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1. Introduction

In this PhD dissertation we study monomial functions f, g : R→ R of
degree n ∈ N, n > 2 which satisfy the conditional equation ynf(x) =

xnf(y) or ynf(x) = xng(y) for all points (x, y) on a specified curve.
The above question was motivated by similar problems solved for ad-
ditive functions, see the papers [1, 5, 6, 12, 30, 25, 35].
Our investigations were carried out along the following curves:

S0 = {(x, y) ∈ R2 | ax+ by = c } with a , b , c ∈ R , (a2 + b2) · c 6= 0 ,

S1 = {(x, y) ∈ R2 |xm = y} with m ∈ Z , |m| > 2 ,

S2 = {(x, y) ∈ R2 |xy = 1},
S3 = {(x, y) ∈ R2 |x2 − y2 = 1},
S4 = {(x, y) ∈ R2 |x2 + y2 = 1},
S5 = {(x, y) ∈ R2 |x > 0 and log x = y },
S6 = {(x, y) ∈ R2 | ex = y}.

Before summarizing our theorems, let’s look at the necessary termi-
nology.
We call a function f : R→ R additive if f(x+ y) = f(x) + f(y) holds
for all x, y ∈ R . A function F : Rn → R (n ∈ N) is called n–additive if
F is additive in each of its variables. Given a function F : Rn → R, by
the diagonalization of F we understand the function f : R→ R arising
from F by putting all the variables (from R) equal. If, in particular, f
is the diagonalization of an n–additive function F : Rn → R , we say
that f is a generalized monomial of degree n . Generalized monomials
of degree 2 are called quadratic functions, cubic functions are general-
ized monomials of order 3. Quadratic functions are characterized by
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1. Introduction 2

the functional equation

f(x+ y) + f(x− y) = 2f(x) + 2f(y) (x, y ∈ R), (1.1)

which is the so called norm square equation or parallelogram law.
The biadditive symmetric functional F that generates the quadratic
function f is given by the formula

F (x, y) =
1

2
[f(x+ y)− f(x)− f(y)]

for all x, y ∈ R .
We say that f : R → R is a derivation if f is additive and satisfies
the functional equation f(xy) = f(x)y + xf(y) for every x, y ∈ R .
The family of derivations f : R→ R is denoted by D(R). A functional
B : R × R → R is called a bi-derivation if the mappings t 7→ B(t, x)

and t 7→ B(x, t) (t ∈ R) are derivations for each x ∈ R . For each
n ∈ N, an additive mapping f : R → R is called a derivation of or-
der n, if there exists B : R × R → R such that B is a (symmetric)
bi-derivation of order n − 1 (that is, B is a derivation of order n − 1

in each variable) and f(xy)−xf(y)−f(x)y = B(x, y) (x, y ∈ R). The
identically zero map is the only derivation of order zero. The set of
derivations of order n will be denoted by Dn(R).



2. New results

Our main results are presented in four chapters, classified by curves.
In Chapter 3 we investigate the continuity of quadratic and higher
order monomial functions satisfying additional equations along the
straight line. Examining the quadratic functions, we get the following
results.

Theorem 2.1. (Z. Boros and E. Garda-Mátyás [9]). If A,B ∈ R\{0}
and f, g : R→ R are quadratic functions such that

(Ax+B)2f(x) = x2g(Ax+B)

for every x ∈ R , then there exists C ∈ R such that

f(x) = g(x) = C · x2 (x ∈ R).

Corollary 2.1. (Z. Boros and E. Garda-Mátyás [9]). If a quadratic
function f : R → R satisfies the additional equation y2f(x) = x2f(y)

for the pairs (x, y) ∈ S0, then f(x) = f(1)x2 for every x ∈ R .

Remark 2.1. The implication in Corollary 2.1 does not hold if c = 0. In
this case, if, for instance, b 6= 0 , y = −a

b
x = Ax , and our assumption

can be written as A2x2f(x) = x2f(Ax), i.e., f(Ax) = A2f(x). Indeed,
there exists a discontinuous example of the form f(x) = (h(x))2 (x ∈
R), where h : R → R is a discontinuous additive function, such that
the homogeneity field of h contains A.

Extending the investigation to higher order monomial functions
we have the following result.

Theorem 2.2. (Z. Boros and E. Garda-Mátyás [10]). Suppose that
f : R → R is a generalized monomial function of degree n ∈ N and f
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satisfies the additional equation ynf(x) = xnf(y) under the condition
(x, y) ∈ S0. Then f(x) = xnf(1) for all x ∈ R .

Generalizing the problem by introducing a second monomial
function we prove a stronger result.

Theorem 2.3. Suppose that f : R → R and g : R → R are gener-
alized monomials of degree n ∈ N that satisfy the additional equation
ynf(x) = xng(y) for the pairs (x, y) ∈ S0. Then f(x) = g(x) = xnf(1)

for all x ∈ R .

Chapter 4 contains results for quadratic and cubic functions sat-
isfying conditional equations involving the power function. First we
study the case when there is a single quadratic function in the condi-
tional equation.

Theorem 2.4. (Z. Boros and E. Garda-Mátyás [9], E. Garda-Mátyás
[16]). If 2 6 |m|, m ∈ Z and the quadratic function f : R → R
satisfies

f(xm) = x2m−2f(x)

for every x ∈ R , then there exists C ∈ R such that

f(x) = C · x2 (x ∈ R).

We note that in case m = 0 the same implication is trivial, while
in case m = 1 the additional equation becomes a trivial identity that
does not imply any restriction for f (hence f can be discontinuous as
well).

In the particular case m = 2, but with a modified version of the
additional equation, we find discontinuous solutions.

Theorem 2.5. (Z. Boros and E. Garda-Mátyás [9]). Let K ∈ R . If
a quadratic function f : R→ R satisfies the additional equation

f(x2) = Kx2f(x) (2.1)
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for every x ∈ R , then either f = 0 or K ∈ { 1 , 2 , 4 }. In the latter
cases, we have the following representations for f .

� A quadratic mapping f : R→ R fulfills (2.1) with K = 1 if, and
only if,

f(x) = f(1) · x2 (x ∈ R).

� A quadratic mapping f : R→ R fulfills (2.1) with K = 2 if, and
only if, there exists ϕ ∈ D2(R) such that

f(x) = 4xϕ(x)− ϕ(x2) (x ∈ R). (2.2)

� If B : R× R→ R is a symmetric bi-derivation, then

f(x) = B(x, x) (x ∈ R)

is a quadratic solution of the equation (2.1) with K = 4 .

Remark 2.2. If ϕ ∈ D(R), then equation (2.1) yields f(x) = ϕ(x2)

(x ∈ R). This observation ensures the existence of a non-zero quadratic
solution f of (2.2) for K = 2 . The existence of such solutions in the
cases K = 1 and K = 4 is an obvious consequence of the last theorem.

Remark 2.3. We can observe that, in case K = 4 , this theorem pro-
vides only a sufficient condition for f to satisfy equations (1.1) and
(2.1). It is an open question whether this condition is necessary.

However, we can prove a somewhat weaker necessary condition
in that case.

Theorem 2.6. If a quadratic function f : R → R satisfies the addi-
tional equation

f
(
x2
)
= 4x2f(x)

for every x ∈ R, then f is the trace of a symmetric bi-derivation of
order 2.
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The significance of the previous results is highlighted by the fol-
lowing theorem, where two quadratic functions are involved.

Theorem 2.7. The quadratic functions f , g : R → R satisfy the
additional equation y2f(x) = x2g(y) for the pairs (x, y) ∈ S1 with
m = 2 if, and only if, there exist an additive function ϕ : R→ R and
a quadratic function h : R→ R satisfying the condition

h(x2) = 4x2h(x) (x ∈ R)

such that

f(x) = h(x) + ϕ(x2) and g(x) =
1

4
h(x) + xϕ(x)

for all x ∈ R .

And finally, extending the study to cubic functions, we get the
following result.

Theorem 2.8. (Z. Boros and E. Garda-Mátyás [10]). If f : R →
R is a generalized monomial of degree 3 that satisfies the additional
equation y3f(x) = x3f(y) under the condition (x, y) ∈ S1, then f(x) =

x3f(1) for all x ∈ R .

In Chapter 5 we investigate the continuity of additive, quadratic
and higher order monomial functions that satisfy subsidiary equations
along hyperbolas or the unit circle.
We start with a negative result along the hyperbola given by the equa-
tion xy = 1. If f : R→ R is a generalized monomial function of degree
n ∈ N, n > 2, f satisfies the additional equation

f(x) = x2nf

(
1

x

)
, (∀ x 6= 0),

it is easy to see, that there exist discontinuous solutions.
For example, if d : R→ R is a not identically zero derivation, then a
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discontinuous solution f is

f(x) = xn−2k (d(x))2k (x ∈ R),

where k ∈ { 1 , 2 , . . . , [n/2] } .
Although we know that for all n > 2 there are discontinuous solutions
of monomial functions satisfying the additional equation ynf(x) =

xnf(y) for all (x, y) ∈ S2, we continue our investigations for quadratic
functions. In this case, the conditional equation has the form

f(x) = x4f

(
1

x

)
, (∀ x 6= 0). (2.3)

Despite the fact that the continuity of f does not follow from this
assumption, we can obtain some interesting and important results for
the mappings x 7→ F (x, 1) and x 7→ F (x, 1/x). Using these results
hereinafter, we prove the continuity of quadratic functions in several
related cases.

Lemma 2.1. (E. Garda-Mátyás [16]). If a quadratic function f : R→
R satisfies the additional equation (2.3) then

F (x, 1) = xf(1)

for all x ∈ R .

Lemma 2.2. (E. Garda-Mátyás [16]). If a quadratic function f : R→
R satisfies the additional equation y2f(x) = x2f(y) for the pairs (x, y) ∈
S2, then

f
(
x2
)
= 2x4F

(
x,

1

x

)
+ 6x2f(x)− 7x4f(1)

for all x ∈ R \ {0} .

Lemma 2.3. (E. Garda-Mátyás [16]). If a quadratic function f : R→
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R satisfies

F

(
x,

1

x

)
=

f(x)

x2

for every x 6= 0 , then f(x) = x2f(1) for all x ∈ R .

Thereafter we investigate the continuity of additive and quadratic
functions satisfying additional equations along the hyperbola given by
the equation x2 − y2 = 1. Our first result relates to the additive case.

Theorem 2.9. Let f, g : R → R be additive functions. If f, g satisfy
the additional equation yf(x) = xg(y) for the pairs (x, y) ∈ S3, then
f(x) = g(x) = xf(1) for all x ∈ R .

Our next result applies to the quadratic case with a single quadratic
function.

Theorem 2.10. (E. Garda-Mátyás [16]). If a quadratic function
f : R → R satisfies the conditional equation y2f(x) = x2f(y) for all
(x, y) ∈ S3 , then f(x) = x2f(1) for all x ∈ R.

We generalize this result by using a second quadratic function.

Theorem 2.11. Let f, g : R→ R be quadratic functions. If f, g satisfy
the additional equation y2f(x) = x2g(y) for the pairs (x, y) ∈ S3, then
f(x) = g(x) = x2f(1) for all x ∈ R .

We continue our investigations with quadratic real functions that
satisfy conditional equations along the unit circle. When the condi-
tional equation is with a single quadratic function, we have the follow-
ing result.

Theorem 2.12. (E. Garda-Mátyás [16]). If a quadratic function
f : R → R satisfies y2f(x) = x2f(y) for the pairs (x, y) ∈ S4, then
f(x) = x2f(1) for all x ∈ R.

Generalizing this result by using a second quadratic function, we
obtain the following theorem.



9

Theorem 2.13. If f, g : R → R are quadratic functions that satisfy
the additional equation y2f(x) = x2g(y) for the pairs (x, y) ∈ S4, then
f(x) = g(x) = x2f(1) for all x ∈ R .

Finally, considering further tools from the literature of functional
equations, which include very recent results as well, we get an in-
teresting necessary condition for quadratic functions that satisfy the
additional equation (2.3).

Theorem 2.14. If a quadratic function f : R → R satisfies the ad-
ditional equation y2f(x) = x2f(y) under the condition xy = 1, then
there exists a H symmetric bi-derivation of order 3 for which f(x) =

H(x, x) + x2f(1).

In Chapter 6 we investigate quadratic and cubic functions
f, g : R → R that satisfy conditional equations involving logarithmic
and exponential functions. In both cases, we prove the equality and
continuity of the quadratic and cubic functions f, g.

Theorem 2.15. Suppose f, g : R→ R are monomial functions of de-
gree n ∈ {2, 3} and f, g satisfy the additional equation ynf(x) = xng(y)

on R+ for the pairs (x, y) ∈ S5, then f(x) = g(x) = xnf(1).

Theorem 2.16. Suppose f, g : R→ R are monomial functions of de-
gree n ∈ {2, 3} and f, g satisfy the additional equation ynf(x) = xng(y)

for the pairs (x, y) ∈ S6, then f(x) = g(x) = xnf(1).

We note that in the above theorems, both the logarithm and the
exponential base can be any positive real number except 1.
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3. Bevezetés

Ebben a PhD értekezésben olyan f, g : R→ R n-edfokú monom függ-
vényeket tanulmányozunk (n > 2), amelyek teljeśıtik az ynf(x) =

xnf(y) vagy ynf(x) = xng(y) feltételes egyenletet egy adott görbe
összes (x, y) pontjára.
A fenti kérdést az addit́ıv függvényekkel kapcsolatban megoldott ha-
sonló problémák indokolták, lásd [1, 5, 6, 12, 30, 25, 35].
Vizsgálatainkat a következő görbék mentén végeztük:

S0 = {(x, y) ∈ R2 | ax+ by = c }, a , b , c ∈ R , (a2 + b2) · c 6= 0 ,

S1 = {(x, y) ∈ R2 |xm = y}, m ∈ Z , |m| > 2 ,

S2 = {(x, y) ∈ R2 |xy = 1},
S3 = {(x, y) ∈ R2 |x2 − y2 = 1},
S4 = {(x, y) ∈ R2 |x2 + y2 = 1},
S5 = {(x, y) ∈ R2 |x > 0 és log x = y },
S6 = {(x, y) ∈ R2 | ex = y}.

Tételeink összefoglalása előtt felidézzük az eredmények megfogalmazá-
sához szükséges terminológia fontosabb elemeit.
Az f : R → R függvényt addit́ıv függvénynek nevezzük, ha bármely
valós x, y esetén f(x + y) = f(x) + f(y) teljesül. Az F : Rn →
R (n ∈ N) függvényt n–addit́ıv függvénynek nevezzük, ha F min-
den változójában addit́ıv. Adott F : Rn → R függvény esetén az
F diagonalizáltjának nevezzük azt az f : R → R függvényt, ame-
lyet az F -ből kapunk az összes (R-beli) változó egyenlővé tételével.
Sajátos esetben, ha f az F : Rn → R n–addit́ıv függvény diago-
nalizáltja, akkor azt mondjuk, hogy f általánośıtott n -edfokú monom.

11
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A másodfokú általánośıtott monomokat kvadratikus függvényeknek
nevezzük, a köbfüggvények a harmadfokú általánośıtott monomok. A
kvadratikus függvényeket az

f(x+ y) + f(x− y) = 2f(x) + 2f(y) (x, y ∈ R), (3.1)

függvényegyenlet jellemzi, amely az úgynevezett norma-négyzet egyen-
let.
Az f kvadratikus függvényt generáló biaddit́ıv szimmetrikus F függvényt
a következő képlet adja:

F (x, y) =
1

2
[f(x+ y)− f(x)− f(y)]

bármely x, y ∈ R esetén.
Az f : R→ R függvény deriváció, ha f addit́ıv és teljeśıti az f(xy) =

f(x)y+xf(y) függvényegyenletet bármely x, y ∈ R esetén. Az f : R→
R derivációk halmazát D(R)-rel jelöljük. A B : R×R→ R függvényt
bi-derivációnak nevezzük, ha a t 7→ B(t, x) és t 7→ B(x, t) (t ∈ R)
leképezések derivációk minden x ∈ R esetén. Minden n ∈ N esetén,
egy f : R → R addit́ıv leképezést n-edrendű derivációnak nevezünk,
ha létezik B : R × R → R úgy, hogy B egy (n − 1)-edrendű (szim-
metrikus) bi-deriváció (vagyis B (n − 1)-edrendű deriváció mindkét
változójában) és f(xy) − xf(y) − f(x)y = B(x, y) (x, y ∈ R). Az
azonosan nulla leképezés az egyetlen nulladrendű deriváció. Az n-
edrendű derivációk halmazát Dn(R)-nel jelöljük.



4. Új eredmények

Legfontosabb eredményeinket négy fejezetben mutatjuk be, görbék sz-
erint csoportośıtva.
A 3. fejezetben olyan kvadratikus és magasabb rendű monom függvé-
nyek folytonosságát vizsgáljuk, amelyek az egyenes mentén teljeśıtenek
kiegésźıtő egyenleteket. A kvadratikus függvényeket vizsgálva a követ-
kező eredményeket kapjuk.

4.1. Tétel. (Z. Boros és E. Garda-Mátyás [9]). Ha A,B ∈ R \ {0}
és f, g : R→ R kvadratikus függvények úgy, hogy

(Ax+B)2f(x) = x2g(Ax+B)

bármely x ∈ R esetén, akkor létezik C ∈ R úgy, hogy

f(x) = g(x) = C · x2 (x ∈ R).

4.1. Következmény. (Z. Boros és E. Garda-Mátyás [9]). Ha egy
f : R→ R kvadratikus függvény teljeśıti az y2f(x) = x2f(y) kiegésźıtő
egyenletet az (x, y) ∈ S0 párokra, akkor f(x) = f(1)x2 bármely x ∈ R
esetén.

4.1. Megjegyzés. Az 4.1. következményben c = 0 esetén az implikáció
nem áll fenn. Ebben az esetben, ha például b 6= 0 , akkor y = −a

b
x =

Ax , és a feltételezésünk A2x2f(x) = x2f(Ax) alakban ı́rható, vagyis
f(Ax) = A2f(x). Valójában létezik f(x) = (h(x))2 (x ∈ R) alakú nem
folytonos példa, ahol h : R → R egy nem folytonos addit́ıv függvény,
úgy, hogy a h homogenitási teste tartalmazza A-t.

Kiterjesztve a vizsgálatot magasabb rendű monom függvényekre,
a következő eredményt kapjuk.
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4.2. Tétel. (Z. Boros és E. Garda-Mátyás [10]). Legyen f : R → R
olyan általánośıtott n-edfokú monom függvény (n ∈ N), amely teljeśıti
az ynf(x) = xnf(y) kiegésźıtő egyenletet az (x, y) ∈ S0 feltétel mellett.
Ekkor f(x) = xnf(1), minden x ∈ R esetén.

Általánośıtva a problémát egy második monom függvény beveze-
tésével, egy erősebb eredményt bizonýıtunk.

4.3. Tétel. Feltételezzük, hogy f : R→ R és g : R→ R általánośıtott
n-edfokú monomok (n ∈ N) és teljeśıtik az ynf(x) = xng(y) kiegésźıtő
egyenletet az (x, y) ∈ S0 párokra. Akkor f(x) = g(x) = xnf(1) minden
x ∈ R esetén.

A 4. fejezet a hatványfüggvényt tartalmazó feltételes egyenle-
teket teljeśıtő kvadratikus és köbfüggvények eredményeit tartalmazza.
Először azt az esetet tanulmányozzuk, amikor a kiegésźıtő egyenletben
csak egy kvadratikus függvény található.

4.4. Tétel. (Z. Boros és E. Garda-Mátyás [9], E. Garda-Mátyás [16]).
Ha 2 6 |m|, m ∈ Z és az f : R→ R kvadratikus függvény teljeśıti az

f(xm) = x2m−2f(x)

egyenletet bármely x ∈ R esetén, akkor létezik C ∈ R úgy, hogy

f(x) = C · x2 (x ∈ R).

Megjegyezzük, hogy az m = 0 esetben ez a következtetés triviális,
vagyis maga a kiegésźıtő egyenlet az f folytonosságát adja, mı́g m = 1

esetén maga a feltétel triviális azonosságá válik, azaz nem jelent sem-
milyen korlátozást az f számára (ezért f lehet nem folytonos is).

Az m = 2 sajátos esetben, de a kiegésźıtő egyenlet módośıtott
változatával nem folytonos megoldásokat találunk.

4.5. Tétel. (Z. Boros és E. Garda-Mátyás [9]). Legyen K ∈ R . Ha
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egy f : R→ R kvadratikus függvény teljeśıti az

f(x2) = Kx2f(x) (4.1)

kiegésźıtő egyenletet bármely x ∈ R esetén, akkor vagy f = 0, vagy
K ∈ { 1 , 2 , 4 }. Ez utóbbi esetekben f -nek a következő reprezentációi
vannak.

� Az f : R → R kvadratikus leképezés a K = 1 esetben akkor és
csak akkor tesz eleget a (4.1) feltételnek, ha

f(x) = f(1) · x2 (x ∈ R).

� Az f : R → R kvadratikus leképezés a K = 2 esetben akkor és
csak akkor tesz eleget a (4.1) feltételnek, ha létezik ϕ ∈ D2(R)
úgy, hogy

f(x) = 4xϕ(x)− ϕ(x2) (x ∈ R). (4.2)

� Ha B : R× R→ R egy szimmetrikus bi-deriváció, akkor

f(x) = B(x, x) (x ∈ R)

a (4.1) egyenlet egy kvadratikus megoldása K = 4 esetén.

4.2. Megjegyzés. Ha ϕ ∈ D(R), akkor a (4.1) egyenletből f(x) = ϕ(x2)

(x ∈ R) következik. Ez a megfigyelés biztośıtja a (4.1) egyenlet egy
nem nulla kvadratikus f megoldásának létezését K = 2 esetén. Az
ilyen megoldások létezése K = 1 és K = 4 esetén az utolsó tétel
nyilvánvaló következménye.

4.3. Megjegyzés. Megfigyelhetjük, hogy K = 4 esetén ez a tétel csak
elégséges feltételt biztośıt az f számára ahhoz, hogy teljeśıtse a (3.1)
és a (4.1) egyenleteket. Nyitott kérdés, hogy ez szükséges feltétel-e.
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Ebben az esetben azonban valamivel gyengébb szükséges feltételt
tudunk bizonýıtani.

4.6. Tétel. Ha egy f : R→ R kvadratikus függgvény teljeśıti az

f
(
x2
)
= 4x2f(x) (4.3)

kiegésźıtő egyenletet bármely x ∈ R esetén, akkor f egy másodfokú
szimmetrikus bi-deriváció diagonalizáltja.

Az előző eredmények jelentőségét a következő tétel emeli ki, ahol
két kvadratikus függvény szerepel.

4.7. Tétel. Az f , g : R→ R kvadratikus függvények akkor és csakis
akkor teljeśıtik az y2f(x) = x2g(y) kiegésźıtő egyenletet az (x, y) ∈
S1 párokra m = 2 esetén, ha létezik egy ϕ : R → R addit́ıv függvény
és egy h : R→ R kvadratikus függvény, mely teljeśıti a

h(x2) = 4x2h(x) (x ∈ R)

egyenletet úgy, hogy

f(x) = h(x) + ϕ(x2) és g(x) =
1

4
h(x) + xϕ(x)

minden x ∈ R esetén.

És végül, köbfüggvényekre kiterjesztve a vizsgálatot a következő
eredményt kapjuk.

4.8. Tétel. (Z. Boros és E. Garda-Mátyás [10]). Ha f : R → R egy
általánośıtott harmadfokú monom, amely teljeśıti az y3f(x) = x3f(y)

kiegésźıtő egyenletet (x, y) ∈ S1 feltétel mellett, akkor f(x) = x3f(1)

minden x ∈ R esetén.

Az 5. fejezetben olyan addit́ıv, kvadratikus és magasabb rendű
monom függvények folytonosságát vizsgáljuk, amelyek a hiperbolák
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vagy az egységkör mentén teljeśıtenek kiegésźıtő egyenleteket.
Negat́ıv eredménnyel kezdünk az xy = 1 egyenlet által adott hiperbola
mentén. Ha f : R → R egy n-edfokú általánośıtott monom függvény
(2 6 n ∈ N), f eleget tesz az

f(x) = x2nf

(
1

x

)
, (∀ x 6= 0)

kiegésźıtő egyenletnek, könnyen belátható, hogy léteznek nem folyto-
nos megoldások.
Például, ha d : R → R egy nem azonosan nulla deriváció, akkor egy
nem folytonos f megoldás az

f(x) = xn−2k (d(x))2k (x ∈ R),

ahol k ∈ { 1 , 2 , . . . , [n/2] } .
Habár tudjuk, hogy minden n > 2 esetén vannak nem folytonos megol-
dásai az ynf(x) = xnf(y) kiegésźıtő egyenletet teljeśıtő monom függvé-
nyeknek az (x, y) ∈ S2 feltétel mellett, folytatjuk a vizsgálatainkat
kvadratikus függvényekkel. Ebben az esetben a feltételes egyenlet

f(x) = x4f

(
1

x

)
, (∀ x 6= 0) (4.4)

alakú. Annak ellenére, hogy az f folytonossága nem következik ebből a
feltevésből, érdekes és fontos eredményeket kaphatunk az x 7→ F (x, 1)

és x 7→ F (x, 1/x) leképezésekre. Ezeket az eredményeket felhasználva
a továbbiakban igazoljuk a kvadratikus függvények folytonosságát több
kapcsolódó esetben.

4.1. Lemma. (E. Garda-Mátyás [16]). Ha egy f : R→ R kvadratikus
függvény teljeśıti a (4.4) kiegésźıtő egyenletet, akkor

F (x, 1) = xf(1)
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minden x ∈ R esetén.

4.2. Lemma. (E. Garda-Mátyás [16]). Ha egy f : R→ R kvadratikus
függvény teljeśıti az y2f(x) = x2f(y) kiegésźıtő egyenletet az (x, y) ∈
S2 párok esetén, akkor

f
(
x2
)
= 2x4F

(
x,

1

x

)
+ 6x2f(x)− 7x4f(1)

minden x ∈ R \ {0} -ra.

4.3. Lemma. (E. Garda-Mátyás [16]). Ha egy f : R→ R kvadratikus
függvény eleget tesz az

F

(
x,

1

x

)
=

f(x)

x2

feltételnek bármely x 6= 0 esetén, akkor f(x) = x2f(1) minden x ∈ R -
re.

Ezután a kiegésźıtő egyenleteket az x2− y2 = 1 egyenletű hiper-
bola mentén teljeśıtő addit́ıv és kvadratikus függvények folytonosságát
vizsgáljuk. Első eredményünk az addit́ıv esetre vonatkozik.

4.9. Tétel. Legyenek f, g : R → R addit́ıv függvények. Ha f, g tel-
jeśıtik az yf(x) = xg(y) kiegésźıtő egyenletet az (x, y) ∈ S3 párok
esetén, akkor f(x) = g(x) = xf(1) minden x ∈ R -re.

A következő eredményünk a kvadratikus esetre vonatkozik, egyet-
len kvadratikus függvénnyel.

4.10. Tétel. (E. Garda-Mátyás [16]). Ha egy f : R→ R kvadratikus
függvény eleget tesz az y2f(x) = x2f(y) kiegésźıtő egyenletnek az
(x, y) ∈ S3 feltétel mellett, akkor f(x) = x2f(1) minden x ∈ R esetén.

Ezt az eredményt általánośıtjuk egy második kvadratikus függ-
vény használatával.
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4.11. Tétel. Legyenek f, g : R → R kvadratikus függvények. Ha f, g

teljeśıtik az y2f(x) = x2g(y) kiegésźıtő egyenletet az (x, y) ∈ S3 párok
esetén, akkor f(x) = g(x) = x2f(1) minden x ∈ R -re.

A kiegésźıtő egyenleteket az egységkör mentén teljeśıtő kvadrati-
kus valós függvényekkel folytatjuk vizsgálatainkat. Amikor a feltételes
egyenletben egyetlen kvadratikus függvény van, a következő eredményt
kapjuk.

4.12. Tétel. (E. Garda-Mátyás [16]). Ha egy f : R→ R kvadratikus
függvény eleget tesz az y2f(x) = x2f(y) kiegésźıtő egyenletnek az
(x, y) ∈ S4 párok esetén, akkor f(x) = x2f(1) minden x ∈ R-re.

Általánośıtva ezt az eredményt egy második kvadratikus függvény
használatával, a következő tételt kapjuk.

4.13. Tétel. Ha f, g : R → R kvadratikus függvények teljeśıtik az
y2f(x) = x2g(y) kiegésźıtő egyenletet az (x, y) ∈ S4 párok esetén,
akkor f(x) = g(x) = x2f(1) minden x ∈ R -re.

Végül, figyelembe véve a függvényegyenletek irodalmának továb-
bi eszközeit, amelyek nagyon friss eredményeket is tartalmaznak, érde-
kes szükséges feltételt kapunk a (4.4) kiegésźıtő egyenletet teljeśıtő
kvadratikus függvényekre.

4.14. Tétel. Ha egy f : R → R kvadratikus függvény eleget tesz az
y2f(x) = x2f(y) kiegésźıtő egyenletnek az xy = 1 feltétel mellett,
akkor létezik egy H harmadrendű szimmetrikus bi-deriváció, amelyre
f(x) = H(x, x) + x2f(1).

A 6. fejezetben olyan f, g : R→ R kvadratikus és köbfüggvénye-
ket vizsgálunk, amelyek logaritmus illetve exponenciális függvényeket
tartalmazó feltételes egyenleteket teljeśıtenek. Mindkét esetben bebi-
zonýıtjuk az f, g kvadratikus és köbfüggvények egyenlőségét és foly-
tonosságát.
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4.15. Tétel. Tegyük fel, hogy f, g : R → R n-edfokú monom függvé-
nyek (n ∈ {2, 3}) és f, g eleget tesznek az ynf(x) = xng(y) kiegésźıtő
egyenletnek R+-on minden (x, y) ∈ S5 esetén. Ekkor f(x) = g(x) =

xnf(1).

4.16. Tétel. Ha f, g : R → R n-edfokú monom függvények (n ∈
{2, 3}) és f, g teljeśıtik az ynf(x) = xng(y) kiegésźıtő egyenletet az
(x, y) ∈ S6 párok esetén, akkor f(x) = g(x) = xnf(1).

Megjegyezzük, hogy a fenti tételekben mind a logaritmus, mind
az exponenciális függvény alapja bármely pozit́ıv valós szám lehet, az
1-et kivéve.
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[38] L. Székelyhidi, Convolution Type Functional Equation on Topo-
logical Abelian Groups, World Scientific, Singapore, 1991.

[39] J. Unger und L. Reich, Derivationen höherer Ordnung als
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