp # 0, becauss (e js poo-degeperated, we have (iqfkg], =0
anel Lhatelare m|V{F £][, =11, if and coly if the condition (7.9) bolds
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Let wi now excpute the cendition of compatibibiy given by 1, ... We
harre

el FIPLE N = (d)ialke)y = (ina) tE)s — (Fadi ]y = iipltels,

A T, . does 0ot give a oew condition: i den oo =0, then the condition
TV (FrEY = U 19 satisfind.

To compute the obdzuction comiog from bthe equaticn 74 |F (BN =
U, pote that we hare

fa N [P E)]y = (L1 allp —da P Eiy = [14-0g]s.
Since 05 = pf, we arrive ak

4

e[S, AR = v (Ccdll + ME S| - Cer B0 +0 |5, C)h
=Ml +a ml4osrs =AM 4+ ([ Fpal @0,
where e 48t
A= L and o = R [Coo).
Thus
Tl = [0 +pa] Micile = g’ + uxd o = gpa’ A
Heoes v [T P EY, = 0 if and opdy if the conditon (7.1 of the Theorem
iz tatyafied.

Fipally et X7 £ H. Wr bave
(TP E X Y] = %?[lrﬂs][uﬁ'. 8+ Fupldr. X))

- LA, R - .L‘-F[iailx][ha‘f..ﬁ.‘r’;l = _lJ‘.r’[I«.-q-Jﬂn-:,".'. 1]

X4 BTy | I3
+ Vi K - ﬁ.w[s,,ng][s.x] - = RE{LaLle S Y
L] =

= ¥y - Te i X 50 + due( 0¥, 81 — o Py (SEaie, Xt - h X (50, ¥

At ir, Mom e[ X, = U becpuee X € ol then
A S NRC X = JFQe[ul, X)) = TV g8, X).

henc=

TP K V) =S¥ U [X 5) 4 dpg [ A + A Qels S5
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On the ather hand dop = £,.41, 20
Buip Y. X1 FE (8.0 - X Oeis JY) = 105 |JY. X[,
bt s
TR E (Y Y - eS| XY,

Congider the basia & = {&, SR iy, .n. Whete &, e Hilar i=1,... .01 -1
and Ay := 5. We bava at - £ T2

(e (5 o) = Defof. By = pite (0 byt = 2 e s i — 2o i 5 by = 0
154k 14T
(hal 5 20) = (e lhs ay) = Fqi Al = ——aaltet Sl | = el B A, = &,
k5T Lk
for £ = 1,..,n — L. I shows that g[8 [X, 0¥} = 12 (8 [X,J¥)0]

where [X. V]~ drnotes the component of the vector [X, 0] on O = oy
in 1be bags ' Therefore

™[FIFAE] =0 if and only if [X, 0V =D

by Lemma 7.1. Mow, writing the spectral derompention ol . we can sasily
chiain the projecling an bn the mgenspace commespending to the eigenvalues
A+ ager, 2.e. ibe projechion op Lo ihe digbcibubion tparwed By B oand £

| 1
YA Al m—lipaw b i hBEl
-:'I"."I_;-l:l—..ﬁ." 1 itt Prir o ks L

Therefore the projection oo te the space epabned by 7 i

[ o e
sy L [F.25)
Lyt

Tl
[X. ¥l = -L"[F['T'JF]}E' &
[nlE

Let 0 be the Brerwald copnection associated to 5. Taking ioto accowat 1hat
XY e H=ata!I apd that nF[X. Y]], depeods only on the valuee
of the vectors X aod 17 at 1, we bavwe

ol F|X V|1 =l ML |y = alF Dy JY ) = Doyl V),
for every 17 & H, which ahowa that
re[FIREN =0 ifand unly il TRyl =0 WX £ Ker e



1z Eufler.Lagrange spfems 1m ihe oiropic cose

G e Bave proved that o regular =ecomd opder formal eolution of Fy
can be lifed nlo a 3rd order formal salution f aod ool Jf Lhe equations
{7.5]=(T.11] bold o <vder to prove Lhe Thecrem, == only oeed ko prove
that M 13 mvclutive

1er 11 M v inegdutipe.

Bines 948 ) = g2l B 109 [ Frprge (B0, an clement ¢ 59T b5 found
in g(Ft if and only if the squakions [T.1%, (7.2} and

AN JFY - BlAF. X = (726}

bold for any X.Y £ T. Let B = {".tw}imy, . oo be a basie of Tp with
B, E Hg =Tt fori=1...,n—=01 K, = 5 avd Jh, = . 3st
iy o= Bk b by = BRg e] and e, c= Bty ), firet we will prove
that B w found in 9, [F;} o and only if

e — 1L i=1,...n-1,
by =10 i=1.. . n—-1L

[+.271
Bon — B<nn.

‘!:'l; = |!";l:l hI = I"\-"'l“"
[ndeed.

« veiag the equation (T.28] computed on ¥ = & and ¥ — & for € =
L....n -1 we Gor

RiAS, 0 = BiAk, 71 = tgn Blrg, o) = (220 G
- i< n, then wsiog [7.1} we Gnd
by, = A5 00 = Blnfu) = BS,0) - pBlue, ) = BlS, o) =10
- Far by we Lowe
b = Bi5, 0] — Bir5. 2 = B8 00) = pBtin, 1a] = ménn.
Hence

afet -1 Gn'-n+2
i 2

Let us now ronsider bhe basia B = {ec vy b ey, . o, whers

dimp( Py = dim&*T" -n-(n-1] =




‘The mon-Mof cxac

s = IIE| =+ Un.,

=+ -1v, fu =2 ..0-1

n
€n = kg zr;,.
-1

=i

Tt i, = H['-"-r:‘-';:'-u .|-:l|_1 = H-:'r:l.v_,':l anil g, = E[1l.,r.'_?] are the components

of 8, the bleck [F,] i

h'll El|_,.. 1
‘L'l..'+"-'|:| '!"':ln-l +L:|-.-|
L L L ) L netms FR= e o

E o Comm

and, of course. ¢, — ry, Then 7, can he exprease] in terms of the block

.:',T,,”_:, i Lhe following sray:

ey = <3<
fnn = |5‘I'l1:
L . .
El;‘ : {!—_ll:' I.'-':'u 'b_u]- | I | L= A
- L N . .
o = m [h — bl i=3 [m-13
G — - ni ! fhee b E=3 am
1 .t —! C 1
L1, XF

Thetefore Whe elepnapts of g0 ) are determined by the 4, and the b,

T

dimei Bl o = %[u— kHu —k+ 10 +in— 1]t — &)

and

'djmg'a.':,Pﬁ]ﬁ..r...u. PR r.l,

L]



14 Euler. Lagrange $yatenss an the WOEMOpLE Cade

fork=1,...3%, a0

] n
i gal Fad + 3 Ayl P, oy + 3 Amge(Prie o
k=1 k=1

M —at+2 e dn—kMR -k + 1} o
= 5 ~ 3y ; +§[n-l]in—ﬂ

E—]

1
= E.:ftrﬁ +ant - 4 6] = dim g5(F )
which shows thal M 1% involotyve. The Theorem is proved. u

Mote that the Thearem hobda for homegeoenns and quadratic spraps.

Taking inte accennt a reanll of Spenthe [of. [Sza|] which elatss, that
if a popcgebtenus [fesp. quadtatic) epray is vatialional, then thers exiske
alas & bomogensous (Teap. quadratic] regular associated Lagrangian, we
can Ghabe:

Thaoarem 7.3 Let T be o homageneatus fresp. Hagar) canmection on
zn graelytical mronifeld.  Locally thete is a4 Fimaler fresp. Rietaannf
structure with sotropes curtature so that the canowaced fresp. Lovs-
Citnta) connestion ¢ T 6f and only if the apray of T 25 factropc, and
the Dougplas t=rsor fotisfies the condifions of Theerem T2,

T22 Alypuost npvoya

When the tpray i atppical, Whe disteibution TF spanmed by 5 and 7 s
non-iokegrable [of, Propeaition 7.1 This ja sqaivalent to the fact that the
distribution £ apanned by of and € is >-dimennonal. A5 we will sec, the
study of the atypical case greatly depends an khe degres of non-holopomy of
T3, that ie on the langth of the seguence I C ¥ C 1% = . . where m -1
and T¥+! .= [T T¥). In this last section we will study the cass where the
holpnamy ie weak, that ia T = T, or, 0 other worde, T? is incegrable.

We recallthat if 4 = AS +a %0 with (20 = 0, then £ i non-variational
[cf. Corollary 71}, Thue we cac ageums $hat {50 # . Wa shall provs the
Illowing



The nom-fai cate IBE

Thearem T.4  Let b be aqisetrepic alypical spray, wath A = A 4+oild
otd shpposs thot the distrmbutiost T = Spani7, 151 s wmtegrable. Then
5 15 wariatienal if and anly of

o FL
it Al = 1),
Rrsn
I v 1
v ha  —— 4 g =10,
Tk

ise’ [who Ao’ =0

Dyyarna-0. ¥XcCol,
where, for a scaiar form o we pud foruessd
d' = A7|C .00 [7.28)

The proofl of the theotem will be carTied out i 4 stepa.

STEFR 11 st it af the second order seldens af £,

Lemma T2 A tnd order schudon n B, of By at v £ TH com be
hfted tnto o drd order soluiton f und oxly 3f

(4 Ruds = 0.
[ra M ddpraly =0, I7 200

[ca ™ dJﬂ:':. =i

FProof. W recall thar Koco, [Py 8 defined by the squatione {7 13}
[T.15). that ie, in ao adapted base, by the equatioos (7.19) - (T.21). Hote
that the equations (7 21) are iodependent of the sthers, ®hereas snme of
the eguations {7.20] are celated bo Lhe obthers by

1T

laa [Fa b (5. 8, 0,0 = HiE €00 = IO & 0, 200,

for 7= 1,....n— 1. Thus

dim Bermeifal = dimKeros{Fat - hr'u.; D b in-n+ ﬂ_mg HJ

- dmKermg[ W in* 13,
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and iherefers
rinke w3 Pa ) = ramberg (P + (n® — 10
Let
e T e AT e T and =2 Kod AT @ AT a A’
be the merphism defioed by r, = (7, rae 72 4) T 4g) Where

f?{ﬂ__?.ﬂr.ﬂ,q]lf.:'f.]'"'.] —Tgl:H_g..l':l'r'H."l:'...!"],
Tar (B, Br, Ba11X.T] = XY - (B AN T - H.quﬂ}’..k'?} '
mp B B B KA Y. 21 = BaldX Y. 21+ BaldY. 2, X1+ BalJZ LY},
rrzl el
- - 1 .
mnal By Br BAN Y Zh= 37 BAAN.Y 7 4 5 3 AN Z)
XvF X rFE

We =]l Finve 1hat the SEQUEnLE

L S RALCREE RITET A mT WA e K. — )
ig =xact, whera K = 1m 1.
[t is easy to show that TmeyiFf%) © Kerty. Ga the other hand, the
equations ra- = 0L 14 =1, aod 7y, ) = O yield

im— L1+ zin— L) =23 + 2in - 1){n - 2]

equaliogs which are independect of the eyatem r, = 1l

Indead, lat ve coneider an adapted baas & = {h,.1;} with h, & H for
i=1l..n-0 b, i= &5 aod v, = JH,

) Takiog X = k. aod ¥ = h. w0 the equation 74 = 1} we abtap (= - 1]
new equabions indrpendeat of 1he sysiem 7, = Q. There is 80 other indepeos
detl squation ol v, = (1 £ X, ¥V € R, then S,05 X, 1) =0, since 8, €
T* Ay Aowewer ginee Al = 3J, Whe mquation v 3-8y By, By )ld ¥l =
g related to the equatiens fr = [ dbd then to 12 = 1), becavas

FalBy, Br Ba0l 0. 1) = ALY ) - BeldY X = Arp (851X, V).

tz) CIn the other hapd, once sgain vsing the fact that A, = AJ, the
equation 7y 4 = 0 testnicted to W, does oot give new egoations with
Tefprect ta e gvakem rp, = . N givea independant equationa when it e
computad on the vectars 5, Ny and A, with | = i < 7 < 1, and cthen
flra = adds 1?|:r1 — L1 —2) paw equations to the gyatems (1o, 7.0 = 0.



I Hot. AL <k Lar

tra} A similar argument showa that =y 4 = D gives new equakions of oo
of the argumentais 5, and the other two vectoreare &, b for | €1 <2 ) «i;
Therefore My o =1 gived %I:fl — 1) — 2} pew aqualions.

Hote that Lhess sguations are indepandent, bhecauee Ehe 4 — 1} compo-
nente By (3, 5, k) are pivol betms for the equaticns 74 = Nand B4y, 5k )
and &gty % k] aee pirob ternse for the sypataon oy, =0, and 7, 4 =1
reapechivaly 1 < 3, 2,7 =1,....,m — |. Therafore

dimberr, s dimBecd, - [in =11+ (& - 12(= - 7]]
=dim Ker, + dim [T & AL )—in— 11 = renkaal P

whuch proves that the sequence 13 exact.

We can computs the conditions of compatibility for Py, Iat W be an
arbitrary Linear connection oo T'AY and 530 E) > a 2od order regular foomal
polution of M at x. §.0 £, can be liftsd inko 3 Srd crder soluton if and coly
for, VM), -0 Hobe that (wp)- — O, [efle), - G, and (fFltpiy -0
From ii4ftgl, = D we get [or s icSipl, = 0; tbus bhere oxisks oy # U such
thak

Mt = [t0g]s. (T.24]
Let e computs now the compatibility cooditiona. We have:
o T TP L) = T VI L =0,
v [WIME = Lvafl - da BE = 14 Rphr

# (ol s=ctiom T.2.1)
Nra[VIFIEy = (yraflede = Gapltpie = ddpa &ogitgl,

= dpp tal per Mgk,
w1l [W IR E]: = Plairfiglz—idmallphe = [da. di]dy E: = 2y gdr B
Wow [h. A] is sem-basic, beoce  dja p @y £ = 14,10 tr, nod
[ df =[98 5, - bk 5= 885+ R F o« 0= (1.a1)
= [&. [& )] +]5. F| + [8,.1°=" |8 5] + FR - RAE = &

Thus

Ty VR El = anile
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How A — A #o0@ (), 50

R'= h'ufS, 8] = haildgh - al Ad 4 (deo) 900 1| dyo ab) (7.22)

and then

e fiE = (drel aplte + dr rogslie
—idral’ noper 4 dra A (g F poer) 17:29) (7.33]
— o [id1a) A +dra) Ae’] s pidra Aol
Thut
Mo Al % M EHe = myledem Sl

T'h=cefore :"]_["n.-"l:f'ﬁf_'.':l]: — 3 apd agHy iF [I:AIIIL':II = I.}, lfr.l'__,-u A, =1,
apd falyrz mocedy, =, which proves tbe Tecgoa.

0
Hate that
A= B[S A= wra L0+ A~ (Lan] e+ a0 = |5, 7).
Sinee WDy =veh =land of[5C] = o -TH51) = 25, we have
A=¥TI+o' sl +o@ad [T.34)
Thus
tellp =o' AT + A desile.
Therefore Lthe condition i a1} = 0 i8 aguivalent to the squatisn
o’ A lelbe Aty — 10 {T.38)

Since, by bypethesaa, LY is oot proportional to O thes condition is a Dew
rquation on Jal £ which we =il itcoduce into bbhe system.

lo arder bo simplify the computations, wre put forward &' — o' - E.i%' o,
and

A zudrS+ sl {736
We have

A=A+ g4+ e, {7.2T)



The mom fat csie 1np
mith e = 2 and jy = 20— ¥, So the squation iy (g = 0 ia equivalent
107, fg =

How s must study tbe integrability of the difforential cperatar
Fy=iFy, Pl : T=TM— Ser (T al @Al &AL
where

Al = {BC AN |44 # il G- xnl ) & Al

i = agadr M) — Fec :‘Li_o..

aTer 1] Farst I'L_H af the seoond arder solufipns u_f F:q

Fremark. [f 5 s & vanatianal atypical spray 1o the oeighbochass] of - £
A ], thea

Lia Mok’ ] # 0 [v.3&}

Ind=ed, il 5 iz varialional and F 16 a regular Lagrangian ssacciatedl bo
S ther E opatisfies the coodition of cumnpabilulity of By g e = 0. MNow
A= A —u T+ acans, B0

0= ity =a At +nn,.s0

e s}, =00 then o Aq 0 = (F; 800,580, is propottional to o, and
beoce to € 5, that 8 {05, ja proportional to £, But this 13 excloded by
brpothesis

From now oo we shall mappasz that aaa' £ 1

The folicwing Leoarsa bighlights the tole of the gzaded Lis alpcbra Ay
spanted by I, and 4, comsaiving 4°, .. F, R, .. o the inveree problem .

'For Lhe definilicn af .Ayg, e Section 4 2



Il K- (afrange dyalitul ot the ackmpr: cocr

Larumia 7.1  Let § be an aftypical wsotropic spray. A 2nd order solu-
bot [faE)h at 2 # 0 of &y can be fftad imte a drd ardar sotution if oad
wrly if

iRty =1,

ig e =1,

Eylhe =1,
Haa e =0y {7.35)
il,q_l;,.|ﬂ-_= =|:'.

E'j.-n'j; ZU.

Do, =0,

where 0 denotes the Bervald connection

Proof. The aymbel ay(Fy0: 85T — A af Py ik gves by
i P LB Y] = Bu[A' X, JYY - By[A'X, 0T
and the spmbal of the Arat prolongation oa(Po0: SIT7 — T° 4 AY e
{mal B (ALY, 2 = Rl X, &Y, 02 - Ba(X.A'Z, ¥,

where 8, ¢ 37,1 = 24, aod XYV, Z € V. Thuae g0 Fy), thal 5
Keroe[Fuym Eeaogi P, e characiesized by bhe mqualicns (713} - [T.15]
and

ALY AY D -BX A'Z. Y =1, (T.AtH
N F.2eT Let usset
Moo= (& MM,

and cenmder the base B = (4,0 ] where &, © W, o0 -0 20 o L,
fy = 8 and oy = Jh, [n this hasis &' ly) = 0 if and ooly if &' = O, and



Thc nar-flof casc L¥1

the equation {7.40] givee the lollowiog ayatem:

[ iy, 6V Bk T, =0,
By, &Y Hivs, Uy ) = 1,
tigok Bk w5 L0 =,
figob Qv 0S50 = 0,
tigoh Hibg, w5 ) = (g, 0 P HiS, O 0 =0,
| fimo) S, eS e ] (i a7 Bl O 0T =10

wheare 1 = 1,...m, Bl 3 = 2 a0 — [, [k is Dot difficult te verify that
amobg thets equalicns ooly

reweh Bk w500 =10,

Ceety BIR oS ]+ (il iy Bt 07, 6 = 0.
I;I:-\;I:t} 3[1:.. .-.'."T!'.t'| ] + |:I:|||| ri'} Hl:t'.. L7 =0
Vi) B, o5, 0] + i1, 2" ) Bl 0,7 = 0,

fori =1, ..nand 7 - 2.8~ 1,1 % 1, are indepeadest of the sysleos
[T.137 - [T.157 1t [ollows Lhal

rank o Fy) = rink ! %) + %Iin. = 1= 2]. {741}

Let 7y .= ™, f_rl_r_j.ll T A Tl.'l..-i'l' Tio. f e el be the morphiam de-
fived Eor {Bv, Br. By Ba ) s T {Tr A" Al e d? by

carl
PR -4
NrT
[ i}
S oA ),
¥rz
cwrl . il
(8 Baxvzi+ 30 B X2

LA 4 L

oAl A By B A ¥ IY

?'IJu _..Il'n_-_:.ﬂj'.E.q.E,q'_ll_.’l:. ¥, 3__'

ol s, e i, M- X Y A0

ral—=

and
Pl O fan Ag WX, V1= B[ A%, Y] - B Y. X1 - B8 X ¥
s, Br, Ba, A 06 W = 2y, A DAl 5 W) = Lead B 00 LW,
et B, Be. A, B A = (10, d VSV S IV = Fent BN Ry W,
by, M Ha M b WY B PSRV - E R R

- Llizal BA0V WS ] B[S
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for X V.2 T Ve, and We H,ie
We shall prove that Lhe sequence

s 2L rrnmraatiaateal ) T Ky o0
where Ky — [mTq, i8 cract.
[t easy bo chieck that Imas( Fi) © Ber ny. Om the other hand a computa-
tinn of the oumbar of the equatione of 7y = 0 wdependent of tha egaations
of ¥ =1 @ves:

(1] Ueimg the fact that .-i"h,_ o =, we find thak Tad = O {resp. fin 4 =
M) does nob give gew equakiona W 5, F, £ € H, ;. and it givem H”‘ -
n =3 sewegualions for X = h, =k 111 namd £ =5
o & =N, and n— 2 equatiopa for X =&, L <z < n, ¥ =& and
& =4

2] T A = 0 gives oew squatione ooly for X =k, ¥ = 5 and £ = 4,
1< ¢ < m; thea it gives 1 — T new egualicns.

(3] ;. =0 gives oew equations coly wheo oot of the veotore io lound in
Ha o and bhe otler s 5 or Ay, so e obtaiy 2(n— 20 eguations, 6 L
vactors are 5 aod fqp it again gives ome oew equalion.

(4} lo arder to find the number of squations given by the n,, i = 1,2,3,
gote bbal we bave, medula 1 = 0

Aok g = 'f[“_',-‘,ll .
LT e
Alrtiay i rﬂl = l-r--'i':'l 1
LT !nlﬂlﬂli?l".d.
.ﬂ.l'll'.iﬁ_l,'u:u r,l_;|| = f'.-r--‘i".l .
o L

bence oy aod 7w give (- 230 - 1) + (h - 2] opew equakione and 14
Eivas %[n -Tim - 1)+ 2t — 2] pew equakions.

I is not difficdt b check that these equations are independent, so we artivs
at

Jie Ker g = dim Kvr mp + sl (7 2 ."L: _*-] - é[?n? - 1ln — '-‘I-:l

= raok oM + %{n2 -+ A T rank oxf Fy b

whirh proves that the cequence is exact.
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How we can corepute the compatibity conditions foy Py, Let ¥ ke a linear
connection 2u T AL and f:0F); a regular 204 order solotion =f [y al « €
TM Y {U}. Theo the equations e = O, icflg s 0, iafly = U1 fle = T
and beane d 550 — 0, bold ak 7. Let ws sompube |7 % (B EY =10

(E) madWIPEN.: = ma| FIPSEY, = L0 iaRe e R

12] TIJ..*'.]:?:PQE]JI. = ir!‘.:.i.f!g:l. = ﬁu.a‘.q“lﬂr-
timee (d, yilg] =11,
3] i [MIFE) . = ddaa g e+ b jiridhe — fedned ) Fho 4 (el dued )
= I:‘I!II'I-.-'."I‘I!'I.E:I‘ = hh.ﬂlﬂﬂh
MNomd — é:J, I'} — 0, and sn. by [T 37}, we accive at

[, Al = P A+ Tdnp A A+ ey A BA b, A Jges] AT
+ dpg AAS + g, J|=[I'l-,.-'1.'] iy b A b, A+ (dapal AT

and therefore o, o (g = s 4 [te. Oo the other hand

hoA]— Rl - [0 A + RAFA - AR

T, dlte = 1wty = g aite.
Leet ue Aran conaider Ahe term f), q)9lz. We hove

[A,A] = |AL A + 2Ad @ )+ Jad QT = 2Mua ) AT
+ XA 7+ (O a S = Ana ]+ sl o) =0
ao

T MY

VAN o Mdynl Aa = D,

‘I_.q..-1.|'-3£: = 2 o] Al
204 thus
o Al TR E =y, 4 Pele = G ltgls.

() %4 p FUEE) = (i Ne)e = (8 daE ] = id 4 A E),

= El'q._._-'.lnr_;,.
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(8) 74 [ VIFEs = (ds ME = Cxizlte)e = (6, R,
byt
(LAY = 15,47 T2V [5 4 + (Lepa)A + |5, Al + Lgpend + pal 5, 1],
henca ilj,:_.ﬂ;_- =1{4llg, 80
P E, = ia-PE,.

(8] In order ta compute the ohetructions given by 4, 1 = |, 2,8, lek wa
takae X e M, ¥V E H, o and £ T, We hawe at o

VTR EY = &' )X (10108, V) — alE)X L 150h, ¥
= il &) &'l ) X e Y ) — £ 00 Y] = I,

mTIILE) - JXialbe (Y] Vigde(® XY - Moo JXaflp (¥, 5)
- o S1 X el¥) = 2SI X HeS V) + VRELX)
+ JXTHE Y] + doelJX Y]} Ney5, |5 XY

Y (P B = &' W R (5. Y0 - ol 53 21 (THA, ¥ =
= ol 51 &' (R ) S Z (i Y 1) = B RT3} = 0.
AE we alteady eompubed 1g 2eciion 7.2, we figd
e WIFE], =0 of and ool f  [Dexoferl, =0 ¥X E Ker o,
So the condition [y V{4 E]|; =0 is equivalent Lo Lhe ayaten (T34, O

5Tep 1I: Ezpressian of the compatibality condiitens 730} m
ferma of the spray

We ahall pow prove that the cogditions (739} can be exprested 1o tecme of
the apray without the 2od ceder aclution [only o this caee every 2ond order
eolution can b lifted oo a drd order sclution. )

Let 120 F); be a 2od order solution of F at z. Since {iq Tl = 0,
there exiots po € [ such that

Mupllpls = o by + puors. [7.42)
Tharefore me also have

oqay + g, (743}

[:."5“5 ]-1'
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wheee 4, = = —pl'_lsj'—:..

&« A3 we have already showed (oee page 137), the condition 18t — 015
equivalent {0 a,; Aldsa), = 0 and{gdl; = 0 is equuvaleat to {oAd ol = O

¢+ From [T.M) w= bave
AY = tre5 A= AT et w T e’ oS a5

= AT+ [ + 05+ lanod B0 + 2’ E0S (7A4]
Thun, at .
Earlle = (o + A+ i_q;].:.]m',: (e + 20" Aduelt 2
- PLI:n“' foo fa’ .'-n}
Thi= szpressinp shows that if § is warjational, then
oha Aot =4 (7.45)

Let uF suppaas that this copcliteng ja sabished. Then Lhere =zisl , ke R
ta Lhat of" = an — be'. We obtain 6t &

2pm "
e = n"ﬁ.-:'|+—4::'.-"-4::jl=ﬂ{b+?— o Ao,
2l p ."-"I.{ o 1 p]]
Simce g £ 0, Lg08lg, = 01U and ooly if
B+a ™ =0, (T 46)

.8}

i b8 and v5r, denote the romponents of 23 in the =plitting T. =
Spanit’] @ JH. then we hava

s TS) = fasp TS} b s ST = £ 2 01(5) + oS, 51 2
= €55 IefS) 1 icuS) T i (s,
becawse o, =01 0o the otber hand
s UT) = prad + prager = puisu
by [T.42). Thus

eus = £ (7471
el
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and therefora b = -2 £55. Since £FF = 22 the condition of compatibility
f4-f] = [ ia eguivalent to )
23

- o A=, [T.48)
Fser

a4

¢ From [T.J6) % haye

fh AT = LA+ dp A JA 4 o [ A] + (s A S+ due AT
Fopaldod] = [ £ AT F ladeplan A 4 | A + ddrpe} oo,

thus
o adte = e e Faog g fle 4 (dra ] AiaRle, [T 4%
and then
Tal

1 .
T[JIA.|F"7"[F1E}|r==_:_r,.-|ﬁe:=1|.ﬂ..4.-|ﬂ1s = digfi.

Ueing Lhe computation {7.53}, we find that ."”_'_l.]l"-?[.r:'q El: — Uif and culy
if §dsz nal; =00

# Lel us now concider the eemdition i Tk = () Wa hae
A" = &[5 F'| = h':.-{L‘_-; (A&l + o' 1Ad + Lzldra) @O
+ (A + o' A5 0+ Ediot @[50 + Sxdin s vS + dp % [.S,:.I.E-'l}.
But
e[S, 8] = w55 = voh, S]0 58 = o[k, S]0450 — ALS] = (A +isa) €
and
o547 = u[-T (8} = v[-AF + =5y — w5,
beoce
A = (ldr " +abad b Ddeed™ ¢ lelS) + Al dra)al + Haon) @05
Tharefors we have at r :

Trellg = I::l:lf_r-fl:'llI +ligo .]|:Id_rf_'r:|.l'l. B~ + 2[aam)" A i eilE.
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Using {7.30) and [7.43} we arrive at
1 flE = o, ({{.ha]" + (foe + Abepdha + Hd m.’} +2p [dya) fo

=g, ({{d_.'u]" + (frre + el rodda + Myl Ao’ ¥ ??[d; o’ A :r}.

Qo kb otber hand from (7.47) we bave

By, _ IFsa = g

2, 150
ma the condition 1gef1e — 0 19 equivalent 1a

2iFsa = iza')

{{dre]” + {izo + Apdra]re + 2|din) ~a' + (o) A =1

170
Modulo the compatihility conditicn igfl — 0.1 e, the equalion aAd e — 0,
we find that

igttg —m, I:I:I:-I'!_n:l:lrl + [1sor + J.]uj'_.n;r}-"'.ri + MNdpa]' A {rr}+2f}1{rfJn}' Ao
=m {{I’I.H'l]ll AT 4 E{I‘I_rn-:ll i rtl]-|-2.'..II{|'I.EI,I|'\:III e

= ldraxax]l”  dra A [oaa” 4 Apo T2 LI (n” + 1:—:’ rr') .
1

MNow the conditing igeT}e = 1 1k equivalent o

R POt T _
doo (" + R =1, [7.50)
which, taking into account [T.43), can br expressed by the equaticn

zeen filgremo'] =0 [T.51)

» The last coudition of jnb=grabuliby is given by e squation 'E|h.A IHE =1.
It gives & vew condibion ooly o i e computed on the vectars 5, &, and W,
with X & H, 00

f1q i FIP BN, 5 A - :E A SN, pad N eSS | 0 X
| 5'qh,1f:.;a[5}sz::'-;'Tf:*']}= [ ShE A SO X) — Cilp |28, X))
= i 81 b A5HS, 0. X 4 iﬂ fiad|ng, 04 53]
= i8] A T e ctei X + ::;fi:[[x,r.-p + e s XTI,
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Tang mte aceount the squations {730} end [7.42], this sxpression wap-
iahes of wivd ouly of

[l

& [ 25 X1+ o' [[X, C]) + Barl|XCH.

seftelX) =

Thetr computations show that all dhe obstructions can be exprosasd
without the second srder solution jof £}, except the last ooe Howewver, il
the disimibution spomrned by 15 gnd O 15 sndegprable, then thie condition
car he expresced, uniquely 1o terms of the spray 1odesd, 1o this case there
exa ) apd Ao emeh that w500 = 42 + 3uF. henoe

fgesc e = (A + demn + dgpa’
But
Mo =TNet me't.
and thus oy = 0 and o' = 1. Sa
et ReiX) =10
Becnuee X £ H..- . Therelore

A Y IPENX, 5 R

—igwin, & Mgl [es X1 + Aeoeal [T 7)) + dao o' (ed, XN

Cho the other band = hawe
feepr — =LeefX ) opxe = Logef{X),  fue e’ = L5a' (X)),

33 T W EENX S =0 of aud ogly 3f

{-'!'-1 [-Euﬁl:l:' — A ':;IEI:J"_".:'L r:i]- + A-;I:E..Su"}}| =1,
1 n,

Lhiak L5

fFEdf —

[Mif,eol A U Lra) 1 Malfesa)) Ao A o = 0,

Thus we have the following reault.
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If the dettrrbtiliots Apanied by o8 attd O s emtegrghle, then
ail the conditinns of compatibelety for 2, Fren bg {".'-"..TQ._] £
be =xpressed wath the help af the prag 5

Erer [YV: Invodutanby of Fy

Wre shall powr prove that Fy morolatire. Sioen gu[(Fi) = g (B Mg [ Frin
Gl g Fe ), an element B € 52T 35 (o 9305 i and onlp if the
cquaticme
al LS SN - 0.
L] IhX Y - BIAY X =4
b AKX, i¥i-ElAY. X =1,
d} AAX. V- AAY SN -,

[T52h

bold Let s degobe by 15,5 :— v8 - '%%;’C the projeckicn of »5 an
JIE mill repect ko Bhe pplitting T" = Span 7= JH. Hote that o3 = 0,
becanas & 13 oot typical, (and ao ©& i8 oot proportional to (O], and that

Fipn&pe 1 € ot Lab us consicder the hase B — {&, 0. ],=, . ., with

al e T’ rt=1,...te -1,

Bl R.- = Fl:“'q.rl.]':

E] h.-_ = h5& .

d]  a =S4,

Vaing the ootatien [P — { :” f:’ J for the matrx of M C giit%)
1

this bams. 1e. oy, = Blh b, by, = Bk s and 5, = S 04], for

£,7 = 1...,n, & have the following relations bet geen Lbe components.

1] Cm = i, (=1,...n-1I

El'l Cn-L1 h “. I.—_].. P

4] Cn-Ln-] = '—T::..—.fﬂﬂ-

'1] I!:"u:l - ';}| [ = 1|---.r-| Ei ':753]
lr:'] III"r|_||—' = _I_Tfnil:'nr\.

£ dam - E o

|-_| ‘I:'l_; - ‘I-"_l: = u. i‘._f = L. |



L] Eoler- L granpe ayafems ar Che HOMIDLE Cad e

Indeed,

1] Since 152 # 0, wa obtain from {7.52¢) computed on X = 3 apd
Y=*Fh,it=1,..m-1,

BiAS 1] - Bladh, 172" (31 Bitm1) " = 0
2y Mi<n 1

En—- ].—3[1_. —L: 1"|:| [75= E[i-.'.'r ll._:l[ ¥l d][l_
[3) Vsiag (7.52.c] aod then (7.52.d} we find

Chu—tm-1 = Hl:t-'..":.'l.-'n_j] = !h—ﬂ— Hl:r' .:-“I = fnn-

iurx

(4] Mz = ru— 1, tben using (7.52.3) and alan [7.5].b} we find
!"ﬂl

R{S.] - BivSon) = - BluS .00 — £55 Bt 0] =11,

(5] bun-t = ATAS, o)) = B 00y} — BluBup_ ] 7 2
= —PAn8,3a-) = =5 BICC)
(%] Using the equations {7 52 &) aod (7.53.h) we bnd

; '
bom = HiRE CF = BIS.0) - Blas, ) = - RinS,m, ] = 252

T
'I:S'ﬂ 1

(7] b — bi — Hihi,) — Eth, ke sl o

I followe that

dim gzt Fy] = £ida® — dn+ 4).
Let us naw coosidsr the base 3 = [=iivn}ima, . nn Where

FIEE  TR IR TR T T

€ ho+ir, for i - 2..m 4,
Tau-1 " p-z 3 h,._[-\.

1230

LaE

o =0y, +

.
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W will show that fi is quasi-regwar. Putting forward 8y = Hig,.8},
b;; = Bie, . v;) and &, = B, v,] = ¢, We can sxpress the matrix (b} in
termme of the compooents &y, and o)

II" IR LT I P fin-1 Can
B + deia -y + 2cun-u frn-1 L
B+ 3011 -2 + Ag0-n o= ]
Bin-xt+ broge-rt b n
+ia = ey 4 +ie—0h e g m-dn-l
bl..-;-l.""ﬂl_n-:l i|||-.!.||-I + fn-zn-2 E'||-I.||-I M
\ 0 # b .
o tke other hand
iy = d). 1<
bacps = by + |-|-!.--1-[ﬁ""i'-' mbina]l, 1Z350-)
k., -, AN Y
frs =0 L<i<sn
fin =0 L <isnm
Foamt = I, L<i<m
fh—gm-z = bn-l,n-! _‘L.I"l—'a.rl—l-
dpg.air -
I:-rl.-l."L—I. = '. A [ B
Exrt
Frin = rlI--I
iy - ﬁié‘.]-ﬂju]. li<jum—2

Therdore an alement F € g2(F} is determined by the following Ere com-

poILents:
iy, 1.3=l..l, i< §,
"-’-:- 1= ..,nx-2 3=0L..n-1, f g
Gin 1= 1o e —
i, 'E'"—'-.n—i ‘!-"n.—l.n-lu breop nes
W we oots & = ( ::"1 i’: ) the matrix of ao element B & g2 1Y), the



2

blacke of S are given by:

Euler-Laqrange ayrtema wn the 0mapc oas

IE'II a., Ii'l.n
- o, iy,
{uij}= : 1
- - 'a'al
'!}n o %I_-\.—1 le}l n-T _EJ-—I EI.-.
o1 e Fimea Finet By ani "
(b)) = _ . .
aa3l Pyosmes Pacpiacs Megan *
- ) . E'-- Zne A=La=1 -
- . r - - -
and
E” - i L |
* E}! 1 . = =
I:EI}] = R v 1
“ oo PoLoae-r V8
- - . & - L} L]
M .. . L " o

where we wenbe only the Gee paramesters explicitly,

determinsd compenents, How

{fn—-kln-Ek+1}
]

28
T+E+{ﬂ—-3],

diw TE{PI'I'-M Ly —

12
T+|JI—3_:I.

| (-3,

and

. n— [k + 3],
Bt g Padey o v = i

anmcl "+" tiegoier the

+(nok # 2))(m - 1)+ 24 in -3},

far 1= k-2

for E=a -2,

ot k=wu-1,
far k — m,

far k=1....m =,

fac k=n-2n-1,n,
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" n
dion gt Ayl + Y Al Falyy o+ 3 dmgalPile oo o

k=1 k=1
' —dn+d e (r-RiR—k+ 1) e
S —tD +3 [m -k 4+ 21)ir - 1)
4 =] 4 h-i[n { .]'["f ’

k I
+2n—-YtAanmR-3 ~ E(ﬂ—?][n—.‘l}: El:-inl—-i:t+ﬁf-
= dim gs{Fy 1.

which ebows that tbe base & ip quasi-tepular. Theorem T.4 ie proved. O



Appendix A

Formulae

A.l Formulae of the Fralicher-MNijenbuis Theory

I 4 Cowhiddy, Le #5(M), W C (M) and w © AYIM ) then
f13 iede  { M -"dpin = By + -1 an
[n particular, il X.Y € ¥, and K. L & %] 4, then
a1 ixdy = =digiy + Cpy =1 x).
Gl IxLy — Lvix + ixri,
el 1plx = Cyiw A fw k|-

) Ayl =deiy + dey Iw L]

(2] 1K, LN = [AaN L] - =10 DR L
S | At i B § LR Al R
To partecular iF X ¥V & T(Myand KL N e L A7), ihen
al ix|K N = AXN N -KlX N~ [¥5 K| - MY K]
B O[XONK|—[X NK + NOX K|
el |K.LJEN = [N L] - K[V L]+ [EN K| - £]%.K).
d LIKEIX V)= |EY By + KX 7|
-K|KX.¥)- K| KY,

206



e ] Ferenulae

g [H.N|[X,¥)= JKANY]+[NX K¥] - KX, NY]
— K[WX.¥]- N XKV - N[EX ¥
+ AMNA Y|+ NKE[X Y]

3] entpw = =101 0= g — ) Bt U VPR o
In partiewlar, if XY € (M) A L€ P4 ) and K £ €5 M), then

a] Epx =igik —Imia,
b e — kg =y —txL,
gl ixzx =frig + [ =1tRdy

{4) ivax® S whixT,
(5) d_wpd =widym + (=17 du s g,
(B [Liaw A K] =, wr B — =110 s fEmhh 4 )Y A L, K.

In particular, if f.p € C=(A, X, ¥ £ BiAd), K L € ©[M) and
w. mE A M, then
al |X.fK] - 1£x fIK + FA K]
0 R, fX]=adgfm X -arafX + f|X.K]
(IR K| =gl f 8 X - df i KX - (FLva) + gf|K.X]
d) [K.gl]=[dey) AL - dy s KE + g|F.L|
el |fK.yE]l= fidagnhl - dgnKE]
+oldr fAaK —df A LK)+ fa[&. L)
FI[Xowak]=|Cxw) K4 wa[X K
g K ash] zdpw AL =dwas KL+ {-1%an K L]
M [KwaX]zdgw@ X —de 2 AX + [-1000n[K X]
1] “.,_-*-g oo X = [wa Cxw - Gyl g
1 el vl = (wslrr - o[ Xde )Ry
7Ty — Y)Y H{wa )@ [X, Y]
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A.2 Formulae for Chapter &

Eaql 15 =qj
o= i L Y €7 T+ (b

L - L 3
][: "El.g:[-ll - t!'..l.‘.'”Er_l +'E|.'|]'
+ L5 Lo g £ 4 )+ g7

Kl o=3 nt'l'” LN Wt [

-EI —.lll‘ﬂ.EI" el :":l-_'ll_l'llfl . |]] + 15k + H:IEI"' I.||
K o= ILHﬁ,{L: ""]+|:.5“I|_-=:|+2J; r:I_S.-.-;!_

Eo=ef inie Ml 4 gt g0y e g1l g glimmaly

+ kb, LRk D+ED £ gy et g

R o= Doagly el et il "'x + ki,
+ (Raka i 6 KD — kol 05,

K o= rlt'!."',' el 4 i £y B EET] T el B P
+ [I--hﬁ +R|A.,,

B o= pdm bl el — T k)

L .
r =k ==L}k, P= 1,2
1 {:'h 1
= l-l—(ll- k.. P= 1.1,
= N
[ E k: = L7
0y i |'_|II.t - {I } . L= 1,e,
L
1
-tl. L
e . 4 i
=u - * L=,
z 43 '.L_J.'I T

(AL

(A2

(A%



IR Feernulae

Kb, =t pnefly P — B a5,
=g L Ay D) (e ) )
+ {f| :.::-: kb] {ﬂ'"-l fn’l.; + ‘E'I.;.}|

Koy =Xa S Dy 6T 4 Db

H
X,

7

Gl, =:.:J.._Hi:E.\._,."I+[:!"E :l‘l".!k 'fl-\f'.l].
ai =da, D wEl M -E'“"""xi, e B kF

~ bkl Vagnal kgl {A4]
ay =, w7 - f;""'i '*'x-.ﬂ. |y Eat eyl — k) + 6] ol

B, = o a4 (84} + 28], 657

B =g Ml o ta M 1 s (e + (Rak
+ I.. 'f[l'l."I:.:h'\. + kji. :n'll :|+'El-'| E:I + k] I:.!'EIP vl Fa}t:::l':'l

!I:: - x-,ill::l.i ntl:‘:_:5 + :"Zna':.l'!-ﬂ,l'.:.'.hjl:"" Ii;i':'“i'ﬁ RS RV, ||.-| v t:'l

L TLAR R

F
by = & .
£,
R N (AT e B 4 U R
£ix
1 1 :
I-"|}' _ET[ > I_EEHT-'” Eﬁﬂi'.}' e
5
_ E-'..,':"l ’
b = { {hz }
I _ (I g F bl L £
R e AL + b _E—;
£ : Eoy
o = L5 m_,_:u: hel _ h.{p, + - f:" M-
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[¥]

i

* iy
EL

JwiFxed - aa(el el + gl

Farmedge for Chapler 5 ang

=X [{Iu; H1 L, gk 5|+£|I.| :1.] ) *EL:"SIJ—':S:(.]

=x1 [E_!‘l-_i | -+ IE':-'i-:l 5'1. + f|'\-':| EIJ“\-} + Elu:.hl-:l_[.ﬁ.:r-:l:l

"-ni.

-g —[53{.." _ll{Elu .1| I"u..ﬂ +*E\.,'[f|h: ETH . h""':l

+g e gty "-]+¢L‘.'--“' F Ty, 4 el
+‘E'|:|E hlll"l]u "'Eu‘Ell .r1|j|
|l'l""'l|]

+Ep g3 el

1|''-’..'..Eh"‘"'I|'J..-.z gy sl et .-Illq.n--_l}

= (gl F okt Ty (0l gl M,

=x:({mel 1 4 HI:*EM’ R Elh'."ﬂm .I+x:fh.' i,
e el R U R - P -l [A.E)

+ Lll'Elﬂi'.'ul.:'+E|,l|'E|7:| '\n.l;hl + I_h'nEI“:' rul:l [ El'l" l"]*ﬁ"" 5'#&,
+ € ':-Il'-:r-l 1 ""5-'-:{'"",1”1 L: +E'|, I"l.:-u |h= +E‘=E|u,.u,|h:}
- tz[Ef. vaflitil g g ghaonl 3 oy by plvabal ) o et daly |
rel eyl gl il el i el

=[G gl e tEf.“. T e
+ELI';"TIJ-~.. +|f.u,{”?"-' ¥ "'E-'.;.-EM? ‘|| t +E‘=:fhi"lih
+EL el :|—.H.:|IIE'n [l't{ll';’ I"'|'|-|-,5_.L_l-|..l|:lsl"':- iy

by 1 |1- Wl I by u 5 _Juib
|El.. A Avg r-u..['l-' L |‘+-E|.-|”'I“'Eu:: I:""E'I EI ! 1'

] %

TN el S T b T Sl PR f'? 1! ‘|:|
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