Three-dimensional topological loops with solvable

multiplication groups

Abstract

We prove that each 3-dimensional connected topological loop L
having a solvable Lie group of dimension < 5 as the multiplication
group of L is centrally nilpotent of class 2. Moreover, we classify the
solvable non-nilpotent Lie groups G which are multiplication groups for
3-dimensional simply connected topological loops L and dim G < 5.
These groups are direct products of proper connected Lie groups and

have dimension 5. We find also the inner mapping groups of L.
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1. Introduction

The multiplication group Mult(L) of a loop L introduced in [1], [2] connects
the loop with the group theory since for any normal subloop of L there is
a normal subgroup of Mult(L) and conversely to every normal subgroup of
Mult(L) corresponds a normal subloop of L (cf. Lemma 3). Necessary and
sufficient conditions for a group K to be the multiplication group Mult(L)
of a loop L are established in [14]. In this criterion there are two special
transversals A and B with respect to a subgroup S (see Lemma 1) which

results in being the stabilizer of the identity of L in Mult(L) and it is called



the inner mapping group Inn(L) of L. For finite loops the importance of
Mult(L) and Inn(L) as well as the transversals A and B is documented in
(3], [13] - [16], [19]).

In general the multiplication group Mult(L) for a topological loop L has
infinite dimension. If L has a Lie group as its multiplication group, then the
structure of L as well as that of Mult(L) is strongly restricted. Hence it is
justified to investigate Lie groups which are multiplication groups of L ([4]
- [6], [17]). In this case the criterion in [14] can be effectively used and the
topological loop L is realized as a sharply transitive section in a subgroup
G of Mult(L). This subgroup G is the group topologically generated by the
left translations of L.

If the group Mult(L) of a 2-dimensional topological loop L is a Lie group,
then it is an elementary filiform Lie group F,, with n > 4 ([4]). Classifying
all at most 5-dimensional solvable non-nilpotent Lie groups K which are
multiplication groups Mult(L) of 3-dimensional connected simply connected
topological loops L we see that for the structure of Mwult(L) one has more
freedom. Moreover, knowing Mult(L) one can describe the structure of L
and determine the inner mapping group of L.

In Section 3 we give the precise structure of the 3-dimensional simply
connected topological loops L such that the multiplication group Mult(L)
of L is a solvable Lie group and L has a 1-dimensional connected normal

subloop (see Theorem 6). In this paper we prove that for each 3-dimensional



simply connected topological loop L having a solvable Lie group of dimension
< 5 as the multiplication group Mult(L) of L the group Mult(L) is a semidi-
rect product of a group Q = R? with the group M = Z x Inn(L) = R,
n € {2,3}, where R = Z is a central subgroup of Mult(L). So we show
that none of the 4-dimensional solvable Lie groups as well as none of the
5-dimensional solvable non-nilpotent indecomposable Lie groups are multi-
plication groups of 3-dimensional topological loops L (see Sections 4 and 5).
But there are many loops L having a 4-dimensional solvable Lie group as
the group generated by their left translations (Theorem 10).

To classify the 5-dimensional solvable decomposable Lie groups Mult(L)
of L we have to find special left transversals to a 2-dimensional subgroup
S of Mult(L) such that the core of S in Mwult(L) is trivial, S is included
in a normal subgroup M = R3 of Mult(L) with Mult(L)/M = R? and the
normalizer of S in Mult(L) is the direct product of S and the centre of
Mult(L). The final result of our efforts is the following: If Mwult(L) has 1-
dimensional centre, then it is either the group F3 x Lo or the group R x Lo X
Lo, or the direct product R x 3, where X is a 4-dimensional indecomposable
solvable Lie group having 2-dimensional commutator subgroup and at most
one l-dimensional normal subgroup. If Mult(L) has 2-dimensional centre,
then Mult(L) is either the group F; x R or the direct product of R? and
a 3-dimensional Lie group having 2-dimensional commutator subgroup (see

Theorem 18).



We want to mention that a Lie group need not to be the multiplication
group of a topological loop if its universal covering has this property. We
illustrate this for the direct product © of R? and the group of orientation
preserving motions of the euclidean plane and the universal covering of €2
(Theorem 18 case 6) and Proposition 19).

As our result did not give any example of a 3-dimensional topological
loop L having an indecomposable solvable Lie group as the multiplication

group of L, further investigations should be focused on this type of groups.

2. Preliminaries

A binary system (L, -) is called a loop if there exists an element e € L such
that z = e-x = z-e holds for all x € L and the equations a-y = band z-a =b
have precisely one solution, which we denote by y = a\b and z = b/a. A
loop L is proper if it is not a group.

The left and right translations Ay : y — a-y : L Xx L — L and p, :
y—y-a:LxL — L a € L, are bijections of L. The permutation
group Mult(L) generated by all left and right translations of the loop L is
called the multiplication group of L and the stabilizer of e € L in the group
Mult(L) is called the inner mapping group Inn(L) of L.

Let K be a group, let S < K, and let A and B be two left transversals
to S in K. We say that A and B are S-connected if a='b~'ab € S for
every a € A and b € B. The core Cog(S) of S in K is the largest normal

subgroup of K contained in S. If L is a loop, then A(L) = {)\y; a € L}



and R(L) = {pa; a € L} are Inn(L)-connected transversals in the group
Mult(L), and the core of Inn(L) in Mult(L) is trivial. We often use the

following (see [14], Theorem 4.1 and Proposition 2.7).

Lemma 1. A group K is isomorphic to the multiplication group of a loop
if and only if there exists a subgroup S with Cox(S) = 1 and S-connected

transversals A and B satisfying K = (A, B).

Lemma 2. Let L be a loop with multiplication group Mult(L) and inner
mapping group Inn(L). Then the normalizer Nypry(Inn(L)) is the direct
product Inn(L) x Z(Mult(L)), where Z(Mult(L)) is the centre of the group

Mult(L).

The kernel of a homomorphism « : (L,-) — (L', *) of a loop L into a loop
L’ is a normal subloop N of L. The centre Z(L) of a loop L consists of all
elements z which satisfy the equations zz-y =z -2y, z-yz =2y -z, Tz -y =
x-zy, zo = zz for all x,y € L. If we put Zy = e, Z; = Z(L) and
Zi|Zi—1 = Z(L/Z;—1), then we obtain a series of normal subloops of L. If
Zn—1 is a proper subloop of L but Z,, = L, then L is centrally nilpotent of
class n. The next assertion was proved by Albert in [1], Theorems 3, 4 and

5 and by Bruck in [2], IV.1, Lemma 1.3.

Lemma 3. Let L be a loop with multiplication group Mult(L) and identity
element e.

(i) Let o be a homomorphism of the loop L onto the loop o(L) with kernel



N. Then « induces a homomorphism of the group Mult(L) onto the group
Mult(a(L)).

Let M(N) be the set {m € Mult(L); *N = m(xz)N for allz € L}. Then
M(N) is a normal subgroup of Mult(L) containing the multiplication group
Mult(N) of the loop N and the multiplication group of the factor loop L/N
is isomorphic to Mult(L)/M(N).

(ii) For every normal subgroup N of Mult(L) the orbit N'(e) is a normal

subloop of L. Moreover, N' < M(N (e)).

A loop L is called topological if L is a topological space and the binary
operations (z,y) — z -y, (z,y) — z\y,(z,y) — y/xz : L x L — L are
continuous. Let G be a connected Lie group, let H be a subgroup of G.
A continuous section o : G/H — G is called sharply transitive, if the set
0(G/H) operates sharply transitively on G/H, which means that for any
xH and yH there exists precisely one z € o(G/H) with zeH = yH. Every
connected topological loop L having a Lie group G as the group topologically
generated by the left translations of L is obtained on a homogeneous space
G/H, where H is a closed subgroup of G with Cog(H) =1and o : G/H —
G is a continuous sharply transitive section such that o(H) = 1 € G and the
subset o(G/H) generates G. The multiplication of L on the manifold G/H is
defined by xH xyH = o(xH)yH and the group G is the group topologically
generated by the left translations of L. Moreover, the subgroup H is the

stabilizer of the identity element e € L in the group G. The following



assertion is proved in [9], IX.1.

Lemma 4. For any connected topological loop there is a universal covering

loop. This loop is simply connected.

The elementary filiform Lie group J,, is the simply connected Lie group of
dimension n > 3 such that its Lie algebra has a basis {e1, - ,e,} with
le1,€i] = €41 for 2 < i < n—1. A 2-dimensional simply connected loop
Lx is called an elementary filiform loop if its multiplication group is an
elementary filiform group F,, n >4 ([5]).

Homogeneous spaces of solvable Lie groups are called solvmanifolds.

3. Three-dimensional topological loops with

one-dimensional connected normal subloop

Let L be a topological loop on a connected 3-dimensional manifold such that
the group Mult(L) topologically generated by all left and right translations
of L is a Lie group. The loop L is a 3-dimensional homogeneous space
with respect to the transformation group Mult(L) acting transitively and
effectively on L. According to Theorem B and Theorem 1 in [10] the simply
connected spaces S? x R and S2 are not solvmanifolds. Hence from [8] we

get the following.

Lemma 5. Let L be a 3-dimensional proper connected topological loop such
that its multiplication group Mult(L) is a solvable Lie group. If L is simply

connected, then it is homeomorphic to R3.



Assume that the multiplication group Mult(L) of a topological loop L is
solvable. Let K be a minimal non-trivial connected normal subgroup of
Mult(L). Then one has dim K € {1,2}. By Lemma 3 the orbit K(e) is a
connected normal subloop of L. Since the core Copsyr)(Inn(L)) is trivial
K(e) # {e}. Hence the dimension of K(e) is 1 or 2. Now we deal with the

case that dim K(e) = 1.

Theorem 6. Let L be a 3-dimensional proper connected simply connected
topological loop such that its multiplication group Mult(L) is a solvable Lie
group. If L has a 1-dimensional connected normal subloop N, then N is
isomorphic to the group R and we have the following possibilities:

(a) The factor loop L/N is isomorphic to R?. Then N is contained in the
centre of L and the group Mult(L) is a semidirect product of a group Q = R?
with the abelian group M = Z x Inn(L) = R™, m > 2, where R = Z 2 N
is a central subgroup of Mult(L).

(b) The loop L/N is isomorphic either to the non-abelian 2-dimensional
Lie group Lo or to a 2-dimensional elementary filiform loop Lr. Then the
group Mult(L) has a normal subgroup S containing Mult(N) = R such that
the factor group Mult(L)/S is isomorphic to the direct product Lo X Lo if
L/N = Ly or to an elementary filiform Lie group F,, n >4, if L/N = Lr.

Moreover, Mult(L) has dimension at least 5.

Proof. By Lemma 5 the loop L is homeomorphic to R3. The connected

normal subloop N of L is isomorphic to R because the multiplication group



of N a Lie subgroup of Mult(L) (Theorem 18.18 in [17]). The factor loop
L/N is a 2-dimensional connected loop such that the multiplication group
Mult(L/N) is a factor group of Mult(L) (Lemma 3). The manifold L is
a fibering of R? over L/N with fibers homeomorphic to R. Hence L/N is
homeomorphic to R? and therefore it is either a 2-dimensional connected
Lie group or an elementary filiform loop Lz (Theorem 1 in [4]).

If the factor loop L/N is the Lie group R?, then by Lemma 3 there exists
a normal subgroup M of Mult(L) such that Mwult(L)/M is isomorphic to the
multiplication group of the loop L/N and hence to the group R?. Therefore
the group M is connected and Mult(L)/M operates sharply transitively
on the orbits of N in L. The group M contains the multiplication group
Mult(N) 2 R of N and leaves every orbit of N in the manifold L invariant.
Every orbit of N is homeomorphic to R. Hence the group M induces on the
orbit N(e) either the sharply transitive group R or the group 2 isomorphic
to the Lie group Lo ([18], Lemma 1.10).

Assume first that the group induced by M on N(e) is Q@ = L5. Then
M induces a group isomorphic to €2 on every orbit N(z), x € L. Since
all 1-dimensional connected subgroups of € different from the commutator
subgroup are conjugate, the stabilizer ), of e € L in € would fix on every
orbit N(x) precisely one point. The set of fixed points of €, in L coincides
with that of fixed points of the stabilizer Inn(L) of e € L in Mult(L). This

latter is the centre Z of L (see [2], IV.1). Hence the centre Z of L would be



at least 2-dimensional and we would have L = N - Z. But then L would be
an abelian group which is a contradiction.

Therefore the group M induces on every orbit N(x), x € L, the sharply
transitive group R. The stabilizer M; of e € L in M fixes every point of
the orbit N(e) = M(e). Hence M; is a normal subgroup of M. Since the
factor group M /M is isomorphic to R the commutator subgroup M’ of
M is contained in M; and M’ is normal in Mult(L). If M’ were different
from {1}, then Mult(L) would contain the normal subgroup M’ which has
fixed points. This is a contradiction because the transitive group Mult(L)
acts effectively on L. Hence M is abelian. If M would contain a compact
connected subgroup K # {1}, then K would be isomorphic to the group
SO2(R) and it would be a normal subgroup of Mult(L) which has a fixed
point in L. This contradiction yields that M is isomorphic to R™. Since L
is a proper loop of dimension 3 one has dim Mult(L) > 4 and hence n > 2.
As the inner mapping group Inn(L) has codimension 3 it is the group M;.
Since M; fixes every element of the loop N(e) the normal subloop N is a
central subgroup of L. The group consisting of the translations by elements
of N is isomorphic to N and it is a central subgroup Z of Mult(L). Then
we have M = Z x Inn(L) and the assertion (a) is proved.

If the factor loop L/N is isomorphic to the Lie group L, respectively to
an elementary filiform loop Lz, then the multiplication group Mult(L/N)

is isomorphic to the direct product L9 X Lo, respectively to an elementary
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filiform Lie group F,, n > 4. Moreover, there exists a normal subgroup S
of Mult(L) containing the group Mult(N) = R (see Lemma 3) such that
Mult(L)/S is isomorphic to the group Mult(L/N) and the assertion (b)

follows. O

4. Three-dimensional topological loops with four-dimensional

solvable Lie group as multiplication group do not exist

The following Lemma follows from Theorem 18.18 in [17], Theorem 1 in [4]

and Theorem 6 (a).

Lemma 7. If there exists proper connected topological loop L having a
4-dimensional solvable non-nilpotent Lie group as its multiplication group
Mult(L), then L has dimension 3. Moreover, if L is simply connected and
has a 1-dimensional normal subloop, then Mult(L) is a semidirect product
of R? with a normal subgroup M = R? containing a 1-dimensional central

subgroup of Mult(L).

The 4-dimensional indecomposable Lie algebras are listed in [11], § 5. Among
these solvable Lie algebras there are four with 1-dimensional centre: the
filiform Lie algebra g, ; and the non-nilpotent Lie algebras g4 3, ga,s with h =
—1, ga9 with p = 0. Proposition 4.3 in [5] shows that the filiform Lie group
F4 is not the multiplication group of 3-dimensional connected topological
loops. Since the commutator Lie algebra of g8 and g49 has dimension 3

there is no connected topological loop L having these Lie algebras as the Lie

11



algebra of Mult(L) (see Lemma 7 and Theorem 6 (a)).

The commutator Lie algebra of g43 has dimension 2. Hence for the
corresponding simply connected Lie group G it seems to be more natural that
G can be the multiplication group Mult(L) of connected topological loops.
Although, as we will show, there are four classes of 3-dimensional simply
connected topological loops L having G as the group generated by their left
translations (Theorem 10), for any of these loops the multiplication group
Mult(L) has dimension greater than 4 (Corollary 11). For the classification
of these loops L we often use the following lemmata, the first of which is

proved in [5] Lemma 4.2, and the second in [6] Lemma 3.1.

Lemma 8. Let f : (z,y,2) = f(z,9,2) : R® = R be a continuous func-
tion. The function g : z — z + uf(xo,y0,2) : R = R is bijective for every

0, Yo, u € R if and only if f does not depend on the variable z.

Lemma 9. Let f : R — R be a continuous function such that for all 21,29 €
R one has f(z2) + e *2f(z1) = f(z1 + 22). Then we get f(z) = ¢(1 —e™?),

where ¢ 1s a real constant.

Theorem 10. Let G be the four-dimensional connected simply connected

solvable Lie group the multiplication of which is represented on R* by

g(x1, 2, 23, 24)g(Y1, Y2, Y3, Ya) = g(x1+y1€™, xa+y2+24y3, T3+ Y3, Ta+Ya).

Let H be a non-normal subgroup of G isomorphic to R. Using suitable

12



automorphisms of G we may choose H as one of the following subgroups:
Hl = {g(oﬂ 05 07 1174);1'4 S R}’ H2 — {g(oa 0a$370); x3 S R}a

Hsz = {g(x3,0,23,0); 23 € R}, Hy = {g(z1,21,0,0); 21 € R}.

a) Every continuous sharply transitive section o : G/H; — G with the
properties that o(G/Hy) generates G and o(Hi) = 1 is determined by the
map oy : g(x,y,2,0)H1 = g(x,y,2, f(2)), where f : R = R is a continuous
non-linear function with f(0) = 0. The multiplication of the loop Ly given

by oy can be written as
(1,91, 21) * (T2, Y2, 22) = (21 + 22ef V) gy +yo + 20f(21), 21 + 20). (1)

b) Each continuous sharply transitive section o : G/Hy — G such that

0(G/Hjy) generates G and o(Hsz) =1 has the form
op:9(x,y,0,2)Hy = g(z,y + h(x, 2)z, h(z, 2), 2),

where h : R? — R is a continuous function with h(0,0) = 0 such that h does
not fulfil the identities h(x,0) = 0 and h(0,z) = lz, | € R, simultaneously.

The multiplication of the loop Ly corresponding to oy, is determined by
(21,91, 21) * (T2, Y2, 22) = (21 + 226", y1 + Y2 — 22h(21,21), 21 + 22).  (2)

¢) Every continuous sharply transitive section o : G/Hs — G such that

o0(G/Hs) generates G and o(Hs) =1 is given by the map

o g(x,y,0,2)Hz = g(x + e f(x,y,2),y + 2f(z,y,2), f(x,y,2), 2)

13



with a continuous function f : R3 — R such that £(0,0,0) = 0, f does not
satisfy either the identities
f(z,y,0) = —z, f(0,0,2) =C(1l—e7?), C €R, (3)
or the identities
f(z,y,0) =0, f(0,0,2) =Xz, A € R, (4)

simultaneously and for all triples (x1,y1,21) and (z2,y2,22) € R3 the equa-

tions
y=y2—uy1+zf(z,y,22 — 21), (5)
x=mx9 —e? Pty + 2 (1 —e ) f(x,y,20 — 21) (6)
have a unique solution (x,y) € R%. The loop Ly corresponding to oy is
defined by the multiplication

(71,91, 21) * (22,2, 22) =

(z1 4+ e (v2 + f(z1,91,21) (1 — 7)), 91 + y2 — 22f (w1, 91, 21), 21 + 22). (7)
d) Any continuous sharply transitive section o : G/Hy — G such that
0(G/Hy) generates G and o(Hy4) = 1 is determined by the map

ok 9(x,0,y, 2)Hy = g(x + €°k(z,y, 2), k(z,y, 2), y, 2),

where k : R? — R is a continuous function with k(0,0,0) = 0 such that k
does not fulfil the identities given by (3) in case c) simultaneously and such

that for all triples (z1,y1,21) and (x2,y2,22) € R3 the equation

x+e?k(z,y2 —y1, 220 — 21)[e — 1] = 29 — 1167 + €72 (22 — 21)11 ()

14



has a unique solution x € R. The multiplication of the loop Ly corresponding

to oy, can be written as

(1,91, 21) * (22,92, 22) =

(x1 + e zo + k(x1, y1,21) — € (2192 + k(z1, 91, 21)) ], 1 + Y2, 21 + 22). (9)

Proof. The linear representation of the group G is given in [7], Case 4.3. Let
L be a 3-dimensional connected simply connected topological loop having
G as the group topologically generated by its left translations. Then the
stabilizer H of e € L in G is a 1-dimensional non-normal subgroup of G.
As the Lie algebra g of G has a basis {e1,ea,e3,e4} with [e1,eq] = eq,
[es, e4] = ea, the subgroup exptes, t € R, is the centre of G, the subgroup
exp(tea + sep), t,s € R, is the commutator subgroup of G. Hence the
automorphism group of g consists of the following linear mappings ¢(e1) =
aey, p(ez) = bea, p(es) = kea + bes, p(eq) = lieq + laea + lzes + e4, with
ab # 0, k,l1,1l2,1l3 € R. Since Re; and Rey are ideals of g the subalgebra h of
H does not contain ej, ea. Hence H is a subgroup exp t(ae; +Bea+yes+dey)
with ¢ € R such that v2 + 2 = 1 or a8 # 0. Then a suitable automorphism
of G corresponding to an automorphism ¢ of g maps H onto one of the

following subgroups

Hy =exptey, Ho=exptes, Hs =expt(es+e1), Hy=expt(e;+ez).

Every connected topological proper loop L having G as the group topologi-

cally generated by its left translations and H as the stabilizer of e € L in G

15



is determined by a continuous sharply transitive section o : G/H — G with
the properties that o(H) =1 € G and o(G/H) generates G.

First we assume that H = H; = {¢(0,0,0,k); k € R}. Since all elements
of G have a unique decomposition as g(z,y, z,0)g(0,0,0, k), any continuous
function f : R® — R;(z,y,2) — f(x,y,2) determines a continuous section

o:G/H; — G given by

o: g(x7y7Z70)H1 '_> g(x7y7270)g(070707 f(:c7y7z)> = g(x7y727 f(x7y7z))'

The section o is sharply transitive if and only if for any triple (x1,y1,21),

(72,72, 22) € R3 there exists precisely one triple (z,y, z) € R3 such that

g(xa Y, z, f(xayv Z))g(.%'l, Y1, 2’1,0) = 9(37273/27 2’2,0)9(0, 07 Oat)

for a suitable ¢ € R. This provides the following equations z = z9 — 21,

t= f($>y722 - Zl)a
y=y2—y —2f(x,y,22 — 21), (10)
- xlef(l‘,y@—m)_ (11)

For x; = 0 equation (11) yields that x = x5 and equation (10) has a unique
solution for y if and only if the function g : y — y + 21 f(z0,y,20) : R = R
is bijective for every xg = x9, 29 = 22 — 21 and 21 € R. This is the case
precisely if the function f(z,y,z) = f(z,2) does not depend on the variable

y (Lemma 8). Using this, equations (10) and (11) are reduced to

y=1y2— 1 — 21 f(x, 22— 21), (12)

16



T = 39 — ppef @2221), (13)

Applying Lemma 8 for the function e/(##) : R? — R we obtain that equation
(13) has a unique solution for x precisely if the function f(x,z) = f(z) does
not depend on z. Since in this case equation (12) has a unique solution
y = y2 —y1 — 21 f (22 — z1) each continuous function f : R — R with f(0) =0
defines a loop Ly. This loop is proper if o(G/H;) generates G. The set
o(G/Hy) ={g(x,y, 2z f(2));z,y, 2z € R} contains the commutator subgroup
G = {g(x,y,0,0);z,y € R} and the set F' = {g(0,0, z, f(2));2 € R}. We
have G’ N F = {1}. Therefore 0(G/H;) does not generate G if the set

FG'/G" is a one-parameter subgroup of G/G’. As

IR, R, 21, f(21))9(R, R, 22, f(22)) = g(R, R, 21 + 22, f(21) + f(22))

this is the case precisely if f(z) = lz, | € R. Hence for every non-linear
function f there is a topological proper loop Ly.

In the coordinate system (x,vy, z) — g(x,y, 2,0)H; the multiplication of L
is determined if we apply o(g(x1,y1,21,0)H1) = g(x1,y1, 21, f(21)) to the
left coset g(z2,y2,22,0)H; and find in the image coset the element of G
which lies in the set {g(z,y,z,0)H1; z,y,z € R}. A direct computation

yields multiplication (1) and assertion a) is proved.

A similar consideration as in the previous case yields that for H = Hy =

{9(0,0,%,0); k € R} an arbitrary continuous section oy : G/Hs — G may
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be given by o3 : g(z,y,0, 2)Hy —

9(z,y,0,2)9(0,0,h(x,y, 2),0) = g(z,y + zh(z,y, 2), h(z,y,2),2), (14)

for H= Hs ={g(t,0,t,0); t € R} a continuous section o3 : G/Hs — G can

be given by

03 :9(z,y,0,2)Hs — g(z,9,0,2)9(f(x,9,2),0, f(x,y,2),0) =

g(x + ezf(x7 y?’z)?y + Zf(x7 y? Z)?f(x7 y? z)7z)7 (15)

and for H = Hy = {g(t,¢,0,0); t € R} a continuous section o4 : G/Hy — G

may be given by

o4:9(x,0,y,2)Hy — g(x,0,y, 2)g(k(z,y, 2), k(z,y, 2),0,0) =

g(x-|-ezk(a:,y,z),k(x,y,Z),y,Z), (16)

where h : R? - R, f : R? - R, k : R3 — R are continuous functions.
These sections o;, i = 2,3,4, have the property o;(H) = 1 € G precisely if
1(0,0,0) = £(0,0,0) = k(0,0,0) = 0.

The set 0;(G/H;) given by (14), (15), (16) acts sharply transitively on G/H;

if and only if for ¢ = 2 the equation

g(ﬂf, Yy + Zh({L‘, Y, Z)? h(‘T’ Y, Z)’ Z)g(xla Y1, 07 Zl) = g(ﬂj‘g, Y2, 0’ 22)9(05 Oa t) O)a
(17)

for ¢+ = 3 the equation

g($ + ezf(x,y, Z)ay + zf(a:,y, Z)? f(x,y, Z), 2)9(1'1,%,0, Zl) =

18



g($2’y2707 ZZ)g(taoatvo)a (18)

for ¢ = 4 the equation

9(x + €*k(z,y, 2), k(2,y, 2), ¥, 2)9(21, 0,91, 21) = g(22,0, 42, 22)g(t, £,0,0)
(19)
has a unique solution (z,y, z) € R? with a suitable ¢ € R for any given triple
(21,91, 21), (72,92,22) € R3. Equation (17) is equivalent to the following

z=1z29—21,t=h(x,y,20 — 21), T = x93 — 2 *11 and

0=y —y2+y1 —z1h(za — e *x,y, 20 — 21).

This last equation has a unique solution for y precisely if the function
h(z,y,z) = h(x, z) does not depend on the variable y (cf. Lemma 8). Equa-
tion (18) yields z = 29 — 21, t = f(x,y, 22 — z1) and that equations (5), (6)
in assertion ¢) have a unique solution (z,y) € R%. Moreover, equation (19)
gives 2 = 22 — 21, ¥y = Y2 — Y1, t = y1(22 — 21) + k(x,y2 — y1,22 — 21) and
that equation (8) in assertion d) has a unique solution z € R.

Now we investigate under which circumstances the set 0;(G/H;), i = 2,3, 4,
generates the group G.

The set 02(G/Ha) = {g(z,y + zh(x,z),h(x,2),2);z,y,2 € R} contains
the subgroup Ky = {g(z,y,h(x,0),0); z,y € R} and the subset F, =
{9(0,2h(0, 2), (0, 2),2); z € R}. The set 03(G/Hs3) given by (15) includes
the subgroup K3 = {g(z+ f(z,v,0),y, f(x,y,0),0); x,y € R}, and the sub-

set F5 = {g(e*f(0,0,2),2f(0,0,z2), f(0,0,z),2); z € R}. The set 04(G/H})
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given by (16) contains the subgroup K4 = {g(z+k(x,y,0), k(z,y,0),y,0); x,
y € R} and the subset Fy = {g(e*k(0,0, z), k(0,0, 2),0, 2); z € R}. As for
all these cases we have K; N F; = {1} the set 0;(G/H;), i = 2,3,4, does
not generate G if the group K; has dimension 2, for all A € F; one has
h~'K;h = K; and F;K;/K; is a one-parameter subgroup of G/Kj.

First we consider the pair (Ko, F»). The group K3 has dimension 2 if the
subgroup {g(x,0, h(z,0),0); z € R} is a one-parameter subgroup. This is the
case precisely if h(x,0) = bz, b € R. For h = ¢(0,2h(0, ), h(0, 2),2) € Fy,
z # 0 we get h=tg(x,y,bx,0)h = g(xe ™,y — bzx,bx,0) is an element of Ko
if and only if b = 0. Then the group Ks coincides with the commutator
subgroup G’ of G. The set (FG’)/G' is a one-parameter subgroup precisely
if h(0,z) = lz, | € R. Therefore any function h : R? — R, which does not
satisfy the identities h(z,0) = 0 and h(0,z) = [z, | € R, simultaneously
determines a proper topological loop Lj. A direct computation yields that
the multiplication of Lj corresponding to the section o9 in the coordinate
system (z,y, 2) — g(z,y,0,2)Hy is given by (2). This proves assertion b).
Now we deal with the pair (K3, F3). The group K3 has dimension 2 if and

only if f(z,9,0) = cx +dy, ¢,d € R. For h € F3 with z # 0 we have
h~'g(z+ca+dy, y, cx+dy, 0)h = g([(c+1)z+dyle™*, y—2(ca+dy), cx+dy,0).
Hence h™'K3h = K3 if and only if one has eitherc = —1,d =0orc=d = 0.

In the first case K3 is the normal subgroup G = {9(0,y,—z,0); z,y € R}
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of G, in the second case K3 = G’. Since
g(€Z1f(07 07 21)7 R7 R) Zl)g(€Z2f(07 07 22)7 R? R7 ZQ) -

g(ez1+22f(0, O, 22) + 621f(07 07 Zl)a Ra ]R> Z1 + 22)

the set F3G / G is a one-parameter subgroup of G / G if and only if for all 21,
z9 € R the identity f(0,0,z22) + e *2f(0,0,21) = f(0,0, 21 + 22) holds. By
Lemma 9 we obtain f(0,0,z) = C(1 — e *) with C' € R. The set F3G'/G’
is a one-parameter subgroup of G/G’ if and only if one has f(0,0,z) = Az
for some A € R. The set o3(G/Hs3) does not generate G if the function
f(x,y, z) satisfies either the identities given by (3) or the identities given
by (4) in assertion c). A direct computation yields that the multiplication
of the loop L; corresponding to the section o3 in the coordinate system
(z,y,2) — g(x,y,0,2)Hs is given by (7) and the assertion c) is proved.

Finally we consider the pair (K4, Fy). The group K4 has dimension 2 if and

only if k(z,y,0) = ax + by, a,b € R. For h € Fy, z # 0 we have
hYg(z + az 4 by, ax + by, y,0)h = g([(a+ 1)z + byle ™, —zy + ax + by, y,0).

Hence we obtain h~'K4h = K4 if and only if a = —1 and b = 0. Then the
group K coincides with the group G introduced in the previous case. Hence
the same consideration as there proves that the set 04(G/Hy) does not gener-
ate G if the function k(x,y, z) satisfies the identities given by (3). A direct

computation gives that in the coordinate system (z,y,z) —g(x,0,y,z)Hy
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the multiplication of the loop Ly is given by (9) and the assertion d) is

proved. O

Corollary 11. There is no connected topological loop L such that the mul-

tiplication group of L is locally isomorphic to the group G in Theorem 10.

Proof. By Lemmata 4, 7, 5 we may assume that L is homeomorphic to
R3. Every Lie group locally isomorphic to the group G in Theorem 10
has a 1-dimensional centre Z. The orbit Z(e) is a 1-dimensional normal
subloop of L isomorphic to R (see Lemma 3). Hence the multiplication
group of L is the simply connected group G (cf. Lemma 7) and the normal
subgroup M =2 R? of G given in Theorem 6 (a) is the commutator subgroup
G’ = {exp(te; + ueq);t,u € R} of G. Moreover, the inner mapping group
Inn(L) of L is a 1-dimensional non-normal subgroup of G’. Hence Inn(L)
must be the subgroup Hy (see Theorem 10). The normalizer of Hy in G
is the group N = {exp(tie1 + toes + tzes);t; € R}. As the direct product

Z x Inn(L) = G’ we have a contradiction to Lemma 2. O

Now we treat 4-dimensional solvable Lie groups which are direct products.

Proposition 12. There exists no connected topological loop L such that the
multiplication group of L is a 4-dimensional solvable Lie group which is the

direct product of proper connected Lie groups.

Proof. By Lemmata 4, 7 and 5 we may assume that the loop L is homeo-

morphic to R3. Every 4-dimensional solvable decomposable Lie group has a
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1-dimensional normal subgroup N. As the orbit N (e) is a 1-dimensional nor-
mal subloop of L it follows from Lemma 7 that the group Mult(L) is simply
connected and its centre has dimension > 1. Hence Mult(L) has the form
C'x S, where C'is the group R and S is a 3-dimensional simply connected Lie
group. The orbit C(e) is a 1-dimensional central subgroup of L isomorphic
to R (see Theorem 11 in [1]). By Theorem 6 (a) there is a 2-dimensional
normal subgroup M containing the group C' = R and the commutator sub-
group Mult(L)" = S’ of Mult(L). Hence one has dim Mult(L) = 1. Then
Mult(L) is isomorphic either to G7 = R? x L3 or to G3 = R x F3, where
JF3 is the 3-dimensional filiform Lie group. Proposition 5.1 (i) in [5] shows
that the group G is not the multiplication group of a topological loop L
homeomorphic to R3.

Now we suppose that the group Mult(L) is the group G which is given on

R* by the multiplication

g(x1, 2,23, 24) 9 (Y1, Y2, Y3, Ya) = 9(x1 + Y1, T2 + Y2, T3 + Y3, ya + x4€”3).

Then the centre Z of Gy is the group Z = {g(z,v,0,0),z,y € R} and
the commutator subgroup of G is the group G} = {¢(0,0,0,z),z € R}.
By Theorem 11 in [1] the orbit Z(e) is the centre of L isomorphic to R2.
Since the multiplication group Mult(L/Z(e)) of the factor loop L/Z(e) is
a factor group of G (see Lemma 3) we get L/Z(e) is the group R (see
Theorem 18.18 in [17]). Hence there is a normal subgroup P of G such

that Z is a subgroup of P and the factor group G;/P is isomorphic to
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the group Mult(L/Z(e)) =2 R (Lemma 3). Then one has G} < P and
therefore P = Z x G'. As G1/P acts sharply transitively on the orbits Z(x),
x € L, the inner mapping group Inn(L) of the loop L is a 1-dimensional
subgroup of P with Cog,(Inn(L)) = 1. The Lie algebra gi of G; has
a basis {e,eq,e3,e4} with [eq,e3] = e4. Hence the Lie algebra p of P
is given by p = (e, e2,e4) and we may choose Inn(L) as the subgroup
expt(eq + ae; + beg), t € R, with a # 0 or b # 0. Each automorphism ¢
of g1 has the form ¢(e1) = kie; + kaea, p(ea) = lier + laea, @(eq) = ney,
p(e3) = arer + agea + aseq +e3 such that (kily —lik2)n # 0, ki, li,n,a; € R,
i=1,2,j=1,2,3. Then we can change Inn(L) by an automorphism of G
such that Inn(L) = {expt(es +€1),t € R} = {g(u,0,0,u),u € R}.

According to Lemma 1 the group (7 is isomorphic to the multiplication
group Mult(L) of a topological proper loop L having the subgroup Inn(L)
as its inner mapping group precisely if there are two left transversals A and B
to Inn(L) in Gy such that {a~'b~lab; a € A,b € B} is contained in Inn(L)
and the set {A, B} generates the group Gi. Arbitrary left transversals to
the group Inn(L) in Gy are: A = {g(z,y,z, f(x,y,2));z,y,2 € R} and
B = {g(k,l,m,h(k,1,m)); k,l,m € R}, where f : R® = R, h:R3 — R are
continuous functions with £(0,0,0) = h(0,0,0) = 0. The products a~'b~1ab
with @ € A and b € B are elements of Inn(L) if and only if the equation
h(k,l,m)(1 —e*) = f(z,y,2)(1 — e™) holds for all x,y, z,k,I,m € R. Since

the left hand side of the last equation does not depend on the variables = and
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y and the right hand side is independent of k, [ we have h(k,l,m) = h(m),

f(z,y,2) = f(2) and it follows that 1’157321 = {_(Ze)z = k, where k is a real
constant. Then both sets A and B consist of the centre Z of G; and the
one-parameter subgroup F' = {¢(0,0, z, k(1 —€*)),z € R} with ZNF = {1}.

Hence {A, B} does not generate the group G;. This contradiction proves

the assertion. O

Proposition 13. A 4-dimensional connected Lie group having no normal
subgroup of dimension 1 cannot be the multiplication group of a connected

topological proper loop L.

Proof. We may suppose that L is homeomorphic to R? (see Lemmata 4,
7 and 5). Any 4-dimensional connected Lie group having no 1-dimensional
normal subgroup is locally isomorphic to the group G given in Case 4.12 of
[7]. The Lie algebra g of G is given by [e1, e3] = e1, [e2,e3] = e, [e1,e4] =
—eg, [e2,e4] = e1 (see ga0 in [11]).

The commutator subgroup G’ of G is the 2-dimensional abelian normal
subgroup G’ = {g(x,y,0,0),z,y € R}. The orbit G’'(e) is a connected
normal subloop of L with dimension 1 or 2. As G has discrete centre one
has dimG’(e) = 2 (see Lemma 7). The multiplication group of the subloop
G'(e) is a subgroup of G (see Lemma 3). Then G’(e) is isomorphic to R?
because none of the groups Mult(Ls) = Lax Lo and Mult(Lr) = Fp,n > 4,
are contained in G. As the multiplication group of the factor loop L/G'(e) is

a factor group of Mult(L) the loop L/G'(e) is isomorphic to R (see Theorem
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18.18 in [17]). Then there is a normal subgroup K of G such that G/K is
isomorphic to the multiplication group Mult(L/G'(e)) 2 R (cf. Lemma 3).
Therefore the group K has dimension 3, it contains the subgroup G’ and
leaves every orbit G'(z), € L, in L invariant. Hence the Lie algebra k of K
has one of the following forms: k1 = (e1, e2,e4+les), | € R, ka = (e1, e2,€3).
The Lie group Ki of ky has no 1-dimensional normal subgroup. For this
reason K; cannot induce on the orbit G'(e) a 2-dimensional group. Any
1-dimensional normal subgroup S of the Lie group K5 of ko is contained in
the commutator subgroup K} = G’. Hence K3/S is isomorphic to L£o. As
G’ acts sharply transitively on G’(e), for every element s € S\ {1} one has
s(e) # e and K3 cannot induce on the orbit G'(e) a 2-dimensional group.
Hence the group induced by K;, i = 1,2, on the orbit G’(e) is isomorphic
to K;. Then K; induces a group isomorphic to K; on every orbit G'(z),
x € L. The same consideration as for the group 2 = Lo discussed in the
proof of Theorem 6 (a) is valid for the groups Kj;, i = 1,2. Therefore the
centre of L would be at least 1-dimensional and we have a contradiction to

the fact that G has discrete centre. O

5. Five-dimensional solvable indecomposable Lie groups

There are 39 classes of 5-dimensional solvable indecomposable Lie algebras
(12]). Among them precisely the Lie algebras gs1 to gs¢ are nilpotent.
The non-nilpotent Lie algebras have at most a 1-dimensional centre. In

this section we prove that there does not exist 3-dimensional connected
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topological loop L such that the Lie algebra of the group Mult(L) of L is a

5-dimensional solvable non-nilpotent indecomposable Lie algebra.

Proposition 14. There exists no 3-dimensional connected topological proper
loop L such that the Lie algebra of its multiplication group is a 5-dimensional

solvable indecomposable Lie algebra with trivial centre.

Proof. We may assume that L is homeomorphic to R3 (see Lemmata 4 and
5). In [12] the 5-dimensional solvable indecomposable Lie algebras g with
trivial centre are the Lie algebras g5 7, g59, the Lie algebras g5 11 to gs5,13,
the Lie algebras g5 16 to g518, 9521, 95,23, 95,24, 95,27, the Lie algebras gs 31
to gs,37, the Lie algebras g5 19, g520 and g528 in the case of that o # —1,
95,15 in the case of that v # 0, g5 25 in the case of that 5 # 0, p # 0, g5,26 in
the case of that p # 0, g5 30 in the case of that h # —2.

All Lie algebras g from this list with exceptions of the Lie algebras gs 17,
9518 and gs 33 have the 1-dimensional ideal n; = (e;) such that the factor
algebras g/n; are not isomorphic to the Lie algebras of the groups £2 x L2 or
Fu. As the centre of g is trivial these Lie algebras cannot be the Lie algebras
of the multiplication groups of 3-dimensional topological loops (Theorem 6).
The Lie algebra gs 33 is defined by [e1, e4] = €1, [e3,eq] = Bes, [e2, e5] = e,
[e3, e5] = ves, where v2 + 32 # 0. The factor algebra g5 33/(e1), respectively
95,33/ (e2) is isomorphic to the Lie algebra of Lo x Lo precisely if v = 0,
respectively § = 0. But for v = 8 = 0 the Lie algebra g5 33 is decomposable.

Hence it remains to investigate the Lie algebras g5 17 and g5 18 which have no
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1-dimensional ideal. We denote by G the Lie group of the Lie algebra gs 17,
respectively of g5 15 and assume that G is the multiplication group Mult(L)
of L. In both cases we consider the normal subgroup N = {exp(tie; +
taes);t; € Ryi = 1,2} of G.

First we suppose that the orbit N(e) is a one-dimensional connected normal
subloop of L. By Lemma 3 the group G has a connected normal subgroup M
containing the group N such that the factor group G/M is isomorphic to the
multiplication group of the factor loop L/N(e). Since dimM > dimN = 2
the dimension of G/M is < 3. Hence by Theorem 6 the factor group G/M
would be isomorphic to R?. As G has discrete centre we have a contradiction
to Theorem 6 (a).

Therefore N(e) is a two-dimensional connected normal subloop of L. The
multiplication group Mult(N(e)) of N(e) is a subgroup of Mult(L) = G.
As none of the groups Mult(Ly) = Lo X Lo and Mult(Lr) = Fp, n > 4,
are subgroups of G the normal subloop N(e) is isomorphic to the group
R2. The multiplication group of the factor loop L/N(e) is isomorphic to
R (see Theorem 18.18 in [17]). There exists a normal subgroup K of G
such that the factor group G/K is isomorphic to Mult(L/N(e)) = R (see
Lemma 3). Hence K contains the commutator subgroup G’ of G. Since
dimK = dimG’ = 4 the group K coincides with the abelian group G’.
Hence K induces on the orbit N(e) the group R2. The stabilizer K, of

e € L in K fixes every point on the orbit N(e) = K(e). The inner mapping
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group Inn(L) of L is the group K.. Hence N(e) would be a 1-dimensional
central subgroup of L which contradicts the fact that G has discrete centre

and the assertion follows. O

Proposition 15. Let L be a connected simply connected topological proper
loop of dimension 3 such that the Lie algebra of its multiplication group is
a 5-dimensional solvable non-nilpotent indecomposable Lie algebra having
a 1-dimensional centre. Then for the pair (g, m) of the Lie algebras of the
multiplication group Mult(L) of L and the abelian normal subgroup M given
in Theorem 6 (a) one of the following cases can occur:

(a) The Lie algebra g1 is defined by [e2,e3] = e1, [e2,e5] = es, [es,e5] = e4
and m; = g1’.

(b) The Lie algebra g2 is defined by [e2,eq] = e1, [e1,e5] = e1, [e2,e5] = ea,
[e4, 5] = €3 and ma = go'.

(¢) The Lie algebra gg is defined by [e1,eq] = €1, [e2,e5] = €2, [eq, 5] = €3
and mg = g3’.

(d) The Lie algebra g4 is defined by [e1, e4] = €1, [e2, e4] = €2, [e1, 5] = —ea,

[e2,e5) = e1, [es,e5] = e3 and my = g4'.

Proof. By Lemma 5 the loop L is homeomorphic to R3. According to
[12] the 5-dimensional solvable non-nilpotent indecomposable Lie algebras g
with 1-dimensional centre ¢ are the Lie algebras g5, 95,10, 95,14, 95,22, 95,29,
95,38, 95,39, the Lie algebras g5 19, g520 and g5 28 in the case of that a = —1,

g5,15 in the case of that v = 0, g5 25 in the case of that 8 # 0, p = 0, g5,26
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in the case of that p = 0, ¢ = £1 and g530 in the case of that h = —2. If
g is the Lie algebra of the multiplication group Mult(L) of L, then the Lie
group Z = exp ( is the centre of Mult(L) and the orbit Z(e), where e is the
identity element of L, is the 1-dimensional centre of L (see Theorem 11 in
[1]). If Mult(L) does not belong to the Lie algebra gsss, then the factor
algebras g/( are different from the Lie algebras of the Lie groups Lo x L9 or
Fy. Therefore the factor loop L/Z(e) is isomorphic to R? (cf. Theorem 6).
The Lie algebra gs 35 is defined by [e1, es] = e1, [e2, e5] = e2, [es, e5] = e3.
As S = {exp(te1);t € R} is a connected normal subgroup of the Lie group
of g53s the orbit S(e) is a 1-dimensional connected normal subloop of L.
The factor algebra gs3s/(e1) is also different from the Lie algebras of the
groups Lo x L9 and F4 and the factor loop L/S(e) is again isomorphic to
R2. Hence the Lie algebra g of Mult(L) has a 3-dimensional abelian ideal
m such that m contains the commutator ideal g’ of g (cf. Theorem 6 (a)).
The commutator ideal of the Lie algebras gs19, 525, 9528 and g530 has
dimension 4. The commutator ideal of the Lie algebras gs20 and g5 26 is
non-abelian. Hence these Lie algebras cannot be the Lie algebras of the
multiplication groups of 3-dimensional topological loops.

For the Lie algebras g¢sg, ¢510, 95,14 and g5 15 the commutator ideal
g’ of g is isomorphic to R? and contains the centre of g. Hence one has
m = g’. If g is the Lie algebra of the multiplication group of L, then the Lie

algebra inn(L) of the inner mapping group Inn(L) of L is a 2-dimensional
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subalgebra of m containing no ideal # 0 of g (see Theorem 6 (a)). The
direct sum of the centre ¢ of g and the Lie algebra inn(L) coincides with m.
The Lie algebra n of the normalizer of Inn(L) in the Lie group of g is the 4-
dimensional abelian nilradical rad = (e, ea, €3, e4) of g. This contradiction
to Lemma 2 yields that only the Lie algebras gs22, ¢529, 9538 and g5 39
can occur as the Lie algebras of the multiplication groups Mult(L) of 3-
dimensional topological loops L. The Lie algebra gs 29 in [12] is isomorphic
to the Lie algebra given in assertion (b). The ideal m of these Lie algebras

is the commutator ideal and the assertion is proved. ]

Now we exclude the Lie algebras in cases (a) to (d) of Proposition 15.

Proposition 16. There does not exist 3-dimensional connected topological
proper loop L such that the Lie algebra g of the multiplication group of L is

one of the Lie algebras listed in cases (a) to (d) of Proposition 15.

Proof. By Lemmata 4 and 5 we may assume that L is homeomorphic to R3.

The linear representation of the Lie group G; of g; is: For i =1

g(x1,y1, 21, q1, w1)g(x2, Y2, 22, @2, W2) =

wizo

2

g(x1 +wiy2 + + z2, Y1 + w122 + Y2, 21 + 22, q1 + €71 g2, w1 + w2)

fori=2

g<q17xlay17 21, wl)g(q2a z2, Y2, Z27w2) =

g(q1 + e qa + w122, 21 + e a9, y1 + w122 + Y2, 21 + 22, w1 + W2)
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fori=3

g(qlaxlvylaZlawl)g(Qan2ay27Z27w2) -
g9(q1 + e qa, x1 + e wo, y1 + wize + Y2, 21 + 22, w1 + w2).

For ¢ = 4 the group Gy is the linear group of matrices

,

1 T Y —w q

0 e%Ycosz e¥Ysinz 0 O

9@y, ¢ w,2) = | 0 —e¥sinz e%cosz 0 0 |>%¥Y,¢w,z€R
0 0 0 1 z
0 0 0 0 1

(cf. Cases 5.22, 5.29, 5.38, 5.39 in [7]). First we determine which subgroups
of the group G; can occur as the inner mapping group Inn(L); of L. By
Theorem 6 (a) the Lie algebra inn(L); of the inner mapping group Inn(L);
of L is a 2-dimensional subalgebra of the commutator ideal m; = g;’ given
in Proposition 15 such that inn(L); does not contain any ideal # {0} of g;.
As (e;) is the centre of g1 and (eq) is an ideal of g1 we may choose the
Lie algebra inn(L); as follows inn(L); = (e3 + ae1, e4 + azer), a, a2 € R,
as # 0. The automorphism group of gy consists of the following mappings
aler) = c?ey, alez) = bieg + cea + bses, ae3) = cfzer + ces, a(es) = dey,
ales) = fier + fses + faea + e5, where cd # 0, by, bs, f1, f3, fs € R. Using

an automorphism of G; we may assume that

Inn(L); = {exp(tes + u(e; +e4)),t,u € R} = {g(u,t,0,u,0),t,u € R}.
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The centre of the Lie algebras gi, i = 2,3,4, is (e3). Moreover, (ej),
respectively (e1) and (eg), respectively (ej,es) are ideals of ga, respec-
tively gs, respectively g4. Hence we may choose inn(L);, i = 2,3,4,
in the following way inn(L); = (e; + kies,ea + koes), ki, ko € R, such
that for ¢ = 2 one has k; # 0, for i = 3 we get kike # 0 and for
i = 4 at least one of the real parameters ki, ks is different from 0. For
k1ks # 0 the automorphism af(e;) = kie, alea) = kaea, afes) = es,
ales) = eq, afes) = es of gi, i = 2,3,4, maps the Lie algebra inn(L);
onto inn(L),; = inn(L)3 = inn(L), ; = (e1 + €3, €2 + e3). For ky = 0 the
automorphism ~y(e1) = kieq, v(e2) = e, y(e3) = e3, v(es) = eq, Y(e5) = €5
maps the subalgebra inn(L); onto inn(L), , = inn(L), 5 = (e1+e3, e2). For
k1 = 0 the automorphism 3(e1) = ey, B(ea) = kaea, B(e3) = es, B(es) = ey,
B(es) = e5; maps inn(L); onto inn(L), , = (e1, €2 + e3). The corresponding
Lie groups are Inn(L)21 = Inn(L)s = Inn(L)41 = {g(t1, t2, t1+t2,0,0),t; €
R,i = 1,2}, Inn(L)22 = Inn(L)as = {g(t1,t2,41,0,0),t; € R,i = 1,2},
Inn(L)s2 = {g(t1,t2,12,0,0),t; € R,i =1,2}.

Arbitrary left transversals to the group Inn(L); of G; are: For i =1
Ay ={g(k, fi(k,l,m),l, fa(k,l,m),m), k,l,m € R},
Br ={g(u, 91(u,v,w), v, g2(u, v, w), w), u,v,w € R},
fori=2,3,4

A = {g(kl(k7l7 m)7 kQ(k’ l7m)? k? l? m)? k? l7m 6 R}

33



B = {g(hl(U,U,UJ), hg(u,v,w),u,v,w),u,v,w € R}a

where f;(k,I,m) : R® — R, kij(k,l,m) : R® = R, gi(u,v,w) : R® = R,
hi(u,v,w) : R® — R, i = 1,2, are continuous functions with f;(0,0,0) =
ki(0,0,0) = ¢;(0,0,0) = h;(0,0,0) = 0. We prove that none of the groups
Gy, i = 1,2, 3,4, satisfies the condition that for all a € A; and b € B; one
has a='b~tab € Inn(L);. It means that the groups Gy, i = 1,2, 3, 4, are not
multiplication groups of L (cf. Lemma 1).

The products a~!b~tab with a = ¢(0, f1(0,0,m),0, f2(0,0,m),m) € A; and
b=9(0,91(0,v,0),v,g2(0,v,0),0) € B; are elements of Inn(L); if and only
if the equation

91(0,v,0)e” m2ve?

F2A0.0.m) = m e S e

(20)

is satisfied for all m,v € R. Since the left hand side of (20) depends only on
the variable m for all v € R\ {0} the function v — % must be constant
which is a contradiction.

The products a~'b~tab with a = g(k1(0,0,m), k2(0,0,m),0,0,m) € A,
b = g(h1(0,v,0),h2(0,v,0),0,v,0) € B are contained in Inn(L)s, respec-

tively in Inn(L)4;, i = 1,2, 3, if and only if the equation

v —1  ho(0,v,0
e n 2(0,v,0)

m = k1(0,0,m) .
v

(I—e™), (21)

respectively for ¢ = 1 the equation

1—e¢’ 1—e€" hy(0,v,0
e e+2(v)

—m = k1(0,0,m) +k2(0,0,m)

(cosm—sinm—1)+
v v
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M(cosm—l—sinm— 1), (22)

respectively for ¢ = 2

1—¢e h h
—m = k(0,0,m) 4 1(0.v,0) sinm + 2(O;)U’O)(cosm —1), (23)
respectively for ¢ = 3
1 __pU
L= ke (0,0,m) =y MO0y P00 0) )
v v v

holds for all m,v € R. Since the left hand side of these equations depends

1—ef?

only on the variable m and the function v — ==

, where ¢ = 1 or —1, is
not constant we get k;(0,0,m) = 0 and h;(0,v,0) = ¢jv, with ¢; € R, j =
1,2. Then equation (21), respectively (22), respectively (23), respectively
(24) yields that for all m € R the identity m = co(1 — e~ ™), respectively
—m = cy(cosm + sinm — 1) + ca(cosm — sinm — 1), respectively —m =
¢1 sinm+co(cosm—1), respectively —m = ¢1(cosm—1)—co sinm is satisfied
which is a contradiction.

The products a~'b~tab with a = g(k1(0,0,m), k2(0,0,m),0,0,m) € A,
b= g(hi1(0,v,w), ha(0,v,w),0,v,w) € B are contained in Inn(L)s 1, respec-

tively in Inn(L)22 if and only if the equation

mu = (25)
h‘l(ov v, w) + h2<07 v, w) (1_i)+k1(0a 0, m) (i_l)_‘_k?(oa 0, m) ( 1+ U—l)
ew em em ew em ew ’
respectively
h1(0,v,w) 1 k1(0,0,m) , 1 vk2(0,0,m)
= 1—— — -1 26
muv ew ( em) em (ew ) em+w ( )



is satisfied for all m,v,w € R. For v = 0 equation (25), respectively (26)

gives h1(0707%1222(070’w) = kl(o’omf)_t]ff(o’o’m) = d, respectively hlﬁ’g&w) —
% = d for a suitable constant d € R. If w = 0, then equation (25),

respectively (26) yields

h1(0,v,0) 4+ ho(0,v,0 k2(0,0
v — 1( , U, )+ 2( , U, )(em_1)+ 2( ) ’m)'l}, (27)
me™ me™
respectively
hl(O,U,O) kQ(Ovoam)
As the function g : m — e;,;nl is not constant the right hand side of equation

(27), respectively (28) is equal to v precisely if hi(0,v,0) = —h2(0,v,0)
and k2(0,0,m) = me™, respectively h1(0,v,0) = 0 and k2(0,0,m) = me™.
Putting k1(0,0,m) = d(1 — e™) — k2(0,0,m), k2(0,0,m) = me™ into (25)

and k1(0,0,m) = d(1 —e™), k2(0,0,m) = me™ into (26) we have

m_1
v(eV —1) = emem [h1(0,v,w) + ha(0,v,w) — d(1 — ev)], (29)
respectively
(€ =1) = “— L[ (0,v,w) - d(1 — )] (30)
v(e = (0,00 e"].

Since the left hand side of equations (29) and (30) depends only on the

. . mo__ .
variables v and w and the function m — ememl is not constant we get

h1(0,v,w) 4+ ha(0,v,w) = d(1 — e”) in equation (29) and hy(0,v,w) =
d(1 — e") in equation (30). But then in both cases one has v(e” —1) =0

for all v,w € R which is a contradiction. ]
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6. Three-dimensional topological loops having five-dimensional

solvable decomposable Lie groups as their multiplication groups

We classify all 5-dimensional connected solvable Lie groups which are direct
products of proper connected subgroups and which are multiplication groups
of 3-dimensional connected simply connected topological loops L. Moreover,

we determine the inner mapping groups of L.

Proposition 17. Let L be a connected simply connected topological proper
loop of dimension 3 such that its multiplication group Mult(L) is a 5-
dimensional solvable Lie group which is the direct product of connected sub-
groups. Then L contains a central subgroup C' = R such that the factor loop
L/C = R% Moreover:

(I) If the centre of the group Mult(L) has dimension 1, then for the pair
(mult(L),m) of the Lie algebras of Mult(L) and the normal subgroup M
in Theorem 6 (a) one of the following cases occurs:

(a) The group Mult(L)y is the group F3 X Lo. The Lie algebra mult(L),
is defined by [e1,e2] = e3, [e4,e5] = e4 and my = (ea, e3,¢€4).

(b) The group Mult(L)s is the group Lo X Lo XxR. The Lie algebra mult(L)
is defined by [e1,e2] = e1, [es,eq] = €3, [e5,e;] =0 foralli=1,---,4, and
my = (e1,e3,¢€5).

(¢) The Lie algebra mult(L)s is defined by [ea,e3] = e, [e1,eq] = eq,
[e2,e4] = €2, [e5,6;] =0 for alli=1,---,4, and mg = (e, ez, €5).

(d) The Lie algebra mult(L)y is defined by [e1,e3] = e1, [e2,e3] = ea,
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le1,e4] = —ea, [e2,e4] = €1, [e5,€;] = 0 for all i = 1,---,4, and my =
(e1,€2,€5).

(II) If Mult(L) has 2-dimensional centre, then it is either the group Fq x R
or the direct product of the group R? and a 3-dimensional solvable Lie group
S having 2-dimensional commutator subgroup. In the second case the Lie
algebra mult(L) is the direct sum (e1, ez, e3) ® (ea, es), where (e1, ez, e3) is
the Lie algebra of S. The Lie algebra m has one of the following forms:

myry = (e1,€2,e4), Mrro = (e1,e2,e5 + key), k € R.

Proof. The loop L is homeomorphic to R? (see Lemma 5). We assume that
the multiplication group Mult(L) of L is a 5-dimensional decomposable
solvable Lie group. Then for Mult(L) we have the following possibilities:
LoxR3, LoxLoxR, L3x S, R?x S, Rx K, where S is a 3-dimensional and
K is a 4-dimensional solvable indecomposable Lie group. All of these Lie
groups have a normal subgroup N = R such that Mult(L)/N is isomorphic
neither to Lo X Lo nor to F4. Then the factor loop L/N(e) is isomorphic to
R? (see Theorem 6), the group N(e) is central in L and the first assertion is
proved. Moreover, Mult(L) is simply connected because it is a semidirect
product of R? with a normal subgroup M = R3 such that M contains a
1-dimensional central subgroup of Mult(L) (cf. Theorem 6 (a)).

Since L is not associative, the centre Z of Mwult(L) has dimension 1 or
2. If dim Z = 1, then Mult(L) is either the group F3 x Lo or the direct

product K x Z, where Z is the group R and K is a 4-dimensional solvable
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Lie group with discrete centre.

If Mult(L) = F3 x La, then its Lie algebra mult(L) is given by [e1, e2] =
e3, [es,e5] = es. The commutator ideal mult(L) = (e3,e4) contains the
centre (eg) of mult(L). Since all 2-dimensional subalgebras of the Lie alge-
bra f3 of F3 containing the centre of f3 can be mapped under an element of
Aut(fs) onto the subalgebra (es, e3) we may assume that the Lie algebra m
of M has the form as in case (a) of assertion (I).

If Mult(L) = K x Z, then Mult(L) has a normal subgroup M = R3 such
that M contains the commutator subgroup Mult(L) = K’ and the centre Z
of Mult(L). Since there is no 4-dimensional solvable Lie group with discrete
centre and 1-dimensional commutator subgroup, the dimension of K’ must
be 2. Hence the Lie algebra k of K is one of the following: the Lie algebra
of Lo X Lo or ggg with h = 0 or g410 in [11], § 5. If k is the Lie algebra
of Lo X Ly, then we get case (b) in assertion (I). If k is the Lie algebra g4
with h = 0, then we obtain case (c) of assertion (I). If k is the Lie algebra
94,10, then we have case (d) in assertion (I).

Now we assume that Mult(L) has a 2-dimensional centre. If Mult(L) is
nilpotent, then it is the group F4 x R and Proposition 5.1 of [5] proves the
assertion. If Mwlt(L) is not nilpotent, then it is either the direct product
K x N, where N = R and K is a 4-dimensional solvable non-nilpotent
indecomposable Lie group with 1-dimensional centre, or the direct product

S x R, where R = R? and S is a 3-dimensional solvable Lie group with
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discrete centre.

If Mult(L) = K x N, then the orbit N(e) is a 1-dimensional central
subgroup of L with L/N(e) = R2. Hence Mult(L) has a normal subgroup
M = R3 containing N and the commutator subgroup Mult(L)" = K' of
Mult(L). Among the 4-dimensional solvable non-nilpotent Lie algebras only
the Lie algebra g4 3 has a 1-dimensional centre and an abelian commutator
subalgebra (cf. § 5 of [11]). If k is the Lie algebra g4 3, then the Lie algebra
mult(L) of Mult(L) is defined by [e1,e4] = e1, [es, eq] = e2, [e5,€;] = 0 for
all i =1,---,4, and the Lie algebra m of M has the form (e, e2,e5). The
inner mapping group Inn(L) of L is a 2-dimensional connected subgroup of
M such that Coppyry(Inn(L)) = 1. As (ez,es5) is the centre of mult(L)
the Lie algebra inn(L) of Inn(L) has the form inn(L) = (es + ajeq,e5 +
aze1) with ajaz # 0. Then the Lie algebra (ej, es, 3, e5) of the normalizer
Nipuecr)(Inn(L)) is different from the Lie algebra (e1, e, e5) of Z x Inn(L).
This contradiction to Lemma 2 excludes the Lie algebra g4 3.

If Mult(L) = S x R, then the commutator ideal i = (ej, ea) of the
Lie algebra s = (ej, ez, e3) of S is commutative (see [11], § 4). Let N be
a 1-dimensional subgroup of the centre R = exp{aes + bes,a,b € R} of
Mult(L). The Lie algebra n of N has one of the following forms: n; = (es),
ny = (e + keq), k € R. As the Lie algebra m of the normal subgroup

M = R3 is the direct sum i®n, the form of m is given in assertion (II). [

Theorem 18. Let L be a connected simply connected topological proper loop
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of dimension 3 such that its multiplication group is a 5-dimensional solvable
non-nilpotent Lie group which is the direct product of proper connected sub-
groups. Then the following Lie groups are the multiplication groups Mult(L)
and the following subgroups are the inner mapping groups Inn(L) of L:

1) Mult(L); is the Lie group Fz X Lo the multiplication of which is given

by g(x1, 22, 3,74, 25)g(Y1, Y2, Y3, Y4, Y5) =

g(x1 +y1, w2 + Yo, x3 + Y3 — T1Y2, Ya + T4€¥%5, 25 + y5).

Inn(L); is the following subgroup {g(0,t,k, k,0); ¢,k € R}.
2) Mult(L)s is the Lie group Lo x Lo x R which is represented on R® by the

multiplication g(z1,x2, 3, x4, 5)9(Y1, Y2, Y3, Y4, Ys5) =

g(y1 + 212, 20 + Y2, Y3 + x36%4, T4 + Y4, T5 + U5).

Inn(L)sy is the following subgroup {g(t,0,k,0,t + k); t,k € R}.

3) The multiplication of the group Mult(L)s is defined by

g(zlayl,xl,wh%)g(z%y2,332,wz,Q2) =

g(z1 + ez — x1ey2, y1 + € yo, 1 + T2, w1 + w2, g1+ 2).

Inn(L)3 is one of the following groups: Inn(L)s;1 = {g(z,y,0,0,2); 2,y €

R}: Inn(L)3,2 = {g(zayvovoaz + y);z,y € R}
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4) The multiplication group Mult(L)y is the group of matrices

1 T Y U

0 e%cosz e€eYsinz O
9(337y7w72,u): ,%Z/’W,Z,UER

0 —e%sinz eYcosz 0O

0 0 0 1
(see Case 4.12 in [7]). Moreover, Inn(L)s is one of the following sub-
groups: Inn(L)s1 = Inn(L)31, Inn(L)i2 = {g9(z,y,0,0,y);z,y € R}
Inn(L)s3 = Inn(L)s3 2.

5) The multiplication group Mult(L)s is the direct product of R? and the
connected Lie group of dimension 3 having precisely one 1-dimensional nor-

mal subgroup. The multiplication of Mult(L)s is given by

g(x1, w2, 23, T4, 75)g(Y1, Y2, Y3, Y4, Ys) =

g(y1 + 1%, yo + x0€”® + x1y3€”3, 3 + Y3, T4 + Ya, T5 + Ys5).

Inn(L)5 is the following subgroup {g(x,y,0,y,0);x,y € R}.
6) The elements of the multiplication group Mult(L)g can be written in the

following form

1 T Y U v

0 e%*cosz e*®sinz 0 O

g(w,y,z,u,v): 0 —e®sinz e**cosz 0 O T, Y, 2, u,v € Rya > 0.
0 0 0 1 0
0 0 0 0 1



Inn(L)g is one of the subgroups: Inn(L)s1 = {g(x,y,0,z +y,0);z,y € R},
Inn(L)s2 = {9(z,y,0,2,0);z,y € R}, Inn(L)sz = Inn(L)s.

7) Mult(L)7 is the direct product of R? and the connected Lie group of di-
mension 3 having precisely two 1-dimensional normal subgroups. The group

Mult(L)7 is represented on R by the following multiplication

g(xla z2, 353733471’5)9(917242,1/3;%7 y5) =

g(y1 + 213, yg + 12e™3 23 + Y3, 24 + Y4, T5 + Ys), (31)

with fized but different numbers a,b € R\{0}.

8) Mult(L)s is the direct product of R? and the connected Lie group of
dimension 3 having infinitely many 1-dimensional normal subgroups. The
multiplication of Mult(L)g is given by (31) with a = b € R\{0}.

The inner mapping group Inn(L);, i = 7,8, is the group Inn(L)e .

Proof. By Lemma. 5 the loop L is homeomorphic to R3. For i = 1,2, 3,4, the
Lie algebras mult(L), of the groups Mult(L); and the ideals m; of mult(L),
are given in Proposition 17, (I) cases (a) to (d). The Lie algebra inn(L),
of the inner mapping group Inn(L); of L is a 2-dimensional subalgebra of
m; containing no ideal # {0} of mult(L),, ¢ = 1,2,3,4. For i = 1 the Lie
algebra inn(L) has the form inn(L), , = (e2 + bies, e4 + baes), b1, b2 € R,
by # 0. The automorphism S(e;) = e1, S(e2) = ea — bies, B(es) = es,
B(es) = baes, B(es) = e5 maps inn(L), , onto inn(L); = (e2,e4+e3). The

corresponding group Inn(L); is given in assertion 1).
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As (es) is the centre of mult(L), the Lie algebra inn(L); has the form

inn(L)aw2 = (e1 + ajes, e3 + ages), aj,az € R with ajas # 0. Using
the automorphism a(e;) = ajer, a(er) = ez, ales) = ages, ales) = ey,

a(es) = e5 of mult(L), the Lie algebra inn(L) is reduced to inn(L), =

at,az
(e1 + e5,e3+e5). The corresponding group Inn(L)s is given in assertion 2).
As (e5) is the centre and (e, e2) is the commutator ideal of mult(L); for i =
3,4, we can write inn(L); in the form inn(L), ,, = (e1+kies, ea+kaes), ki,
ko € R. For ¢ = 3 one has k1 # 0 and for i = 4 at least one of the parameters
ki, ko is different from 0. Similarly to the automorphism a of mult(L), we
can find suitable automorphisms of mult(L);, ¢ = 3,4, which map the Lie
algebra inn (L), , onto inn(L); ; = inn(L),; = (e1+e5, e2), the Lie algebra
inn(L), ,, onto inn(L), , = (e1,e2 + e5) and the Lie algebra inn(L), .
kiks # 0, onto inn(L); , = inn(L), 3 = (e1+e5,e2+€5). The corresponding
Lie groups are the groups Inn(L)31 = Inn(L)s1, Inn(L)32 = Inn(L)4 g3,
Inn(L)4p given in assertions 3) and 4).

The sets Ay = {g(z,e*—1,9,0,2);z,y,2z € R} and By = {g(n,0,l, —n,m);,
m,n € R} are Inn(L);-connected left transversals in Mult(L);. The sets
Ay = {g(2 — ™ — ™ 29,0, 24,25 + 2 — "2 — e™);x9, 24,25 € R} and
By = {g(1 — €2, y2,1 — €2, y4,y5); y2, y4,ys € R} are Inn(L)s-connected
transversals in Mult(L)y. The sets Az = {g((e* — 1)(z + 2) — z,1 —
e, ,w,q);z,w,q € R} and By = {g((2 — ek, e! — 1,k,1,m); k,I,m € R},

respectively the sets Bs and C3 = {g(z(e" —2),1 — e, z,w,q);z,w,q € R}
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are Inn(L)s3 -, respectively Inn(L)s2-connected transversals in Mult(L)s.
The set Ay = By = {g(1 — € cosv, —e“sinv, u,v,w);u,v,w € R} is a left
transversal to the subgroups Inn(L)s; for every i = 1,2,3 in Mult(L)4.
Moreover, the sets {A;, B;} for all i = 1,2,3,4 as well as { B3, C3} generate
the group Mult(L);. This proves assertions 1) to 4) (cf. Lemma 1).

The Lie algebra mult(L)s of the group Mult(L)s in assertion 5) is defined
by [e1,e3] = per — ea, [e2,e3] = e1 + pea, [es,ei] = [es,ei] = [eq,e5] = 0,
i=1,2,3,p >0 (see g35 in [11], § 4). The Lie algebra mult(L)g of the
group Mult(L)g in assertion 6) is given by [ea, €3] = e2, [e1,e3] = e1 + eg,
le1, ea] = [ea,e5] = [ea, €] = [e5,e] =0, 1 =1,2,3 (see [17], Lemma 23.16).
The Lie algebra mult(L)7 of the group Mult(L)7 in assertion 7) is defined
by [e1,e3] = aei, [e2,e3] = bea, [e1,e2] = [es, €] = [e5,€e] = [ea,e5] = 0,
i=1,2,3, where a # b € R\{0}. For a = b we get the Lie algebra mult(L)s
of the group Mult(L)s in assertion 8) (see [17], Section 23.1).

Fori =5,6,7,8, the Lie algebra inn(L); of the inner mapping group Inn(L);
of L is a 2-dimensional subalgebra of my; ;, j = 1,2, given in Proposition 17
(IT) containing no ideal # 0 of mult(L);. The Lie algebra inn(L); has one

of the following forms: inn(L) = (e1 + areq, €3 + agey), ar,az € R and

al,a2
inn(L)bth = (e1 + bi(es + keq),ea + ba(es + keq)), by, b2, k € R, such that
for i = 5 one has asby # 0, for ¢ = 6 at least one of the parameters a1, as,

respectively by, bs is different from 0, for ¢ = 7,8, one has ajasbibs # 0.

For i = 5 using the automorphism a(e1) = e1+ e, afez) = ez, afes) = ey,
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ales) = e, ales) = e5, respectively Ble1) = e1 + prea, Blea) = e,
Bles) = e3, Blea) = es + €5, Bles) = (é*k) es — kes of mult(L)s

we can change inn(L) respectively inn(L), , onto the Lie algebra

ai,az’
inn(L)s = (e1,e2 + e4).

For i = 6,7,8 the automorphism v(e;) = aie1, y(e2) = azea, y(e3) = es,
v(eq) = eq, y(e5) = es, respectively d(e1) = biey, d(e2) = beea, d(e3) = es,
d(es) = es + €5, 6(es) = (1 — k)eqa — kes of mult(L); maps the Lie al-
gebra inn(L), . . respectively inn(L), , onto inn(L)s, = inn(L), =
inn(L)g = (e1+e4, ea+e€4). The automorphism v, respectively § of mult(L),
with ag = 1 = by maps the Lie algebra inn(L), ,, respectively inn(L), ,
onto inn(L)&2 = (e1 + e4,e2). The automorphism =, respectively § of
mult(L)g with a; = 1 = by maps inn(L), , , respectively inn(L),, onto
inn(L)g 3 = inn(L);. The corresponding Lie groups Inn(L)s = Inn(L)g 3,
Inn(L)s 2, Inn(L)s1 = Inn(L)7 = Inn(L)g are given in assertions 5) to 8).
The sets A5 = {g(0,1 — P (1 + ky), ky, ko + 1 — ¥ (1 4 k1), k3); ks € R,i =
1,2,3} and By = {g(1 — e, 1 — e, ly,15,13);1; € R,i = 1,2,3} are Inn(L)s-
connected transversals in Mult(L)s.

The set Ag = B = {g(1+e™1(sin ky —cos k1), 1 — e (sin k1 +cos ki), k1, ko,
k3);ki € R} is for every i = 1,2,3, a left transversal to Inn(L)s; in
Mult(L)g. Theset Ay = By = {g(2—e"*1 —e™1 2—ePh1 ekt k) ko k3)ik; €

R,i = 1,2,3} is a left transversal to Inn(L)7 in Mult(L)7. The set Ag =

Bg = {g(1—e™ —ky ki, k1, ko, k3); k; € R,i = 1,2,3} is a left transversal to
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Inn(L)s in Mult(L)s. Since Lemma 1 is satisfied for all these transversals,

assertions 5) to 8) is proved. O

By the previous theorem only a classification of connected simply connected
5-dimensional solvable Lie groups which are the multiplication groups of
connected topological loops L with dimension 3 is given. The next proposi-
tion shows that Lie groups which cannot be the multiplication groups of L

can have universal coverings which are multiplication groups of L.

Proposition 19. The direct product G of R? and the connected component
of the euclidean motion group of R? cannot be the multiplication group of a

3-dimensional topological loop L.

Proof. The group G is represented in case 6) of Theorem 18 such that
a = 0. The subgroups of G which can occur as the inner mapping group
of L are also listed in case 6) of Theorem 18. Arbitrary left transversals to
Inn(L)g;, i = 1,2,3, are A = {g(f1(k1, ke, k3), fa(k1, k2, k3), k1, ko, k3); ki €
R} and B = {g(h1(l1,12,13), ha(l1,l2,13),11,12,13);l; € R} such that for the
continuous functions f;(ki1, ke, k3) : R — R, hj(l1,l2,l3) : R? - R, j = 1,2,
one has f;(0,0,0) = h;(0,0,0) = 0. The set {a~'b"'ab, a € A,b € B} is

contained in Inn(L)g; if and only if for i = 1
hl(ll, lg, lg)(l — COS kl — sin ]ﬁ) + hg(ll, lg, lg)(l + sin kl — COS k1) =

fl(lﬁ, ko, /{3)(1 — cosly — sin ll) + fg(kl, ko, /{3)(1 + sinl; — cos ll) (32)
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fori=2

hl(ll,lg,lg)(l — COSk‘l) + hg(ll,lg,lg) sink‘l =
fl(kil, ko, k3)(1 — COS ll) + fg(k‘l, ko, k:g) sin g (33)

fori =3

hg(ll,lg,lg)(l — COSkl) — hl(ll,lz,lg) sink1 =
f2(k1, kQ, k‘g)(l — COS ll) — fl(kl, kg, ]{73) sinl1 (34)

holds for all ki, ks, ks3,l1,02,l3 € R. As the right hand side of equations
(32), (33) and (34) does not depend on the variables ls, I3 and the left hand
side of (32), (33) and (34) is independent of ka, k3 we get h;(l1,l2,13) =
hj(ly) and f;(ki, ko, k3) = fj(k1) for all j = 1,2. In this case the function
hj(ly), respectively fj(k1), 7 = 1,2, has the form ay;(1 — cosly) + ag jsinly,
respectively by ;(1 — cosky) + by jsin ki, where ay j,as j,b15,b2; € R. Then
the set A U B does not generate G. This contradiction to Lemma 1 yields

the assertion. O
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