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Abstract. We determine the 6-dimensional nilpotent metric Lie algebras
such that the Lie algebra n has a descending series of ideals invariant
under all automorphisms of n and the dimension of the consecutive
members of the series decreases by one. We call them metric Lie alge-
bras having a framing determined by ideals. We classify the isometry
equivalence classes and determine the isometry groups of connected and
simply connected Riemannian nilmanifolds on 6-dimensional nilpotent
Lie groups having a Lie algebra n as their Lie algebra.
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1. Introduction

Let n be a real nilpotent Lie algebra and N be the connected simply con-
nected Lie group having Lie algebra n. We call (n,(.,.)) a metric nilpotent
Lie algebra if it is given an Euclidean inner product (.,.) on n. An inner
product (.,.) on n determines a left-invariant metric (.,.)y on N and con-
versely. Hence (N, (.,.)n) becomes a Riemannian manifold. We denote by
OA(n) the group of orthogonal automorphisms of the Lie algebra n consist-
ing of the automorphisms of n which preserve the inner product on n. A
connected Riemannian manifold M which admits a transitive nilpotent Lie
group of isometries is called a Riemannian nilmanifold. It is pointed out in
[10], Theorem 2(4), that every Riemannian nilmanifold M can be identified
with the unique nilpotent Lie subgroup N of the group Z(M) of isometries
of M acting simply transitively on M, equipped with a left-invariant metric.
Furthermore, Z(N), the group of isometries of (N, (.,.)n), is the semi-direct
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product N x O.A(n) of the group O.A(n) and the group N itself. From this ob-
servation it follows that the determination of the isometry equivalence classes
of connected simply connected nilmanifolds and their isometry groups can be
carried out by the investigation of the classes of isometrically isomorphic met-
ric nilpotent Lie algebras. Applying this procedure the isometry equivalence
classes and the isometry groups of connected simply connected nilmanifolds
of dimension at most 5 are established in [9], [7], [4]. In the classes of the
6-dimensional nilmanifolds the isometry equivalence classes and the isometry
groups on two-step nilpotent Lie groups, respectively on five-step nilpotent
Lie groups, this means on filiform Lie groups, are accomplished in [3], respec-
tively in [5].

In this paper we deal with 6-dimensional metric Lie algebras having
nilpotency class three or four. In [4], Section 3, the metric Lie algebras
(n, {.,.)) having a decomposition into orthogonal direct sum of 1-dimensional
subspaces such that each orthogonal automorphism of (n, (.,.)) preserves this
decomposition play an essential role. We say that these metric Lie algebras
have a framing. It turns out in [4] that there is a strong connection be-
tween a special class C of framed metric Lie algebras and their ideal struc-
tures. Namely the framing of a metric Lie algebra in C can be constructed
in a natural way using a descending series of ideals n = n(® > n( >

- D a1 5 n = {0} invariant under all automorphisms of n with
dim(n®) — dim(nC*+Y) = 1,4 = 0,...,n — 1. This type of framings we call
framing determined by ideals. Every filiform metric Lie algebra of dimension
at least four allows a framing determined by ideals (see [4], Theorem 4).

Applying the classification of 6-dimensional nilpotent Lie algebras given
in [6], Section 3 is devoted to the thoroughly study of the ideal structures of
these Lie algebras and to the determination of the 6-dimensional nilpotent
metric Lie algebras having a framing determined by ideals. We receive that
the 6-dimensional indecomposable nilpotent Lie algebras with exceptions of
six classes possess a suitable series of ideals (cf. Proposition .

In Section 4 we apply systematically the method of the classification of
the classes of isometrically isomorphic metric Lie algebras given in [4]. We de-
scribe the isometry equivalence classes and determine the group of isometries
of connected simply connected nilmanifolds on 6-dimensional indecomposable
Lie groups such that their Lie algebras have a framing determined by ideals.

Among the classes of nilmanifolds having nilpotency class n > 2, the
geometric properties of the filiform nilmanifolds has been intensively im-
proved. In particular the characterization of totally geodesic subalgebras is
given in [I], [2] and [8]. Our results can be utilized for the enquiry of the
totally geodesic subalgebras of 6-dimensional nilmanifolds having nilpotency
class n € {3,4}.
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2. Preliminaries

The lower central series of a nilpotent Lie algebra £ is £ = S% > S D

- D 890 > St 5 .. 5 {0} such that STt = [¢,57¢],5 € N. A Lie
algebra ¢ is called k-step nilpotent if S*¢ = {0}, but S*~1¢ # {0} for some
k € N. If an n-dimensional Lie algebra ¢ is (n — 1)-step nilpotent then it
is called filiform. The metric Lie algebra is a Lie algebra equipped with an
inner product, the automorphisms preserving the inner product are called
orthogonal automorphisms.

Definition 2.1. An orthogonal direct sum decomposition n = V; @ --- @V,
on one-dimensional subspaces Vi, ..., V,, of a metric Lie algebra (n, (.,.)) is
called a framing, if any orthogonal automorphism of (n,(.,.)) preserves this
decomposition. An orthonormal basis {G1,Gs,...,Gy} of (n,(.,.)) is adapted
to the framingn =V, & ---®V, if V; = RG; for i = 1,...,n. The metric Lie
algebra (n, (.,.)) is called framed, if it has a framing.

The following concept originates from the assertion in Lemma 3 in [4].

Definition 2.2. An n-dimensional metric Lie algebra (n,(.,.)) has a framing
determined by ideals, if the Lie algebra n = span(Gh,...,G,) has a descend-
ing series of ideals n* = span(Gj, ..., Gy), i = 1,...,n, which leave invariant
under all automorphisms of n.

In this paper we consider 6-dimensional metric nilpotent Lie algebras
having a framing determined by ideals.
It is proved in Section 3.1 in [4] that the group O.A(n) of orthogonal auto-
morphisms of a framed metric nilpotent Lie algebra (n,(.,.)) is a subgroup
of the group Zs X - -+ X Zso, where the number of factors less or equal than
dimn. Hence the connected component of the isometry group Z(N) of the
connected simply connected Riemannian nilmanifold (V, (.,.)) is isomorphic
to the Lie group N.

We often use the following (see [4], Lemma 1).

Lemma 2.3. Let (n,{.,.)) and (n*,(.,.)*) be isometrically isomorphic framed
metric Lie algebms of dimension n with framingsn =RG; ®--- BR G, and
=RG @ ®RG}, where (Gy,...,G,), respectively (GF,...,Gr) are
orthonormal bases. If the commutators [.,.] of n and [.,.]* of n* are of the

form

(Gi, Gj] Za”Gk and [G7,G3]" Za G 0 k=1,...,n,

then af] a*w» foralli,j,k=1,... ,n. Particularly, if a”, *f] > 0 then
k *k
Qij =@ iy

We denote by E° a 6-dimensional Euclidean vector space with a dis-
tinguished orthonormal basis & = {Ei, Ea, Es, E4, E5, Fg}. The classifica-
tion of metric Lie algebras up to isometric isomorphisms is proceed in the
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following way given by [4], pp. 371-372: we apply the Gram-Schmidt pro-
cess to the ordered basis {Gg, G5, G4, G3,G2,G1} in the metric Lie alge-
bra (I,{(.,.)) to get an orthonormal basis {Fy, Fs, F5, Fy, F5, Fg} expressed by
F, = > ,aitGy,a;, € R, such that a; > 0. After this, we define a Lie
bracket on E® with the same structure coefficients with respect to its dis-
tinguished basis £ as the metric Lie algebra (I, (.,.)) has with respect to its
basis F. The obtained metric Lie algebra (n, (.,.)) on ES is isometrically iso-
morphic to ([, (.,.)). Finally, we examine under which conditions on the real
parameters of metric Lie algebras on ES we receive a one-to-one correspon-
dence between the equivalence classes of isometrically isomorphic metric Lie
algebras and a family of metric Lie algebras on ES.

3. Framed metric Lie algebras of dimension 6

In this section we investigate nilpotent Lie algebras of dimension 6 and we
wish to determine which Lie algebras in this class have a framing determined
by ideals. We deal with Lie algebras which are not direct products of Lie al-
gebras of lower dimension. According to [6], pp. 646-647, the non-isomorphic
Lie algebras in this class are the Lie algebras L¢ ;,% = 10, ..., 26, with respect
to a basis {21, za,...,26}. The 6-dimensional filiform nilpotent Lie algebras
Lg 14, -+, Lg s are treated in [5], hence we omit these Lie algebras in our con-
sideration. The 6-dimensional 2-step Lie algebras are the Lie algebras L§ o5
and Lg 26. The corresponding Lie algebras have not a framing determined by
ideals, because the characteristic ideal of them is only the centre. The set of
their isometric isomorphism classes are studied in [3]. Therefore our list
doesn’t include these two Lie algebra classes.

For the remaining cases we use the following basis changes:

for L6711, L6712: Ty — G1,5E2 — Gg,l‘g — G4,I4 — G5,SL‘5 — G3,$6 — Gg,
for L6713Z Ty — Gl,l’g — G3,CE3 — G4,l‘4 — G2,1’5 — G5,f£6 — Gﬁ,

for Lang Tl G27£L'2 — Gl,(Eg — G37x4 — G4,SIJ5 — G5,.’E6 — G6,

for L6’23, L6725Z Ty — Gl,.%'g — GQ,!Eg — G4,$(}4 — Gg,l‘{) — G67$6 — G5,
for all other Lie algebras: z; — G;,i=1,...6,

to obtain the ordered bases (Gg, G5, G4, G3,G2,G1) as orthonormal basis
adapted to the framing of the corresponding metric Lie algebras. After ap-
plying the bases changes we obtain Lie algebras I ;, 7 = 10,...,13, 19, 20, 21,
23,24,25, given by the following non-vanishing commutators:

l6,10 : [G1,G2] = G3,[G1,G3] = Gg, [Ga, G5] = Gg;

l6,11 : [G1,G2] = G4, [G1,G4] = G5, [G1, Gs] = Gg, [G2, G4] = G,
G2, Gs] = Gg;
le,12 : [G1,G2] = G4, [G1,Ga] = G5, [G1,G5] = G, [G2,G3] = Ge; (3.1)

[ ]
[ ]
[ ]
[6,13 : [GlaGS] = G4, [G17G4] = G57 [G17G5] = GG» [G37G2] = G57
[ ]
[ ]

€ .
6,19 °
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l6,20 : [G1,G2] = G4, [G1,G3] = G5, [G1,G5] = G, [G2, G4] = Gg;

6,21 : [G1,Gs] = G3,[G1,G3] = G4, [G1,G4] = Gg, [G2, G3] = G,
(G2, G5] = eG;

l6,23 : [G1,G2] = G4, [G1,G3] = G5, [G1,G4] = G, [G2, G3] = Ge;

6,24 ° [G1,Gs] = G3,[G1, G3] = G5, [G1,G4] = £Gg, [G2, G3] = G,
(G2, G4] = G5;

l6,25 : [G1,G2] = G4, [G1,G4] = G, [G1,G3] = G5

such that ¢ € {—1,0,1}.

Proposition 3.1. Among the 6-dimensional indecomposable metric Lie alge-
bras the metric Lie algebras (g ;,(.,.)), j = 11,...,18,20,23,25, (I§ 29,00,
(1533, (.,.)) have a framing determined by ideals.

Proof. According to Theorem 1 in [4], p. 5, the filiform metric Lie algebras
Lg , for kK =14,...,18 have a framing determined by ideals.

In the Lie algebras lgx, & = 11,12,13 the center is Z(lsx) = span(Gs),
the commutator subalgebra is S'(lg ) = span(G4, G5, Gg), the second mem-
ber of the lower central series is S?(Igx) = span(Gs,Gs). In the Lie al-
gebras lg;, | = 11,13 the centralizer C(S'(lg;)) is span(Gs, Gy, G5, Gs),
the centralizer C(S%(lg,)) is span(Ga, Gs, G4, G5, G6). For the Lie algebra
lg.12 the preimage 7= 1(Z(lg12/S%(lg,12)) of the center of the factor algebra
l6.12/S8%(lg,12) in lg 12 is span(Gs, G4, G5, Gg) and the centralizer C(S*(lg 12))
is span(Gg, Gg, G’47 G5, Gﬁ)

In the Lie algebra [§59 the center is Z(I§79) = span(Gs, Gs), the com-
mutator subalgebra is Sl(lﬁ 79) = span(Gy, G5, Gs), the second member of
the lower central series is 82([2 76) = span(Gp), the centralizer C(S*(I579))
is span(Ga, G3, Gy, G5, Gg). The preimage of the center of the factor algebra
I5, 19/Z([6 19) in [6 19 is 7 H(Z(15 6, 19/2([6 39))) = span(Gs, G4, Gs, Gs).

In the Lie algebra [ 29 the centre is Z(lg20) = span(Gg), the commuta-
tor subalgebra is S*(Ig 20) = span(G4, G5, Gg), the centralizer C(Sl([(;’z()» is
span(Gs, Gy, G5, Gg), the commutator [lg 20, C(S! (Ig,20))] is span(Gs, Gg). We
denote by lg 29 the factor Lie algebra lg 20/Z (I6,20) = span(G1, G2, G3, G4, G75)
with the Lie brackets [G1,Gs] = G4, [G1,G3] = G5. The factor Lie algebra
C(81(I620)) = C(S'(I6.20))/Z(l6,20) is the Lie algebra span(Gs, G4, G5). The
centralizer C(C(S(lg,20))) of C(S(Ig.20)) in g 20 is span(Gz, G, G4, G5). The
preimage wil(@(C(Sl([&go))) in lg 20 is span(Gz, G, G4, G5, Gg).

In the Lie algebra [§3) the centre is Z(I§3]) = span(Gs, Gs), the com-
mutator subalgebra is Sl(lg <)) = span(G3, G4, G5, Gg), the second member
of the lower central series is S*(§3}) = span(Gy, G5, Gg), the third member
of the lower central series is S (I’ 2({) = span(Gg), the centralizer C(S*(I§31))
is span(Ge, G3, G4, G5, Gg).

In the Lie algebras g 5, k = 23,25 the center is Z(lg 1) = span(Gs, Gg),
the commutator subalgebra is S1(lg ) = span(G4, G5, Gg), the second mem-
ber of the lower central series is S?(lx) = span(Gg) and the centralizer
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C(S'(ls)) is span(Ga, G3, G4, G5, Gg). The preimage 7~ (Z(Ig x/Z(ls 1)) of
the center of the factor algebra lg /Z (I ) in ls 1 is span(Gs, G4, G5, Gg).

Hence the subspaces span(Gy, -+ ,Gg), i = 1,...,6, of the Lie algebras
le,11 l6,12, l6,13, [gjg, l6,20, [27:2?, l6,23, l6,25 form a descending series of char-
acteristic ideals. Therefore the metric Lie algebras listed in the proposition
have a framing determined by ideals (see Lemma 3 in [4]).

The metric Lie algebra belonging to [g,190 does not have a framing deter-
mined by ideals, since the characteristic ideals of l5 19 are the centre Z(lg,10) =
span(Gg), the commutator subalgebra S'(lg19) = span(Gs,Gg), the cen-
tralizer span(Ga, Gs, G4, G5, Gs) and the preimage 7~ 1(Z(Is 10/Z(ls.10)) =
span(Gs, G4, G5, Gs) of the centre of the factor Lie algebra l510/Z(lg10) in
ls,10-

A framing determined by ideals does not exist for the metric Lie alge-
bra belonging to [§ 19, € € {—1,1}, because the characteristic ideals of I§ ;o
are the centre Z(I§ 19) = span(Gj), the commutator subalgebra S*(I5 19) =
span(Gy, Gs, Gg), the centralizer C(S*(I§ 1)) = span(Gz, G4, G5, G).

The characteristic ideals of [§ 5;, € € {—1,1} are the centre Z(I§5;) =
span(Gg), the commutator subalgebra S'(I§ 5,) = span(Gs, G4, G5, Gg), the
second member of the lower cental series S?([§ 5, ) = span(Gy, G5, Gg). Hence
the metric Lie algebra corresponding to [G 51, € € {—1,1} does not allow a
framing determined by ideals.

The metric Lie algebra belonging to [5 54, € € {—1,0,1} does not have
a framing determined by ideals, because the characteristic ideals of [§ o4 are
the centre Z([§ 54) = span(Gs, Gg), the commutator subalgebra S'(I§ o,)
span(G3, Gs, Gg), the centralizer C(S'(I§ 54)) = span(Gs, G4, G5, G).

Ol

4. Isometry classes of metric Lie algebras
Firstly, we consider the 6-dimensional Lie algebras [ 11 and s 2.

Definition 4.1. Let {E1, Es, E3, E4, E5, Eg} be an orthonormal basis in the

Euclidean vector space ES. We denote by ng 11(v, 8;), i, Bj € Ryi = 1, .., 4,

j =1,...,6 with o; # 0 the metric Lie algebra defined on E® given by the

non-vanishing commutators

[E1, Eo] = a1 By + B1Es + BaEs, [E1, Ey] = azsEs + B5Fg, [E2, B3] = BsEs,

[E1, B3] = B3Es + 4Es, [E1, E5] = asEg, (B2, E4] = a4 Es.
(4.1)

Let n6712(04i,,8j)704,',6j e Ri=1,...,4,7 = 1,...,5 with o; # 0 be the
metric Lie algebra defined on E® given by the non-vanishing commutators

[E1, Bs] = an By + p1Es + B2 Eg, [E1, 4] = aolls 4 B5E¢, [Bo, B3] = auFg,
[E1, B3] = B3E5 + 4L, [E1, Bs] = azFs. (4.2)

The bracket operations (4.1) and (4.2) satisfy the Jacobi identity.
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Theorem 4.2. Let (.,.) be an inner product on the 6-dimensional Lie algebra
lg,11, respectively lg 12.

1. There is a unique metric Lie algebra (ng11(cy, 5;5), (.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (Is 11, (., .)) with a;; > 0,
i=1,...,4, and such that one of the following cases is satisfied

1. at least two of the elements of the set {B1, B3, Ba, Bs, Be} are positive
with exceptions of the pairs {81, B85} and {Bs, Bs},

2.81>00r B >0, 83=04=06 =0,

3.85>00rfBs >0, 01=p51=0=0,

4. 84>0, 81 =03=05=06=0,

5. 81 =03=p1=P5=0=0.

There is a unique metric Lie algebra (ng12(a, B5), (.,.)) which is iso-

metrically isomorphic to the metric Lie algebra (I 12, (.,.)) with a; > 0,

i = 1,...,4 and such that one of the above cases 1. — 5. holds with

Be = 0.

2. The group OA(ng 11(cv, B;)) of orthogonal automorphisms of the metric
Lie algebra (ng,11(cv, B5), (.,.)) is the group:
(a) in case 1. the group OA(ng11(a, B5)) is trivial,
(b) in case 2. one has OA(ng11(v, B5)) ={TE; = E;,i=1,2,4,5,6,
TEg = €E3, g = :l:].} ~ ZQ,
(c) in case 3. one has OA(ng11(v, B;)) = {TEs = E2,TE5 = Es,
TEZ‘ = EEZ‘,’L' = 1,3,476, g = :|:1} ~ ZQ,
(d) in case 4. one has OA(ng11(cv, Bj)) = {TE2 = E3,TE3 = Es,
TE5 = E57TE1' = é‘Ei,Z' = 1,4,6, g = :|:1} ~ ZQ,
(e) in case 5. one has OA(ng 11(ev, Bj)) = {TE> = Es, TEs = Ej,
TEl = €1Ei,’i = 1,4,6,TE3 = €3E3, €1,€3 = :tl} ~ ZQ X ZQ.

3. The group OA(ng 12(cvi, B;)) of orthogonal automorphisms of the metric
Lie algebra (ng12(a4, B5), (., .)) is the group:
(a) in case 1. the group OA(ng12(, 55)) is trivial,
(b) in case 2. one has OA(ng 12(, B;)) = {TE1 = E1,TE3 =T,
TE; = eE;,i=2,4,5,6, ¢ = £1} ~ Zs,
(c) in case 3. one has OA(ng 12(cv, B5)) = {TE2 = Es, TEs = E5,
TEl = €Ei,i = 1,3,4,6, g = :l:l} ~ ZQ,
(d) in case 4. one has OA(ng 12(cv, B5)) = {TEs = E4,TEs = Eg,
TE;, =By i=1,2,35, ¢==+1} ~Zs,
(e) in case 5. one has OA(ng12(ov, 85)) = {TE; =e1E;,i =1,3,TE;
=¢e9FE;,j=2,5,TE, = e162Ey,k = 4,6, €1,60 = £1} ~ Zy X Zs.

Proof. According to Proposition [3.1] we apply the Gram-Schmidt process to
the ordered basis {Gs, G5, G4, G3,G2,G1} and we obtain an orthonormal
basis {Fl,F27F3,F4,F5,F6} of [6,11 and [6,12 such that the vector Fi is a
positive multiple of G; modulo the subspace span (G;;j > ¢) and orthogonal
to span (Gj;j > 1). Hence the orthogonal direct sum RF; & --- @ RFp is
a framing of (ls 11, (.,.)) and (lg 12, (.,.)). Expressing the vectors of the new
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basis in the form F; = Zgzz a;,Gi with a;; > 0 we receive for (lg 11, (.,.))
and ([6,127 <., >)

[F1, F2] = a1 Fy + B1Fs + (2 F, [F1, Fy] = aaFs + P5Fg, (4.3)
[F1, F3] = B3F5 + B4 Fs, [F1, F5] = a3 Fg,
and for ([6,11; <., >)
[F, F3] = B Fs, [F2, Fy] = aq Fs, (4.4)
fOI‘ ([6,127 <., >)

[F, F3] = a4 I, (4.5)
withoy; > 0,7=1,...,4,and B; € R, j =1,...,6. Changing the orthonormal
basis: F1 = —Fl,FQ = FQ,Fg = —F37F4 = —F4,F5 = F5,F6 = —F6 we
obtain for ([6,117 <., >) and ([6,1Qa <., >)

[FDFQ] 2041154—51F5+52FG, [Flaﬁ4] :azﬁs) _ﬁ5ﬁ67
[Fy, F3] = B3 F5 — BaF, [Fy, F5] = asFp,
and for ([6711; <., >)
[ﬁ27ﬁ3]:B6F67 [FQ,F4]:Q4F6,
fOI‘ ([6,127 <., >)

[Fy, F5] = o Fg.

Similarly, for (lg11,(.,.)) the change of the basis: Fi=—F.,F=F,F =
F3,F14 = 7F4,F‘5 = F5,F6 = 7F6 yields
[Fy, Fb] = a1 Fy — B1Fs + BoFs,  [F1, Fy] = aoFs — BsFs,  [F1, F5] = a3k,
[Fy, B3] = —B3 55 + BaF, [Fy, B3] = —Bs Fs, [Fy, Fi] = s Fg,
and for (lg,12, (., .)) the change of the basis: Fi=F,F=—F), F = F3, F, =
7F4,F‘5 = 7F5,F16 = 7F6 giVGS
[Fy, Fb] = a1 Fy + B Fs + BoFs,  [F1, Fy] = aoFs + BsFs,  [F1, F5] = a3k,
[Fy, F5] = —B3F5 — BaFp, [Fy, F3] = aFg.
Hence there is an orthonormal basis such that in commutators (4.3)) and (4.4])
as well as (4.3) and (4.5) we have a; > 0,4 = 1,...,4 and one of the cases
1. — 5. in assertion 1. is satisfied. This proves the existence of the metric Lie
algebras (lg,11, (.,.)) and (Is12, (., .)) having properties as in assertion 1.

Let the linear map 7 : ng x(as, B;) — nex(aj, B;), k = 11,12, be an
isometric isomorphism. The decomposition R 1 BR Es®R E3s®R E4,BR E5®
R Es is a framing of both Lie algebras, where a;,a > 0, ¢ =1,...,4. Hence

by Lemma [2.3| we have a; = aj, i = 1,...,4 and |B§| =pgjforj=1,...,6.
Let be T(E;) = €;E;, ¢, = £1, 1 =1,...,6. Using the commutation relations
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(4.3), (4.4) and (4.5) we obtain from [TE;, TE;|' =T[E;, Ej], i,j =1,...,6,
for (Is,11,(.,.)) and (ls 12, (.,.)) the equations

e162 (1 By + B1Es + ByEg) = are4Ey + BresEs + Boce Es,
e1e3 (B5Es + ByEg) = BsesEs + PaceEs, €165 (a3Eg) = aseeEs,  (4.6)
14 (a2 E5 + BLEg) = anes Es + B5e6Es,

and for (Ig 11, (.,.)) the equations

e2e3 (BsEs) = BecoEe, €264 (aaEg) = aueeE, (4.7)
and for (Ig12, (.,.)) the equation
E9€E3 (a4E6) = a486E6. (48)

From and it follows €160 = €4, €164 = €5, €165 = €964 = €¢.
Then one has €3 = €5 = 1, €1 = g4 = €4. Using these relations we have
€169 = €g. Therefore one has 85 = 3.

If fp = B > 0or Bs = BL > 0, then we get additionally €169 = €5 or
€164 = €¢, which yields that ¢;, = 1,1 =1,2,4,5,6.

If Bs = B4 > 0 or Bg = B > 0, then we have additionally e1e3 = ¢5 or
e9e3 = €¢. Hence one has eg = e5 =1 and €1 = g3 = 4 = &5.

If B4 = B} > 0, then we get €163 = &g, which gives that e; = e3 =5 = 1 and
€1 = &4 = €g-

Using these relations in assertion 1. of the Theorem

in case 1. we obtaine; = 1,i =1,...,6,

in case 2. we have ¢; = 1,i=1,2,4,5,6,

in case 3. we get e = ¢5 =1 and €; = €3 = g4 = €,

in case 4. we have e =e3 =5 =1 and &1 = €4 = &g,

in case 5. we obtain e = e¢5 =1 and ¢; = ¢4 = €¢.

From and it follows €160 = €4, €164 = €5, €165 = 263 = £.
Then one has €1 = €3, €5 = €5, €169 = €4 = €. Using this we have €165 = €
and hence one has g5 = f35.

If 1 = B4 > 0or B = B > 0, then we get additionally 160 = &5 or
€164 = €g, hence in both cases we obtain 61 =e3 =1 and €5 = ¢4 = €5 = €.
If B3 = 5% > 0, then we have in addition €163 = £5, which gives 9 = €5 = 1,
€1 = €3 = &4 = €g-

If B4 = ) > 0, then we get additionally 165 = &g, which yields €4 = g = 1,
€1 = &9 = E3 = &5.

Applying these relations in assertion 1. of the Theorem

in case 1. we obtain ¢; =1, =1,...,6,

in case 2. we get €1 =e3 =1 and €3 = ¢4 = €5 = €,

in case 3. we obtain e5 =e5 =1 and €1 = g3 = g4 = &g,

in case 4. we have ¢4 = eg =1 and 1 = g3 = €3 = €5,

in case 5. we get €1 = €3, €0 = €5 and €169 = €4 = €g.

Hence the system of equations (4.6)) and (4.7)) as well as (4.6 and (4.8])

are satisfied with 5; =B, =1,...,6,1in cases 1. — 5. of the Theorem. This
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proves the uniqueness of the Lie algebras ng11(c, 5;) and ng12(a;, 5;) in
cases 1. — 5. This yields assertion 1.

If the map T(F;) = ¢;E;, &, = +1, ¢ = 1,...,6, is an orthogonal
automorphism of ng 11(a, 5;), respectively ng12(ay, 8;) then the system of
equations given by and , respectively and is satisfied
with a; > 0,7 = 1,...,4,6} = 85,7 = 1,...,6. Therefore the conditions for
€i,t = 1,...,6, are the same as above. Taking this into account the group
of orthogonal automorphisms of ng 11(c, ;) and ng12(, B;) in case 1. is
trivial, in cases 2. — 5. is isomorphic to the group given by [2Y] - and [37] -
This proves assertions [2] and [3] O

Corollary 4.3. Let (g (i, 55), (., ), k = 11,12, be the connected and simply
connected Riemannian nilmanifold corresponding to the metric Lie algebra
(ne,k (s, B), (., .)), k = 11,12. The isometry group of (Ne 11(a, B;), (.,.)) is
I(Re,11(as, B5)) =

Ly x Lo x Ng 11(a, 55) if Bj=0,7=1,3,4,5,6,

Za X Ng 11(0v, ) if B1>0o0r Bs > 0,083 =84 =6 =0,
or B3 >0or s> 0,01 =p4=05=0,
or B4>0,8; =0,5=1,3,5,6,

Re.11(0, B5) if B1> 0,83 >0, or B1 >0,84 >0,
07“/61>0756>0, 07“/63>0754>0,
0Tﬂ3>0,ﬁ5>0, 0Tﬂ4>0,ﬁ5>0,
O’I’,@4>O,B6>O, OT’,@5>O,B6>O.

The isometry group of (Re 12(ay, B5), (-, .)) is Z(Ng.12(0a, B5)) =

Ly X Lo X Vg a2(i, By) if Br=P3=P1=p5=0,

Zg % Vg 12( v, B) if B1>0o0r 35>0,83 =4 =0,
or B3> 0,08, = B4=p5 =0,
or 34> 0,61 = B3 =5 =0,

Vg 12(cv, B5) if B1>0,83>0, or 81 >0,84 >0,
or ,83>0,ﬁ4 >0, or ,83>0,ﬁ5 >0,
or B4 > 0,065 > 0.

Secondly, we consider the 6-dimensional Lie algebra [g 13.

Definition 4.4. Let {F1, E2, E5, E4, E5, Eg} be an orthonormal basis in the
Euclidean vector space ES. Denote by ng 13(cv, 3j), i, B; € Ryi = 1,...,4,
j =1,...,7 with a; # 0 the metric Lie algebra defined on E° given by the
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non-vanishing commutators

[Eq, Bs) = 1By + B2E5 + B3Eg, [E1, Es] = azzg Ey + BaEs + Bs B,
[Er, B4] = an E5 + BeEs, [E4, E5] = asEg, (4.9)
[E3, E»] = asEs + 7 Es, (B4, o] = ayEs.

The bracket operation (4.9) satisfies the Jacobi identity.

Theorem 4.5. Let (.,.) be an inner product on the 6-dimensional Lie algebra
lg,13-

1. There is a unique metric Lie algebra (ng13(cy, 5;), (.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (I 13, (., .)) with a;; > 0,
i=1,...,4 and such that one of the following cases is satisfied

1. at least two of the elements of the set {1, B2, B3, B4, Be, B7} are posi-
tive with exceptions of the pairs {B1, Bz}, {Ba, Be}, {Ba, Br}, {586, Br},

2.81>00r B3>0, 82=04=06=pBr=0,

3.82>0,81=p03=04=p6=07=0,

4. ﬁ4>0 07”66>0 0Tﬂ7>0, ﬁ1=62:ﬁ3:0,

5.1 =P2=03=P1=0s=pr=0.

2. The group OA(ng 13(cv, B;)) of orthogonal automorphisms of the metric
Lie algebra (ng13(as, B5), (., .)) is the group:
(a) in case 1. the group OA(ng13(a, B5)) is trivial,
(b) in case 2. one has OA(ng 13(, Bj)) = {TE2 = Ey, TE3 = Ej,
TE5 = E57TEi = EEi,i = 174,6, g = il} ~ ZQ,
(c) in case 3. one has OA(ng 13(cv, Bj)) = {TE2 = Es, TE, = E4,
TE6 = E67TEZ' = €Ei7’L' = 1,3,5, g = :l:l} ~ ZQ,
(d) in case 4. one has OA(ng13(v, B;)) = {TE1 = E1,TE; = Ey,
TE; =cB;,i=34,56,¢c=+1} ~ Z,
(e) in case 5. one has OA(ng13(v, B5)) = {TE2 = E3,TE, =1 Ey,
TE;, = €3Ei,i = 3,5,TEj = E1E3Ej,j = 4,67 £1,83 = :|:1} ~
ZQ X ZQ.

Proof. According to Proposition we utilize the Gram-Schmidt process to
the ordered basis {Gs, G5, G4, G5, G2, G1} which yields an orthonormal basis
{F1, Fy, F3, Fy, F5, Fs} of [ 13 such that the vector F; is a positive multiple
of G; modulo the subspace span (G;;j > i) and orthogonal to span (G;;j >
i). The orthogonal direct sum RF; & --- @ RFg is a framing of (Ig 13, (.,.))-
Expressing the vectors of the new basis in the form F; = Zzzi ;G with
ai; > 0 we get

Q203

[F1, Fo]l = B1Fy + BoFs + BsFs,  [F1, F3] = ” Fy + BaFs + B5F,

[F1, Fy] = o F5 + Be Fs, [F1, F5] = a2 F, (4.10)
[F3, F3] = asFs + fBrFg, [Fu, o) = au Fg
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witho; >0,¢=1,...,4and 3; € R, j =1,...,7. Changing the orthonormal
basis: F1 = 7F1,F2 = FQ,Fg = 7F3,F4 = F4,F5 = 7F5,F6 = F6 we obtain

-~ ~ ~ ~ -~ o2 ~ ~ ~
[F1, Fy) = =1 Fy + BoFs — B3Fs, [F1,F3] = ;43F4 — BaFs + P5Fs,
[F1, Fy] = a1 Fs — BeF, [Fy, F5) = axFg,

[F3, Fy] = asFs — BrFs, [Fy, ] = auFs.
Similafly, the change of the basis: F} = Fl,ﬁ’g = Fg,ﬁ’g = —F37}*:'4 =

7F4,F5 = 7F5,F6 = 7F6 giVGS

~ o~ ~ ~ ~ ~ o~ ot ~ ~ ~
[F1, Fy] = —B1Fy — BoF5 — BsFs,  [F1, F3] = ; 2 Fy + BaFs + Bs Fs,
4
[Py, Fy] = a1 F5 + Bs Fs, [Py, Fs5) = as Fg,
[Fy, Fy] = asF5 + B, [Fy, F5] = aFg.
Hence there is an orthonormal basis such that in commutators (4.10]) we have
a; > 0,7=1,...,4 and one of the cases in assertion 1. is satisfied. This proves

the existence of ng 13(cv;, 8;) with the properties in assertion 1.

Let the linear map T : ngi3(ay, 3;) — nﬁ’lg(a;,ﬂé) be an isometric
isomorphism. The decomposition RE; PRE; PREsGRE; PR FE5; &R Fg
is a framing of both Lie algebras, where o;, o) > 0,7 =1,...,4. According to
Lemmawe have a; = o}, i =1,...,4 and |ﬁ;| =p;,5=1,...,7. Let be
T(E;) =¢;B;, e, =+1,i=1,...,6. Using the commutation relations (4.10)
we obtain from [T'E;, TE;]' = T|E;,E;], i,j = 1,...,6, the equations

162 (B1Es + BoEs + B3E6) = reaEy + faes Es + B3e6Es,
Qo3

asa
€1€3 ( ; SEy+ ByEs + /BéE6> = e4Ey + PaesEs + Bse6Fs,  (4.11)
4 4

e1e4 (1 E5 + BgEs) = anes Es + BeccEs, €165 (a2 Eg) = asegEe,
eses (a3E5 + BLEg) = ases Es + BrecEs,  €ae2 (aaEs) = auegEg.

From it follows €163 = €4, €164 = €369 = €5, £165 = €469 = €¢. Hence
one has g5 = 1, 63 = €5, €163 = €4 = €g. Using these relations we have
e1e3 = g¢. Therefore one has 5 = fs.

If 1 = B1 > 0 or B3 = B4 > 0, then we have additionally €165 = €4 or
€169 = €g. Hence one has e9 =3 = e¢5 =1 and €1 = ¢4 = &5.

If B2 = B4 > 0, then we get in addition 165 = €5, which gives ey = g4 =
86:1, €1 = €3 = €5.

If Bs = By > 0o0r Bg = B > 0 or 87 = B4 > 0, then we get additionally
£1€3 = €5 O €164 = €¢ Or €369 = €¢. Hence in these cases we obtain e, =
eo=1and e3 =4 = €5 = €.

Using these relations in assertion 1. of the Theorem

incase 1. we get e, =1,7=1,...,6,

in case 2. we obtain e5 = e3 =5 =1 and g1 = &4 = &g,

in case 3. we have e = ¢4 = e =1 and &1 = €3 = €5,

in case 4. we obtain €1 = €9 =1 and €3 = g4 = €5 = &g,
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in case 5. we get 5 = 1, 63 = €5 and €163 = £4 = &g.

Hence the system of equations is satisfied with B; =85,i=1,...,7
in cases 1. — 5. of the Theorem. Therefore the uniqueness of the Lie algebra
ng,13(, B;) in cases 1. — 5. is proved. This yields assertion 1.

If the map T(F;) = ¢;F;, ¢; = £1, ¢ = 1,...,6, is an orthogonal au-
tomorphism of ng 13(cv, 8;), then the system of equations given by is
satisfied with a; > 0,7 = 1,...,4, B;- = f3j,7 = 1,...,7. Therefore in cases
1. — 5. the conditions for €;,7 = 1,...,6, are given above. Taking this into
consideration the group of orthogonal automorphisms of ng 13(ay, §;) in case
1. is trivial, in cases 2. — 5. is isomorphic to the group given by [2b]- Rel This
proves assertion [2] O

Corollary 4.6. Let (Ng 13(w, 55), (.,.)) be the connected and simply connected
Riemannian nilmanifold belonging to (ng 13(c, 55), (., ). The group of isome-
tries of (Ne,13(, 55), (-, .)) is Z(Ne 13(as, B5))
Zo X Ly % Vg 13(, B5) if B; =0,7=1,2,3,4,6,7,
Zs % Rg 13(, B5) if 1 >0o0r B3>0,6; =0, =2,4,6,7,
or 2 >0,68;,=0,7=1,3,4,6,7,
or By >0 o0r Bg >0 or By >0 and
B1=P2=pP5=0,
N6 13(s, B5) if 1 >0,82>0, or 1 >0,5 >0,
or By >0,8s >0, or 1 > 0,87 >0,
or fo > 0,83 >0, or B2 > 0,54 >0,
or B2 > 0,86 >0, or B2 >0,87 >0,
or B3 > 0,84 >0, or f3>0,5s >0,
or B3 > 0,87 > 0.

We treat the 6-dimensional Lie algebra [gj%.

Definition 4.7. Let {E1, Es, E3, E4, E5, Eg} be an orthonormal basis in the
Euclidean vector space E®. Denote by n§T9 (o, 5;), a4, 3; € R,i =1,2,3,j =
1,...,5 with a; # 0 the metric Lie algebra defined on ES given by the non-
vanishing commutators

[Es, 1] = a1 Ey + 1 Es + B2 Es, [Eq, B3] = B3Es + B4Fs, (4.12)
[Eq, E4] = asFEg, [Ea, E3] = agEs5 + (5 Eg.

The bracket operation (4.12)) satisfies the Jacobi identity.

Theorem 4.8. Let (.,.) be an inner product on the 6-dimensional Lie algebra
=
1. There is a unique metric Lie algebra (ng79(cv, B;), (.,.)) which is iso-
metrically isomorphic to the metric Lie algebra ([gjg, (.,.)) with o; > 0,
1 =1,2,3, and such that one of the following cases is satisfied
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1. at least three of the elements of the set {1, B2, B3, B4, Bs} are posi-
tive with exceptions of the triples {1, B2, Bs} and {Bs, B, Bs},

2. at least two of the elements of the set {51, P2, Bs} are positive and
B3 =ps=0,

3. at least two of the elements of the set {Bs, B4, B5} are positive and

Bl = ﬂZ = 07

-B1>0,83>0, fa=84=05=0,

-B1>0,84>0, B2 =83=05=0,

- B2>0,83>0, 1 =31=p5=0,

'52>0} B4>O; 51:53:65:07

8.6:>0,8=07=2,3,45 9.8>0,8=0,35=1,3,4,5,

10. B3>0, 8; =0, j=1,2,4,5, 11. 8, >0, 3; =0, j =1,2,3,5,

12. B5 > 0, ﬁj =0,5=1,2,3,4, 13. ﬁj =0,5=1,2,3,4,5.

R RSN

. The group OA(ng’ =9(a, B5)) of orthogonal automorphisms of the metric

Lie algebra (ng39(as, B5), (., .)) is the group:

(a) in case 1. the group OA(nGTY (v, B;)) is trivial,

(b) in case 2. one has OAMETY(as, B;)) = {TE1 = E1,TE3 = Es,
TE; =¢FE;,i = 2,4,5,6, 5—:|:1} Zo,

(c) in case 3. one has OAMTY (i, B;)) = {TEs = E3, TE, = Ey,
TE, =cE;,i=1,2,5,6,c = +1} ~ Zs,

(d) in case 4. one has OAMETY(as, B;)) = {TEy = E4, TE5 = Es,
TE1 = EEi,i = 1,2,3,6, g = :l:].} ~ Zg,

(e) in case 5. one has OAMTY (i, B;)) = {TE2 = Es, TEs = E,
TE; =¢cE;,1 =1,3,4,5, e = £1} ~ Z,

(f) in case 6. one has OA(nGT9(u, B;)) = {TEy = E1,TE; = E,
TE4 —E4,TE6 Eg,TE —€E1,’i:3,5, €::|:1}ZZQ,

() in case 7. one has OAnGT9 (v, B;)) = {TEy = E1,TE5 = Ej,
TE; =¢ckb;,i=2,3,4,6, 8—:&1}*ZQ,

(h) in case 8. one has (’).A(n6 (i, B;) ={TE; = e1E;,i = 1,3,
TEJ = EQEJ,] = 276 TEk = €1€2Ek,k = 4,57 £1,€2 = :l:l} ~
ZQ X ZQ,

(i) in case 9. one has OAWGTY (v, B;)) = {TEy = E1,TE; = &3 F;,
1= 2 4 6, TE3 = 53E3,TE5 = 5253E5, €9,E3 = :|:1} ~ 7o X ZQ,

(j) in case 10. one has OAMETY (i, B;)) = {TEsy = E4, TE; = 1 E;,
1= ]. 2 6, TEs = 53E3,TE5 = €1€3E5, €1,€3 = :|:1} ~ 7o X ZQ,

(k) in case 11. one has OAm§TY(as, B;)) = {TE; = e1E; i = 1,5,
TE; = e3E;,j = 2,6,TE, = 162E;,k = 3,4, €1,60 = £1} ~
ZQ X Zz,

(1) in case 12. one has OA(nG79(c, B;)) = {TE3 = E3,TE, = 1 F\,
TE = €2EZ,Z = 2 5 6 TE4 = €1€2E4, €1,E2 = :tl} ~ ZQ X ZQ,

(m) in case 13. one has OAm§T8(as, B5)) = {TE\ = e1Ey,TE; =
€2E17'L = 2,6,TE3 = 53E37TE4 = €1€2E4,TE5 = €2€3E5, £1,€2,
€3=:|:1}2Z2 XZQ ><Z2.
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Proof. According to Proposition the application of the Gram-Schmidt
process to the ordered basis {Gg, G5, G4, G3,G2,G1} yields an orthonormal
basis {Fi, Fa, F5, Fy, F5, Fg} of [gjg such that the vector Fj is a positive
multiple of G; modulo the subspace span (G;;j > i) and orthogonal to span
(Gj;j > 1). The orthogonal direct sum RFy & --- @ RF; is a framing of
(1539, (-,.)) and the vectors of the new basis can be written into the form

F; = Zi:z’ a;1: G, with a;; > 0. Hence we receive
[Fa, Fi] = oy Fy + B1F5 + PoFs, [F1, 3] = B3F5 + B4k, (4.13)
[F1, Fy] = ap Fg, [Fy, F3] = asFs + PBs5Fg

with o; > 0,7 = 1,2,3 and 8; € R, j = 1,...,5. The changes of the or-
thonormal basis:

Fl = —Fl,ﬁz = FQ,F3 = F3,F4 = —F4,F5 = F5,F6 = FG, respectively

F1 = —Fl,lfg = F27F3~: —F3,Fj4 = _F4LF5 = _F5LF6 = Fﬁ, respectively

Fy=—-F,Fy=—Fy F3=F3 F,=F,, F5 = —F5, Fg = —Fg give

[Py, Fi] = a1 Fy — B F5 — o I, [Py, F3) = —B3F5 — BaF,

[Fy, Fy] = as Fg, [Fy, Fs] = asFs + Bs Fg,
respectively

[Py, Fi] = a1 Fy + B F5 — o I, [Py, F3) = —B3F5 + B4 F,

[Fy, Fy] = asFg, [Py, F3) = asF5 — B5 5,
respectively

[Py, Fi] = a1 Fy — B F5 — B2 I, [F1, F3] = B3Fs + BaF,

[Fy, Fy] = oz Fg, [Fy, Fy] = asFs + 5 F.

Hence there is an orthonormal basis such that in commutators one has
a; > 0,1=1,2,3, and one of the cases in assertion 1. holds. This proves the
existence of ngjg(ai, B;) having properties as in assertion 1.

Let the linear map T : n§39(v, 8;) — n§39(v, 8;) be an isometric
isomorphism. The decomposition RE; PRE; PREsGRE; R FE; &R Fg
is a framing of both Lie algebras, where a;,of > 0, i = 1,2,3. Hence by
Lemmawe have o; = o, i = 1,2,3 and |8} = B;, j = 1,...,5. Let be
T(E;) =¢;E;, e, ==x1,i=1,...,6. Using the commutation relations (4.13)
we obtain from [T'E;, TE;]' = T|E;, E;], i,j = 1,...,6, the equations

e2¢1 (a1 Ey + B1E5 + By Fg) = anesBy + P15 E5 + PaegFe,
e1e3 (B5E5 + ByEe) = BsesEs + BaccEs, €164 (aaFEg) = anegFg,  (4.14)
E9€E3 (a3E5 + BgEg) = azesEs + BseeEs.

It follows ege1 = €4, €164 = €¢, €263 = €5. Hence one has g5 = 4.

If By = By > 0, then we get additionally 91 = &5, which yields &1 = e3,
€9 = € and €4 = €5.

If B2 = B4 > 0, then we have additionally ese; = g, which gives 1 = 1 and
Eg = &4 = Eg.
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If B3 = B4 > 0, then one has in addition £1e3 = &5, which yields ¢4 = 1 and
€1 = €9 = &g.

If B4 = B} > 0, then we get additionally 165 = €. Hence one has 1 = ¢5,
€9 = €g, €3 = 4.

If 85 = B > 0, then we have additionally ese5 = €6, which gives e5 = 1 and
€9 = €5 = €.

Applying these relations in assertion 1. of the Theorem

in case 1. we obtaine; = 1,i =1,...,6,

in case 2. we get €1 =e3 =1 and €3 = ¢4 = €5 = €,

in case 3. we have e3 = ¢4 =1 and g1 = &5 = €5 = &g,

in case 4. we get €4 = ¢5 =1 and €; = g9 = €3 = &g,

in case 5. we obtain e5 =g =1 and €1 = g3 = &4 = €5,

in case 6. we have 61 = ey = ¢4 = ¢ = 1 and 3 = €5,

in case 7. we receive €1 = e5 = 1 and e5 = €3 = €4 = &g,

in case 8. we get €1 = €3, €2 = €6 and €169 = £4 = €5,

in case 9. we have e1 = 1 and g3 = ¢4 = €¢, €263 = €5,

in case 10. we obtain £4 = 1 and &1 = 9 = &g, €263 = €163 = €5,

in case 11. we have €1 = €5, €9 = €6 and €169 = €3 = &4,

in case 12. we get €3 =1 and €3 = €5 = €, €162 = €4,

in case 13. we obtain ey = €4, €169 = €4, €263 = €5.

Hence the system of equations (4.14) is satisfied with 5; =05,j=1,...,5in
cases 1. — 13. of the Theorem, which proves the uniqueness of the Lie algebra
n576(ay, B;) in assertion 1.

If the map T'(F;) = ¢;F;, ¢; = £1, ¢ = 1,...,6, is an orthogonal au-
tomorphism of néjg(ai, B;), then the system of equations given by
is satisfied with a; > 0,7 = 1,2, 3, B; = B4,7 = 1,...,5. Therefore in cases
1.—13. we obtain the above conditions for ¢;,7 = 1,...,6. Hence the group of
orthogonal automorphisms of ngjg(ai, B;) in case 1. is trivial, in cases 2. —13.
is isomorphic to the group given by 2] - which proves assertion[2] O

Corollary 4.9. Let (R539(as, 35), (.,.)) be the connected and simply connected
Riemannian nilmanifold corresponding to (ngjg (i, B), (s ). The isometry
group of (R§39(ev, B;), (-, -)) is Z(R§9 (v, Bj)) =

Zig X Lo X Ly X éjg(al’ﬁi) if Bj=0,5=1,2,3,4,5,

ZQXZQIXN%jg(ai,Bj) if B1>0,68;=0,7=2,3,4,5,
or B2>0,8; =0,5=1,3,4,5,
or B3>0,8;=0,j=1,2,4,5,
or 84>0,8;=0,j=1,2,3,5,
0Tﬁ5>0,ﬁj:0,j:1,2,3,4,
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Zy x N§30 (i, B5) if B1>0,82> 0,83 =4 =0,
or 1> 0,85 > 0,03 = B4 =0,
or B2 > 0,05 > 0,03 = B4 =0,
or B3 >0,8,> 0,8 =2 =0,
or B3>0,085 > 0,81 = 2 =0,
or B4 > 0,85 > 0,61 = B2 =0,
or 1> 0,03 > 0,082 = B4 =55 =0,
or 1> 0,04 > 0,02 = B3 =55 =0,
or B2 > 0,083 >0,81 = fs=05=0,
or B2 > 0,84 > 0,8 =3 =05 =0,
NET9 (v, B;) if B1>0,82>0,83 >0,
07“,61>0752>0,64>0,
0Tﬁ1>0,53>0,ﬁ4>0,
or $1 >0,83 >0,85 >0,
or 1 >0,84>0,85 >0,
0Tﬂ2>07ﬁ3>0,64>0,
0Tﬂ2>0,63>0,ﬁ5>0,
O’I”,@2>O,ﬁ4>0,ﬂ5>0.

We consider the 6-dimensional Lie algebra [g 20.

Definition 4.10. Let {E}, Es, F3, E4, E5, Eg} be an orthonormal basis in the
Euclidean vector space ES. Denote by ng20(cvi, 35), i, 85 € Ryi = 1,...,4,
j =1,...,5 with o; # 0 the metric Lie algebra defined on E® given by the
non-vanishing commutators

[E1, Es] = o Ey + p1Es + BoEs,  [Er, Es| = BaEs, [E2, E3) = B5Fs,

[E1, B3] = aoEs5 + 3 Eg, [E1, E5) = asEg, [Ea, E4] = auEg.
(4.15)

The bracket operation (4.15|) satisfies the Jacobi identity.

Theorem 4.11. Let (.,.) be an inner product on the 6-dimensional Lie algebra
l6,20-

1. There is a unique metric Lie algebra (ng 20(cu, B;), (.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (Ig 20, (., .)) with a; > 0,
i=1,...,4 and such that one of the following cases is satisfied
1. at least two of the elements of the set {B1, B2, B3, Ba, B5} are positive

with exceptions of the pairs {1, B4} and {B2, Bs},
2.1 >00rB4>0, 82=p3=0;=0,
3. B2>00rfB;>0, 51 =p3=p1=0,
4. 83>0,81=0=p1=p5=0,
5 81 =P2=P3=p01=5=0.
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2. The group OA(ng 20(cv, B;)) of orthogonal automorphisms of the metric
Lie algebra (ng 20(cvi, B5), (.,.)) is the group:

(a) in case 1. the group OA(ng20(, B;)) is trivial,

(b) in case 2. one has OA(ng 20(cv, Bj)) = {TEs = E4,TE5 = E5,
TE1 = €Ei,i = 1,2,3,6, g = :l:].} ~ ZQ,

(c) in case 3. one has OA(ng 20(cvi, ;) = {TE2 = E2,TE5 = Es,
TE; =By i=1,3,4,6, ¢ = £1} ~ Zs,

(d) in case 4. one has OA(ng 20(cv, B;)) = {TE1 = E1,TE5 = Es,
TE5 = E57TE6 = EG,TEJ' = é‘Ei,Z' = 2,4, g = :l:l} ~ Zg,

(e) in cases 5. one has OA(ng 20(evi, B;)) = {TEs = E5,TE, = 1 E;,
1= 1,3,6,TE2 = 52E2,TE4 = 5152E4, €1,E2 = :|:1} ~ ZQ X ZQ.

Proof. According to Proposition [3.1] we apply the Gram-Schmidt process to
the ordered basis {Gg, G5, G4, G3, G2, G1} and obtain an orthonormal basis
{F1, Fy, F3, Fy, F5, Fs} of [ 20 such that the vector F; is a positive multiple
of G; modulo the subspace span (G;;j > i) and orthogonal to span (G;;j >
i). The orthogonal direct sum RF; & --- & RFg is a framing of (Ig,20, (., .))-

Expressing the vectors of the new basis in the form F; = Zi:i a;1 G, with
aq; > 0 we get

[F1, Fo) = anFy + B1F5 + PoFs, [Fi, Fu| = BaFs, [Fa, F3] = B5Fs,
[F1, F3] = aaF5 + (3 F5, [F1, F5] = asFs, [Fa, Fy] = auFs (4.16)

with a; > 0,7 = 1,...,4 and 3; € R, 5 = 1,...,5. The change of the
orthonormal basis: F1 = Fl,FQ = —F27F3 = F3,F4 = —F4,F5 = F5,F6 = F6
gives

[Fi, Fb) = a1 Fy — B1Fs — BoFe, [Fi1, Fi] = —BuFs, [Fo, F3] = —fsFg,
[y, Fy) = agF5 + B3 Fg, [Fi, F5] = asFs,  [Fa, Fy] = auFg.

Similarly, changing the orthonormal basis: F)=—F\,F,=F, Fy = —F;,
F4 = —F4,F5 = F5,F6 = _FG we obtain

[Fy, F5] = a1 Fy — 1 Fs + BoFs, [Py, Fy) = —B4Fs, [F, Fs] = B5F%,
[F1, F3) = agF5 — B Fs, [F1, F5] = asFg, [Py, Fy] = ayFg.

Hence there exists an orthonormal basis such that in commutators we
have a; > 0,72 =1,...,4 and one of the cases in assertion 1. is satisfied. This
proves the existence of ng 20(cv, ;) with the properties in assertion 1.

Let the linear map T : ngao(, 35) — n6,20(a§,6§) be an isometric
isomorphism. The decomposition R £y ®R E> PR E3s®R E4 PR E5s®R Eg is a
framing of both Lie algebras, where o, o > 0,4 =1,...,4. Hence by Lemma
2.3 we have a; = f, i = 1,...,4 and |B}| = B;, j = 1,...,5. Let be T(E;) =
eiF;, i = £1, ¢ = 1,...,6, then we obtain from [TE;,TE;]' = T[E;, Ej],
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i,j=1,...,6, using the commutation relations (4.16]) the equations

162 (1 Eq + B1Es + B5Es) = are4Ey + BresEs + Bace Es,
13 (a2 E5 + B5Es) = anes Es + B3e6Eg, €164 (B4 E6) = BaccEs,  (4.17)

165 (a3Fs) = azeeBs, €263 (B5Es) = Bsc6Es, €264 (uFg) = auegFg.

From it follows €169 = €4, €163 = €5, €165 = €364 = €g, which yields
65:1, €1 — €3 = €¢.-

If 1 = B; > 0 or B4 = By > 0, then we have additionally ;65 = €5 or
€164 = €6, which gives that ¢4y =e5 =1 and 1 = g3 = €3 = &4.

If B = B4 > 0 or Bs = BL > 0, then we get additionally e;69 = &6 or
e9e3 = €g. Hence one has 6o = ¢5 =1 and 61 = €3 = €4 = €¢.

If B3 = B4 > 0, then we have e1e3 = &g, which yields that e = 3 = 5 =
cg =1 and g5 = 4.

Using these relations in assertion 1. of the Theorem

in case 1. we obtaine; = 1,i =1,...,6,

in case 2. we have ¢4 =e5 =1 and g1 = g5 = €3 = &g,

in case 3. we get e5 =e5 =1 and €1 = €3 = g4 = &g,

in case 4. we obtain 61 = €3 =¢e5 =g = 1 and g9 = &4,

in case 5. we get 5 = 1, e1 = €3 = €g and €163 = &4.

Hence the system of equations is satisfied with 8} = f3;,j =1,...5 in
cases 1. — 5. of the Theorem, which proves the uniqueness of the Lie algebra
16,20 (v, B;). This shows assertion 1.

If the map T(F;) = ¢;F;, ¢ = £1, ¢ = 1,...,6, is an orthogonal au-
tomorphism of ng 20(c, 5;), then the system of equations given by is
satisfied with a; > 0,7 = 1,...,4, ,8;- = 84,5 = 1,...,6. Therefore in cases
1. — 5. the conditions for €;,7 = 1,...,6, are given above. Hence the group of
orthogonal automorphisms of ng 20(c;, ;) in case 1. is trivial, in cases 2. — 5.
is isomorphic to the group given by [2b]-[2¢|and the assertion [2]is proved. [

Corollary 4.12. Let (Ng,20(c;, 55), (., .)) be the connected and simply connected
Riemannian nilmanifold corresponding to (ng 20(cv, 8;), (,.)). The isometry
group of (Ne 20(c, B85), (-;-)) is Z(Ne 20(cvi, B)) =

Lo X Lo X N6720(ai7ﬁj) if B; =0,j=1,2,3,4,5,

Zy % N 20(vi, B) if B1>0o0r 84>0,82=03=0;=0,
or B2 >0o0r B5>0,81=f83=034=0,
or B3 >0,01=PB2=p01=035=0,

N6 20 (i, B;) if f1>0,62>0, or $1>0,83 >0,
OT,B1>O,,B5>O, OT,B2>O,,33>O,
or By > 0,84 >0, or f3>0,5, >0,
or B3 > 0,85 >0, or 4 >0,85 > 0.

We consider the 6-dimensional Lie algebra [gg‘{.
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Definition 4.13. Let {E}, FEs, FE3, E4, E5, Eg} be an orthonormal basis in the
Euclidean vector space E8. Denote by n%;?(ai,ﬁj),ai,ﬁj eR,i=1,...,4,
j =1,...,6 with o; # 0 the metric Lie algebra defined on E® given by the
non-vanishing commutators

[Er, B3] = anEs + B1Es + BoEs + B3Es,  [Ev, Es]l = a3Fs, (4.18)
[E1, B3] = apEy + B1E5 + 5 Eg, [E2, B3] = auE5 + B Eg.

The bracket operation (4.18) satisfies the Jacobi identity.

Theorem 4.14. Let (.,.) be an inner product on the 6-dimensional Lie algebra
(5321
1. There is a unique metric Lie algebra (ng38(as, 85), (.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (1§31, (., .)) with a;; > 0,
i=1,...,4 and such that one of the following cases is satisfied
1. at least two of the elements of the set {B1, B2, Ba, Bs, Be} are positive
with exceptions of the pairs {1, B5} and {B2, Bs},

2.01>00rfB5>0, B2 =ps= 06 =0,
3.82>00rfFs >0, 1 =01=p0=0,
4. 4> 0, p1 = P2 =Ps = s =0,
5. 1 =P02=P1=Pp5= P =0.

2. The group OAnG3] (v, B;)) of orthogonal automorphisms of the metric
Lie algebra (n§31 (v, B5), (.,.)) is the group:
(a) in case 1. the group OAnGZ) (v, B)) is trivial,
(b) in case 2. one has OAMG (i, B;)) = {TE1 = E1,TE;5 = Es,
TEZ' = &‘Ei,i = 2,3,4,6, g = :l:l} ~ Zg,
(c) in case 3. one has OAMS) (i, B5)) = {TEy = Ea3, TE; = Ey,
TE; =eE;,i=1,3,5,6,c = 1} ~ Zy,
(d) in case 4. one has OAMGZ (s, B;)) = {TE3 = Es, TEs = Eg,
TEZ' =& Eiﬂ: = 1,2,4,5, g = il} QZQ,
(e) in case 5. one has OAMGS) (i, B;)) = {TE; = e1E;,i =1,5,TE;
= EgEj,j = 2,4,TE]€ = €1€2Ek,k‘ = 3,6,61,52 = il} ~ ZQ X ZQ.
Proof. Invoking Proposition we apply the Gram-Schmidt process to the
ordered basis {Gg, G5, G4, G3,Go,G1} and we receive an orthonormal basis
{F1, F», F5, Fy, F5, Fg} of [2,22? such that the vector Fj is a positive multiple of
G; modulo the subspace span (G;;j > ¢) and orthogonal to span (Gj;j > i).
The orthogonal direct sum RF} & --- @& RFg is a framing of (539, (.,.)) and

the vectors of the new basis has the form F; = Zgzi a;r Gy with a;; > 0.
Using this we have
[F1, 5] = a1 F3 + 81 Fy + BoFs + B3 Fs, [F1, Fy] = asFs, (4.19)
[F1, B3] = apFy + BaF5 + (5 F6, [Fy, F3] = auF5 + B Fs
witho; >0,¢=1,...,4and 3; € R, j =1,...,6. Changing the orthonormal
basis: F1 = _Fl,FQ = FQ,Fg = —F37F4 = F47F5 = —F5,F6 = —FG we
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obtain
[F1, o] = a1 F3 — B1Fy + BoFs + B3 Fe, [Fy, Fy] = azFs,
[Fy, F3) = aoFy — BaF5 — BsFs, [Ey, F3] = auFs + Bs Fe.

Simila}rly, the change of the basis: F; = —F1,152 = —F27F3 = F37}<:'4 =
—F4,F5 = —F5,F6 = F6 giVGS

[F1, o] = ay F3 — B1Fy — BoFs + B3k, [Fy, Fy] = azFs,
[Fy, F3] = aoFy + BuFs — Bs Fs, [Fy, F3] = ayFs — BoFe.

Hence there is an orthonormal basis such that in commutators we have
a; > 0,i=1,...,4 and one of the cases in assertion 1. holds. Therefore the
existence of néﬁ?(ai, B;) with properties given by assertion 1. follows.

Let the linear map T : n§3) (v, ;) — 1§59 (o, f;) be an isometric
isomorphism. The decomposition R £y ®R Eo PR E3s®R E4 PR E5sBR Eg is a
framing of both Lie algebras, where o, o > 0,4 =1,...,4. Hence by Lemma
We have a; = o, i =1,...,4 and |B}| = B;, j = 1,...,6. Let be T(E;) =
eiF;, e, = £1, i = 1,...,6, then we obtain from [TE;,TE;]' = T[E;, Ej],
i,j =1,...,6, using the commutation relations the equations

e162 (B3 + B1Es + B5Es + B5Es) = anesEs + frea By + Paes Es + PBses e,
163 (aaEy + B1E5 + B5Es) = coea By + facs Es + Bsee E, (4.20)
e164 (a3Eg) = aseeEs, €263 (uEs + i Es) = aues Es + e Ee.

Hence we obtain €169 = €3, €163 = €4, €164 = €6,E263 = €5, which yields
€1 = €5, €9 = €4, €162 = €3 = €g. Using these relations we have €165 = &g.
Therefore one has % = fs.
If 1 = B; > 0or B5 = B5 > 0, then we have additionally ;69 = 4 or
€1€3 = €g, which yields that ey = e5 =1 and €5 = €3 = €4 = €¢.
If B = B4 > 0 or Bg = B > 0, then we get additionally e;69 = &5 or
£9e3 = €¢. Hence one has e9 = ¢4 = 1 and €1 = €3 = 5 = &5.
If 84 = B} > 0, then one has in addition €163 = €5, which gives e3 = g = 1,
€1 — &9 — &4 = &5.
Applying these relations in assertion 1. of the Theorem
in case 1. we obtaine; =1,i =1,...,6,
in case 2. we have 61 = e5 = 1 and g3 = €3 = g4 = &g,
in case 3. we receive €5 = g4 =1 and €1 = €3 = €5 = €,
in case 4. we obtain e3 =g = 1 and €1 = g5 = &4 = €5,
in case 5. we get that €1 = €5, €0 = €4, €169 = €3 = €¢.
Therefore the system of equations is satisfied with ﬁg- =p5,7=1,...,6
in cases 1. — 5. of the Theorem and the uniqueness of the metric Lie alge-
bra néﬁ? (e, B;) with properties given by assertion 1. follows. The proof of
assertion 1. is done.

If the map T(E;) = ¢;F;, ¢; = £1, i = 1,...,6, is an orthogonal auto-
morphism of n§39 (a;, 85), then the system of equations given by is sat-
isfied with o; > 0,4 =1,...,4 8} = 8, = 1,...,6. Hence for &;,i = 1,...,6,
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we have the same conditions as above. Taking this into account the group of
orthogonal automorphisms of na:z({(ai, B;) in case 1. is trivial, in cases 2. — 5.
is isomorphic to the group given by 2B} [2¢] This proves assertion [2} O

Corollary 4.15. Let (R§50(as, 85), (., ) be the connected and simply connected
Riemannian nilmanifold corresponding to (na—}({ (i, B), (s ). The isometry
group of (N§Z] (v, B;), (-, .)) is T(RGZ (as, B5)) =

ZgXZgMN%E?(ai,Bj) if B; =0,j=1,2,4,5,6,

Za X R3] (e, ) if B1>00r B5>0,8=p4=p6=0,
or B2 >0o0r B> 0,81 =pB4=p5=0,
or B4 > 0,01 = P2 =05 =B =0,

N%E?(O&uﬁj) Zf ,61>O,,82>0, or ﬂ1>0,,84>0,
or 1 >0,86 >0, or B3 > 0,84 >0,
or fa > 0,085 >0, or 54 > 0,85 >0,
07“/84>O756>0, 07“,85>0756>0.

Finally we deal with the 6-dimensional Lie algebras [ 23 and [ 25.

Definition 4.16. Let {E}, Es, E3, E4, E5, Eg} be an orthonormal basis in the
Euclidean vector space E®. We denote by ng 25(cvi, 8;), i, B; € R,i = 1,2, 3,
j = 1,2,3 with a; # 0 the metric Lie algebra defined on E® given by the
non-vanishing commutators

[E1, Es] = anEy + B1Es + B2 Eg, [E1, B3] = apEs + 33Es, [E, Ey] = azEs.

(4.21)
Denote by nﬁ,gg(ai,ﬁj),ai,ﬂj eRi=1,...,4,7 = 1,2,3 with «; # 0 the
metric Lie algebra defined on ES given by (4.21)) and by the additional com-

mutator

[EQ, Eg] = 0[4E6. (422)
The bracket operations (4.21) as well as (4.21)) and (4.22)) satisfy the Jacobi

identity.

Theorem 4.17. Let (.,.) be an inner product on the 6-dimensional Lie algebra
lg,23, Tespectively lg 25.
1. There is a unique metric Lie algebra (ne 25(cv, B;), (.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (g 25, (.,.)) with a; > 0,
1=1,2,3, such that one of the following cases is satisfied

1. at least two of the elements of the set {B1, B2, B3} are positive,
2.60>0,B2=03=0, 3.52>0,p1=p3=0,

4. 83 >0, f1=pP2=0, 5. B1=p2=p3=0.

There is a unique metric Lie algebra (ng23(a, 55), (.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (I 23, (.,.)) with a; > 0,
1=1,2,3,4, and such that one of the above cases 1. — 5. is satisfied.
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2. The group OA(ng 23(cv, B;)) of orthogonal automorphisms of the metric
Lie algebra (ng 23(cvi, B5), (.,.)) is the group:
(a) in case 1. the group OA(ng 23(;, B;)) is trivial,
(b) in case 2. one has OA(ng 23(cv;, Bj)) = {TE2 = Es, TE3 = Ej,
TEg = EG,TEi = EEi,i = 1,4,5, g = :l:].} ~ ZQ,
(c) in case 3. one has OA(ng 23(cvi, B)) = {TE1 = E1,TE3 = Es,
TE5 = E57TEi = EEi7i = 274,6, g = il} >~ ZQ,
(d) in case 4. one has OA(ng 23(cv;, B5)) = {TE3 = E3,TE, = E4,
TE,L' = €Ei,i = 1,2,5,6, g = :l:l} ~ ZQ,
(e) in case 5. one has OA(ng 23(cvi, B;)) = {TEs = E3, TE, = 1 E;,
1= ].,57TEj = EQEj,j = 2,67TE4 = 6162E4, £1,82 = :l:]_} ~
Zg X Zg.

3. The group OA(ng 25(cvi, B5)) of orthogonal automorphisms of the metric
Lie algebra (ng 25(cvi, B5), (.,.)) is the group:

(a) in case 1. one has OA(ng 25(cvi, B5)) = {TE1 = E1,TE; =¢E;,i =
2,3,4,5,6, e = +1} ~ Zs.

(b) in case 2. one has OA(ngos(ay,5;)) = {TE1 = e1Ey,TE; =
EgEi,i = 2,3,6,TEj = €1€2Ej,j = 4,57 €1,E2 = :|:].} ~ ZQ X ZQ.

(c) in case 3. one has OA(ng 25(v, B5)) = {TE1 = E1,TE; = e3F;,
1= 2,4,6,TEJ‘ = E3Ej,j = 3,0, €9,63 = il} ~ T X L.

(d) in case 4. one has OA(ng2s5(ay,85)) = {TE1 = e1E1,TE; =
62E¢,i = 2,5,6,TE]‘ = €1€2Ej,j = 3,47 £1,82 = :l:l} >~ ZQ X ZQ.

(e) in case 5. one has OA(ng25(,p;)) = {TE1 = e1Ey,TE; =
EgEi,’L' = 2, 6,TE3 = €3E3,TE4 = €1€2E4,TE5 = 6163E5, £1,€2,
Egzil}EZQ XZQ XZQ.

Proof. According to Proposition [3.1] the application of the Gram-Schmidt
process to the ordered basis {Gg, G5, G4, G3,Ga,G1} yields an orthonormal
basis {Fi, Fa, F3, Fy, F5, Fg} of lg 03, respectively [g25 such that the vector
F; is a positive multiple of G; modulo the subspace span (Gj;j > i) and
orthogonal to span (G;;j > i). The orthogonal direct sum RF; & --- & RFg
is a framing of (Is 23, (., .)), respectively (g 25, (.,.)). The vectors of the new
basis have the form F; = Zgzi a;, Gy with a;; > 0. We get for the metric Lie
algebras (lg 23, (.,.)) and (Ig 25, (., -))
[F1, Fy] = a1 Fy + B1F5 + B Fe, [F1, F3] = aoFs + B3Fs, [F1, Fy] = asFe,
(4.23)
and for (lg 23, (.,.)) in addition

[Fa, F3] = au kg, (4.24)

where a; > 0,7=1,2,3,4 and 3; € R, j = 1,2,3. Changing the orthonormal
basis: F1 = —Fl,FQ = —FQ,Fg = Fg,F4 = F4,F5 = —F5,F6 = —F6 we
obtain
[Fh F2] = 041154 - ﬂ1F5 - 52F6, [Fl, FS} = a2]55 + 53156,
[F17F4]:Oé3F6, [FQ,F3]:Q4F6.
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Simila}rly, the change of the basis: F} = —F17152 = FQ,F‘g = F37}*:'4 =
7F4,F5 = 7F5,F6 = F@ ylelds
[Fy, Fy) = a1 Fy + 1 Fs — o Fg, [Fy, F3) = agF5 — B3 F,
[F‘l,ﬁzl]:&gﬁﬁ, [FQ,F3]:Q4F6.

Hence there is an orthonormal basis such that in commutators and
we have a; > 0,7 = 1,...,4 and one of the cases in assertion 1. is
satisfied. Consequently the existence of ng 23(cv;, 3;), respectively ng o5 (s, 5;5)
with the properties in assertion 1. is proved.

Let the linear map 7' : ngx(as, ;) — nex(aj, 87), k = 23,25, be an
isometric isomorphism. The decomposition R F1 SR Es®R Es®R E4BR E5®
R Eg is a framing of both Lie algebras, where a;,a > 0, ¢ = 1,...,4. Hence
by Lemmawe have a; = af, i = 1,...,4 and |3}| = B; for all j = 1,2,3.
Let be T(E;) = €;F;, ¢, = 1, 1 =1,...,6. Using the commutation relations
and we obtain from [T'E;, TE;|' = T|E;, E;], i,j =1,...,6, for
16,25, B;) and ng 23(cv, B;) the equations

e182 (1 Ey + B1E5 + ByEg) = anea By + Bres Es + BocsEs, (4.25)
163 (o Es 4 B3E) = anesEs + faecFs, €164 (3Eg) = azeg Eg,
and in addition for ng 23(0y, ;) the equation
eses (g Fg) = auegFg. (4.26)

From and for the metric Lie algebra ng 23(cv;, 8;) we receive
€169 = €4, €163 = €5, €164 = €963 = €g. Then one has €3 = 1, g1 = €5,
€9 = Eg.

If 1 = B] > 0, then we get additionally ;69 = €5, which gives g9 = €3 =
86:1, E1 = &4 = €5.

If B2 = B4 > 0, then we obtain 162 = €¢. Hence one has ¢ = e3 = g5 = 1,
E9 = €4 = Eg.

If B3 = % > 0, then we get additionally e1e5 = €4, which yields e5 = &4 = 1,
€1 = &9 = &5 = €4.

Using the conditions for 8;,j = 1,2,3 given in assertion 1. of the Theorem
incase 1. weget e, =1,7=1,...,6,

in case 2. we obtain e5 =e3 =cg =1 and g1 = &4 = €5,

in case 3. we have 61 =e3 =5 =1 and g3 = €4 = &g,

in case 4. we obtain e3 = ¢4 =1 and g1 = g3 = &5 = &g,

in case 5. we get e3 =1, 61 = €5, €2 = €g and €169 = €4.

For the metric Lie algebra ng o5(a, ;) from it follows g1e9 = &4,
€163 = €5, €164 = €¢. Then one has g5 = &g.

If 81 = By > 0, then we get additionally €165 = e5. Hence one has g9 = €3 =
g6 and g4 = 5.

If B = B4 > 0, then we get additionally 169 = &g, which gives 1 = 1,
Eg = &4 = E¢, €3 = €5.

If B3 = B4 > 0, then we get additionally €163 = £¢, which yields that e9
e5 = €¢ and €3 = &4.
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Applying these relations in assertion 1. of the Theorem
in case 1. we obtain 1 = 1,69 = 3 = 4 = €5 = &g,

in case 2. we get 9 = €3 = €4, €4 = €5 and €169 = gy,
in case 3. we have 61 =1, e = g4 = €6 and €3 = €5,

in case 4. we get 5 = €5 = €¢, €3 = €4 and €169 = &4,
in case 5. we obtain €5 = €g, €169 = €4 and €163 = €5.

Hence in both metric Lie algebras the system of equations is
satisfied with B; = f;,1=1,2,3, in cases 1. — 5. This proves the uniqueness
of the Lie algebra ng 23(a;, 5;), respectively ng 25(c, 8;) in cases 1.—5., which
gives assertion 1.

If the map T(E;) = ¢;E;, ¢; = £1, i = 1,...,6, is an orthogonal au-
tomorphism of ng 25(cv, B;), respectively ng23(a;, 5;), then the system of
equations given by (4.25)), respectively and is satisfied with
B = Bj,j = 1,2,3. Therefore in cases 1. — 5. for &;,i = 1,...,6 we have
the conditions as above. Hence the group of orthogonal automorphisms of
ng 23(cv, B), respectively ng 25(cv, 8;) in cases 1. — 5. is isomorphic to the
group given by [2a] - respectively [3al - This proves assertions [2] and
Bl O

Corollary 4.18. Let (Ng 1(cv, 55), (., .)), k = 23,25, be the connected and sim-
ply connected Riemannian nilmanifold corresponding to the metric Lie algebra
(ne,k(cvi, B5), (), k = 23,25. The isometry group of (N 23(ay,B5),(.,.)) is
Z(Rg,23(ci, B5)) =
Lo X Ly % Rg a3(0v, Bj) if B1 = P2 =P3=0,
Za X Ng 23( v, ) if b1 > 0,02 =083=0,

or B2 > 0,081 =3 =0,

or B3> 0,01 = B2 =0,
N 23 (v, ) if 1 >0,B2>0,0r 81 >0,83 >0,

or B > 0,83 > 0.

The isometry group of (R 25(aw, B5), (-, .)) is T(Ng 25(y, B5)) =

Ly X Ly X Ly % Ng 25(vi, Bj) if 1= Pa=p3=0,

Ly x Ly X Vg 25(vi, B) if f1>0,62=p3=0,
or B2 > 0,51 = B3 =0,
or B3> 0,61 = B2 =0,

Lo X N6725(Oéi,ﬂj) Zf ﬂl > O,BQ > 0,01" 51 > O,ﬂg > O7
or s > 0,53 > 0.

5. Declarations

Ethical Approval. Not applicable.
Competing interests. The authors have no conflicts of interest to declare that
are relevant to the content of this article.



26 Kornélia Ficzere and Agota Figula

Authors’ contributions. Kornélia Ficzere and Agota Figula wrote the main
manuscript text. Both authors reviewed the manuscript.

Funding. Open access funding provided by University of Debrecen. This pa-
per was supported by the National Research, Development and Innovation
Office (NKFIH) Grant No. K132951.

Availability of data and materials. Data sharing not applicable to this article
as no datasets were generated or analyzed during the current study.

References

[1] Cairns, G., Galié, A.H., Nikolayevsky, Y.: Totally geodesic subalgebras of nilpo-
tent Lie algebras. J. Lie Theory 23(4), 1023-1049 (2013)

[2] Cairns, G., Gali¢, A.H., Nikolayevsky, Y.: Totally geodesic subalgebras of fili-
form nilpotent Lie algebras. J. Lie Theory 23(4), 1051-1074 (2013)

[3] Console, S., Fino, A., Samiou, E.: The moduli space of six-dimensional two-step
nilpotent Lie algebras. Ann. Global Anal. Geom. 27(1), 17-32 (2005)

[4] Figula, A., Nagy, P.T.: Isometry classes of simply connected nilmanifolds. J.
Geom. Phys. 132, 370-381 (2018)

[5] Figula A., Abbas, S.A.: Isometry groups of six-dimensional filiform nilmani-
folds. Int. J. Group Theory, in print doi: 10.22108/1JGT.2022.131891.1767

[6] De Graaf, W.A.: Classification of 6-dimensional nilpotent Lie algebras over
fields of characteristic not 2. J. Algebra 309(2), 640-653 (2007)

[7] Homolya, S., Kowalski, O.: Simply connected two-step homogeneous nilmani-
folds of dimension 5. Note Mat. 26(1), 69-77 (2006)

[8] Kerr, M.M., Payne, T.L.: The geometry of filiform nilpotent Lie groups. Rocky
Mountain J. Math. 40(5), 1587-1610 (2010)

[9] Lauret, J.: Homogeneous nilmanifolds of dimension 3 and 4. Geom. Dedicata
68(2), 145-155 (1997)

[10] Wilson, E.N.: Isometry groups on homogeneous nilmanifolds. Geom. Dedicata

12(3), 337-346 (1982)

Kornélia Ficzere

Doctoral School of Mathematical

and Computational Sciences

University of Debrecen

P.O. Box 400

H-4002 Debrecen

Hungary

e-mail: ficzere.kornelia@science.unideb.hu

Agota Figula

Institute of Mathematics
University of Debrecen

P.O. Box 400

H-4002 Debrecen

Hungary

e-mail: figula@science.unideb.hu



	1. Introduction
	2. Preliminaries
	3. Framed metric Lie algebras of dimension 6 
	4. Isometry classes of metric Lie algebras
	5. Declarations
	References

