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topological loops
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Abstract

We prove that among the quasi-simple Lie groups only the group
SL4(R) occurs as the multiplication group of 3-dimensional connected
topological loops L. These loops L are homeomorphic to the sphere S3.
Moreover, there does not exist any connected topological loop having
an at most 8-dimensional quasi-simple Lie groups as its multiplication

group.

1. Introduction

The multiplication group Mwult(L) and the inner mapping group Inn(L) of a
loop L are important tools for research in loop theory (cf. [4]). If the group
Mult(L) is simple, then the loop L is also simple and the group Inn(L)
is a maximal subgroup of Mult(L) (cf. [2], [17]). Since the knowledge of
simple loops is fundamental for the construction of all other loops it is a
legitimate problem to investigate which simple groups can be represented as
multiplication groups of loops. If L is a finite loop of order n, then Mult(L)
is prevalently the symmetric or the alternating group of degree n. The ques-
tion, which finite simple groups are multiplication groups of finite loops, is
discussed in many papers (cf. [7], [17], [18], [22], [23]). The negative an-
swer for most of the investigated finite groups shows that there are hard
obstructions for simple groups to be the multiplication group of loops. This
observation is supported also by investigations for low-dimensional topo-
logical loops having Lie groups as the groups G topologically generated
by their left translations (cf. [19]). Their multiplication group Mult(L)
is mostly a differentiable transformation group of infinite dimension. The
condition that the group Mult(L) is a Lie group gives strong restrictions for
the isomorphism types of Mult(L) and of L. For topological proper loops
L of dimension < 2 only special nilpotent groups are the groups Mult(L) of
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L (cf. [9]). For 3-dimensional loops L the situation changes; besides nilpo-
tent groups there are many solvable Lie groups as the groups Mult(L). (cf.
[11]). In contrast to this in the present paper we show that quasi-simple Lie
groups up to one exception are not multiplication groups of 3-dimensional
topological loops. Namely, we have

Theorem 1. Let L be a 3-dimensional connected topological proper loop.
The multiplication group Mult(L) of L is a quasi-simple Lie group if and
only if L is homeomorphic to S® and Mult(L) is the Lie group SLs(R).

The group SL4(R) occurs as the multiplication group of a topological proper
loop homeomorphic to the 3-sphere since there exist 4-dimensional locally
compact proper semifields () such that the multiplicative loop of () is the
direct product of R and a compact loop (cf. [8], [14]).

For quasi-simple Lie groups of dimension < 8 we show more:

Theorem 2. There does not exist any connected topological proper loop L
having an at most 8-dimensional quasi-simple Lie group as its multiplication

group.

2. Preliminaries

A binary system (L, -) is called a loop if there exists an element e € L such
that x = e-x = x-e holds for all x € L and the equations a-y = band z-a =b
have precisely one solution, which we denote by y = a\b and = = b/a. A
loop L is proper if it is not a group.

The left and right translations A\, : ¥y — a-y : L Xx L — L and p, :
y—y-a:LxL — L, a € L, are bijections of L. The permutation
group Mult(L) generated by all left and right translations of the loop L is
called the multiplication group of L and the stabilizer of e € L in the group
Mult(L) is called the inner mapping group Inn(L) of L.

A loop L is called topological if L is a topological space and the opera-
tions (z,y) = x -y, (z,y) = x\y, (z,y) = y/x : L x L — L are continuous.
Let G; be a connected Lie group, let H; be a subgroup of G;. We denote
by Cog,(H;) the core of H; in G i.e. the largest normal subgroup of G|
contained in H;. A continuous section o : G;/H; — Gy is called sharply
transitive, if the set o(G;/H;) operates sharply transitively on G;/H;, which
means that for any zH; and yH; there exists precisely one z € o(G;/H;)
with zae H; = yH;. Every connected topological loop L having a Lie group
(G as the group topologically generated by the left translations is obtained
on a homogeneous space G;/H;, where H; is a closed subgroup of GG with
Cog,(H;) =1 and o : G;/H; — G is a continuous sharply transitive section
with o(H;) = 1 € G} such that the subset o(G;/H;) generates G;. The mul-
tiplication of L on the manifold G;/H; is defined by xH; xyH; = o(xzH;)yH,



and the group G; is the group topologically generated by the left trans-
lations of L. Moreover, the subgroup H; is the stabilizer of the identity
element e € L in the group Gj.

Let K be a group, let S < K, and let A and B be two left transversals
to S in K. We say that A and B are S-connected if a='b~lab € S for every
a € A and b € B. The connection between multiplication groups of loops
and transversals is given in [17], Theorem 4.1.

Lemma 3. A group K is isomorphic to the multiplication group of a loop
L if and only if there exists a subgroup S with Cog (S) =1 and S-connected
transversals A and B satisfying K = (A, B).

In this theorem the subgroup S is the inner mapping group of L and A
and B are the sets of left and right translations of L, respectively. Hence
Lemma 3 yields part a) of the following

Lemma 4. Let L be a loop and A(L) be the set of left translations of L. Let
K be a group containing A(L) and S be a subgroup of K with Cox(S) =1
such that A(L) is a left transversal to S in K.

a) The group K is isomorphic to the multiplication group Mult(L) of L if
and only if there is a left transversal T to S in K such that A(L) and T are
S-connected and K = (A(L),T).

b) Let L be a locally compact connected topological loop such that the multipli-
cation group Mult(L) of L is a Lie group. Then, Mult(L) is homeomorphic
to the topological product L x Inn(L) as well as to A(L) x Inn(L).

Proof. We prove assertion b). The group Mult(L) acts transitively and
effectively as topological transformation group on L and hence the map
m — m(l) : Mult(L) — L is open and it induces a homeomorphism
Mult(L)/Inn(L) ~ L (cf. [21], 96.8, 96.9 (a)). As the map = — A, :
L — A(L) is a homeomorphism the assertion follows. O

The following lemma is proved in [17], Lemma 2.6.

Lemma 5. Let S be a proper subgroup of a simple group K and let A and
B be S-connected transversals in K. Then S is mazimal in K.

Lemma 6. There does not exist a connected topological loop L which is
homeomorphic to a topological product of spaces having as a factor the 2-
sphere or the projective plane.

Proof. By [1] there does not exist a multiplication with identity on the
sphere S2. This yields the assertion. O

Lemma 7. a) For any connected topological loop there exists a universal
covering loop. This loop is simply connected.

b) Let L be a 3-dimensional connected simply connected topological loop such
that the group Mult(L) is a Lie group. Then L is homeomorphic either to
S3 or to R3.



Proof. Assertion a) is proved in [12], IX.1. Assertion b) is shown in [10], p.
388. O

For our computation we often use the following assertion which was proved
in [19], Proposition 18.16, p. 246.

Lemma 8. Let L be a loop and let G; and G, the groups generated by the
left translations and by the right translations of L, respectively. We have
G; = G, = Mult(L) if and only if for the stabilizers Hy, respectively H, of
e € L in Gy, respectively in G, one has H = H, = Inn(L) and for allx € L
the map f(x):y > A\, N\ : L — L is an element of Inn(L).

A connected Lie group is simple if it has no non-trivial normal subgroup. A
connected Lie group G is called quasi-simple if any normal subgroup of G is
discrete and central in G. A connected loop L is quasi-simple if any normal
subloop of L is discrete in L. According to [12], p. 216, all discrete normal
subloops of a connected loop are central. Since for any normal subgroup
N of the multiplication group Mult(L) of L, the orbit N(e) is a normal
subloop of L (cf. [4], IV.1, p. 62) it follows that:

Lemma 9. If L is a connected loop having a quasi-simple Lie group as its
multiplication group Mult(L), then L is quasi-simple.

Proposition 10. Let L be a connected topological loop homeomorphic to the
sphere S3 such that the group topologically generated by the left translations
of L is a compact Lie group. Then L is either the group Spin(R) or SO3(R).

Proof. Using Proposition 2.4 in [13] and Ascoli’s Theorem, in [12] IX.2.9
Theorem it is deduced that the loop L has a left invariant uniformity. There-
fore by 1X.3.14 Theorem in [12] the assertion follows. O

Theorem 11. Let L be a connected topological loop such that the group G;

of L is the group {i < z z(_)l ) ,2,u € Cz # O} and the stabilizer H; of
exp(ib) 0
0 exp(—ib) ,beR . Any such

loop is isomorphic to a loop Ly, which is determined by the following set

A= {i< e > ( "PC cp i) )k g 0} @

of the left translations of Ly, , where t(k) : Ry — R is a non-constant con-
tinuous function with t(1) = 0.

e € L in Gy is the subgroup {i <

Proof. A continuous section o : Gj/H; — G; may be given by

(b )me= (05 ) (75 o )
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where a > 0, u € C and t(a,u) : Ry x C — R is a continuous function with
t(1,0) = 0. The set o(G;/H;) acts sharply transitively on G;/H; if and only
if for given numbers a1, as > 0 and 21, zo € C there exist precisely one k > 0
and [ € C such that the matrix equation

(52 ) (Y iy ) (5 )=

< Z agl ) ( expo(iS) exp(o—is) > (2)

holds for a suitable real number s. Comparing the (1, 1)-entries of the matrix
on the left hand side and on the right hand side of (2) we get 0 < kaja; ' =
exp(i(s—t(k,1))). Hence we obtain s = t(k,!) and k = aga; ‘. Using this and
comparing the (2, 1)-entries of the matrix on the left hand side and on the
right hand side of (2) we have zga; ' = [ + a;lzle_zit(a2“fl’l). This equation
has a unique solution for given a1, as > 0 and z1, zo € C precisely if for every
ap = agafl > 0, as > 0and z; € C the function g : | — l+a51216_2it(a2afl’l)
is bijective. This is the case if and only if the function ¢(k, ) = t(k) does not
depend on [. Hence every continuous function ¢(k) with ¢(1) = 0 determines
a loop Ly, realized on G/H;. This loop is proper if and only if the set
o(Gy/H)) generates the group G;. This is the case precisely if the function
t is not the constant function 0. Hence the set A given by (1) is the set of
left translations of a loop Ly(z). O

Using [5], Satz 1, p. 251 and [6], Section 5, p. 276, we obtain the following:

Lemma 12. Any connected closed maximal subgroup of PSU3(C,1) is one
of the following groups

(1) Hy is isomorpic to Spins x SO2(R),

(2) Ho is isomorphic to the 5-dimensional solvable group NG, where

1 Zh z
N = zi 14+it—%2  t4+ % :2z€C,tcR } and
z  t+EF 1t F
ek 0 0
G = 0 e+ e“)e%ik (et — e‘“)ie%ik ik,ueR 3,
0 s(ev— )iz ik e+ et)ezik

(8) Hs is isomorphic to the group SU2(C, 1) x SO2(R) = SLa(R) x SO2(R),
(4) Hy is isomorphic to the group SOy(2,1) = PSLa(R).

Lemma 13. There does not exist any connected topological proper loop L

such that its multiplication group Mult(L) is the group PSU3(C,1) and its
inner mapping group Inn(L) is either the subgroup Hs or Hy in Lemma 12.

Proof. The factor spaces SU3(C,1)/Hs and SU3(C,1)/H, are homeomor-
phic to a topological product of spaces having as a factor S2. This is a
contradiction to Lemma 6. O



Lemma 14. There does not exist a connected topological loop L such that
for the pair (Mult(L),Inn(L)) one has (PSUs(C, 1), Sping(R) x SO2(R)).

Proof. The group Inn(L) can be represented as the group of matrices

i ai + iag (b1 + iba)e’® 0 R s 2
g(a1,az,b1,b2,e") = —by +iby (a1 —iag)e’ 0 , a1,a2,by,b2,c €R,a] a3 +b] +05=1,,
0 0 e '€

the elements of L can be parameterized by the products of the matrices

1 zi - z 1 0 0
Uz, tyu) = | 28 1+it— 22 t+ 22 0 (eT¥+e%)  Li(e"—e"¥) |,

(e —e") %(67“+eu)

Wl

where z € C, t,u € R. Arbitrary left transversals to the group Inn(L) in
Mult(L) are

A = {I(z, t,u)g(a1 (= t, u), as(z, t,u), b1 (=, t, u), ba(z, t,u), e *FHW) 2 € €, t,u € R}

and

B = {i(n,v,k)g(ri(n, v, k), r2(n,v, k), q1(n, v, k), g2(n, v, k), e PRy e € v,k € RY

such that the continuous functions a;(z,t,u), bj(z,t,u), c(z,t,u), ri(n,v, k),
¢i(n,v, k), p(n,v,k) : C x R? — R satisfy the properties a;(0,0,0) = 1 =
r1(0,0,0), a2(0,0,0) = b1(0,0,0) =b2(0,0,0) = 0, r2(0,0,0) = ¢1(0,0,0) =
q2(07070) = 07 al(z,t,u)Q + (Ig(Z,t,U)z + bl(’z7t7 U)2 + bQ(Zatvu)Q =1=
r1(n,v, k)2 +ro(n, v, k)? + q1(n,v, k)% + g2(n, v, k)?. By Lemma 3 the group
G = PSU;3(C,1) is isomorphic to the multiplication group Mult(L) of L
precisely if for all @ € A and b € B one has a='b~tab € Inn(L) and the set
{A, B} generates the group G. The product a~'b~'ab with

1 0 0 a1 (t) +iaz(t)  (by(t) + iba(t))e'e(®) 0
a=[ 0 1+t ¢ —by(t) +iba(t) (a1 (t) — iaz(t))ete® 0 €A
0 t 1— it 0 0 e—ic(t)
and
! o 0 ri(k) +ira(k) (a1 (k) + igz(k))eP(R) 0
b=| 0 FeTF+eh)  gi(eh —eTh) —q1(k) +ig2 (k) (r1(k) = ira (k) (*) 0 €B
0 %i(cfk —ek) %(6719 +eF) 0 0 e—ip(k)

is contained in Inn(L) precisely if there exist elements

wi (t, k) +iwa (£, k) (vi(t, k) + iva(t, k))etd(E:F) 0
m(t, k) = | —wvi(t, k) +iva(t, k) (wi(t, k) — iwa(t, k))eldtR) 0 € Inn(L)
0 0 e—'id(t,k)

such that for all ¢,k € R the matrix equation
ab = bam (3)

is satisfied. Comparing the (2, 3)-entries and the (3, 3)-entries on both sides
of (3) we get for all ¢,k € R that

(1 +it)(ar(t) — ia2(t))€w(t)i (% - 62 ) e P(R) 4 pemic(®) (762 + %) e~ iP(k) -
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—k k ) ) ek ek in(k ; id(t,k
[(7 + 7) (r1 (k) — irg (k))ePF) =1 4 <? - T) e~ (1 — it)e*“(”] e~ MR gy

X k —k X X —k k X
t(a1(t) — dag(t))ie'™ <% - 762 > e (1 — et <—62 + %) emip(k)

—k k —k k
[te*w% (% - ?> (r1(k) — ira(k))e™) 4 (1 — ir)e (V) (—eg + ?> e*w“ﬂ)] eTHUER) (5)

Expressing e ****) from (4) and putting it into (5

k —k ) ) —k K )
[(1 + i) (a1 (t) — iaz(t)e M (% - LQ ) e () 4 gemielt) <€2 + %) e—”’““)] :

k —k k
- %) ePF) 41— ir)ete®) (e + %) e*“’““)] -

X k —k . . —k k X
t(ay (t) — iaz(t))ie’™) (7 - Lz )e*w“” + (1 —it)e o™ ( + 2 ) emir(h),

—k

[te*“(")z‘(n(k) — ira(k)) (8 2

—ie(t) emk ek ip(k) —ie(t); ke (k)
te” "N (r1(k) — ira(k)) ? + — 5 P + (1 —it)e ? — e P (6)

for all ¢,k € R. As 1,t,t% are independent variables of (6) one has

. &2k B e 2k [e,zip(k) ((al(t) —dan(t)) — e—zia(t))] -0 (7)
4 4
ezk _ e,gk . e2k 4 e—2k 1
t(aq(t) — iaz(t))(—r1 (k) + ira(k)) <T> +te 21 (ry (k) — ira(K)) (T + 5) =
2k —2k —2k _ o2k
ta1 (t) — iaz(t))e 2P (46 T %) eI <3efe * %) ’ ®

2k _ o—2k 2k 4 q
it? (a1 (t) — ias(t))(r (k) — ira(k)) <f) 1 it2e—2te(t) —2in(k) (f) =

) pin(ry [(1— e~ 2k 2 _2ie o2k 4 =2k
it?(ay (t) — daz(t))e 2P (f> +it2e 2 (ry (k) — ira (k) <f +1>A (9)

Equation (7) yields that aj(t) —iag(t) = e 2¢®) by (t) = by(t) = 0. Putting
this into (8) we obtain ri(k) — ira(k) = %jzp(k) Applying these for
equation (9) we get that it?(e?* —2e72¥ —1) = 0 holds for all ¢,k € R. This
contradiction proves the assertion. O

Lemma 15. Let L be a 3-dimensional connected topological loop such that
the group Gy of L is locally isomorphic to the group PSLs(C). Then Gy is
a proper subgroup of Mult(L).

Proof. By Lemma 7 we may assume that L is simply connected. Since
dim(L) = 3 the stabilizer H; of e € L in G is locally isomorphic either to the
the group PSLs(R) or to SO3(R). As SLy(C)/SL2(R) is homeomorphic to
S% x R and SU,(C) contains central elements # 1 of SLy(C) we have G =
PSLs(R) and H; is the subgroup SO3(R). Suppose that G; = Mult(L).
Then H; coincides with the group Inn(L) = SO3(R) (cf. Lemma 8) and it



@ lf), a,be(C,ad—i—bl_):l}.
-b a

The elements of L can be parameterized by the matrices

(1, 2) = ( exp|(ri — 1)u] 0 > 7

z exp[(1 — ri)ul

can be chosen as the group of matrices {:l:

where u € R, z € C and r € R is fixed. For each r € R the continuous
section o, : L — (G} can be written as

' ar(u, z) +tag(u, z)  bi(u,z) + iba(u, 2)
orprlt2) = g (u,2) ( —b1(u, z) + iba(u, z) ai(u,z) —ias(u, 2) >
= dur(u,2)g(ar(u, 2),a2(u, ), b1 (u, 2), ba(u, 2)),

(10)
such that ai(u,2),a2(u, 2),b1(u, 2),b2(u,z) : R x C — R are continuous
functions with a1(0,0) = 1,a2(0,0) = 6;(0,0) = b2(0,0) = 0 and for all
u € R, 2 € C one has ay(u,2)? + az(u,2)? + b1(u,2)? + ba(u,2)? = 1.
For each » € R the loop multiplication o can be expressed by the matrix
multiplication as

frr(u1, 21) © prr(u2, 22) = pr(ur, 21)pr (', 2'), (11)
where p,(u/, ') is given by the relation

L d id
(@ (1, ), an 1 2), b 1, ), ba (o, ), 22) = () (G HIGE dEi

with suitable real numbers c¢1, ¢o, d1,ds such that C% + c% + d% +dZ = 1.
The matrix p, (v, 2") is well defined because the covering map SLy(C) —
PSLy(C) is an isomorphism on the 3-dimensional solvable subgroup of the
given Iwasawa decomposition of SLy(C). Multiplying the matrices on both
sides of (12) and using the relation (c1+ic2)(c1—ica)—(di+id2)(—di+ids) =
1 we obtain the equation

exp(—2u’) = [exp(2ua) + 2273 — exp(—2u2)|(b1 (u1, 21)> + ba(u1, 21)%) + exp(—2uz)+

Zz exp[(ri — 1uz](ai(ui, 21) + taz(u1, z1)) (b1 (u1, 21) — tba(u1, 21))+

zg exp[(—7ri — )usz](a1(u1, z1) — taz(u1, z1)) (b1 (u1, 21) + tb2(u1, z1)). (12)

Since Gy = Mult(L) it follows from Lemma 8, that the mapping f(u,(u, 2)) :
wr(z,y) — )‘;:(u,z)/\ur(x,y)“f(uv z) : L — L is an element of the stabilizer H;.
Hence there exists a matrix F = g(e1(u, 2), ea(u, 2), g1(u, 2), g2(u, 2)) € H;
with suitable functions ej(u, 2), e2(u, 2), g1 (u, 2), g2(u, z) : R x C — R such
that €2(u, 2) + €3(u, 2) + g2 (u, 2) + g5(u, z) = 1 satisfying

A;rl(u,z))‘m(x,y),u?“ (u,2) = Epr(z,y)(Ep),

where p € H;. This condition is equivalent to

MT(U, Z)iluT(‘% y)g(al(‘r7 y)? aQ(‘Tv y)? by (37, y)? bg(l’, y))ur(u, Z) =



g(al (’LL, Z)a a2 (ua Z), b (ua Z)v bQ(ua 2))E:u1"($7 y)(:l:p). (13)

Applying relation (12) to both sides of (13) we see that there exist pu, (v, ')
and p,-(2',y") with v/, 2" € R such that equation (13) obtain the form

ez — 1, —z expl(ri — 1)a] + yexpl(ri — Vet ) = e, ).
Then one has 2/ = ' — u + . Applying relation (12) we get

exp(—2u’) = [exp(2u) + 2z — exp(—2u)] (b1 (x,1)> + ba(x, y)?) + exp(—2u)+
2 exp[(ri—1)u](a1 (z, y)+iaz (z, 4)) (b1 (z, y)—iba (z, y))+2 exp[(—ri—1)u] (a1 (z, y) —iaz (z, 1)) (b1 (x, y>+ib2<x(, y)))
14

and
exp(72w/) = [exp(2z) + yy — exp(—2)](l1 (u, z)2 + I (u, z)2) + exp(—2x)+

gexp[(ri—1)z](k1(u, 2)+ika(u, 2))(l1(u, 2) —il2 (u, 2))+y exp[(—ri—1)z] (k1 (u, 2) —ika (u, 2))(l1 (u, Z)+il2(u7(21)5>)v
where for all u € R, z € C the continuous functions ki(u,z), ka(u,z),
l1(u,2), l2(u, z) : R x C — R are given by
g(kl (U, 2)7 k?(”? Z)? ll(u7 2)7 l?(“a Z)) = g(al(u7 Z)7 QQ(U, 2)7 bl(“’? Z)? b2(u7 Z))E
As exp(22') = exp(2(v — u + x)) we obtain
[exp(4x) + ygexp(2z) — (1 (u, 2)* + la(u, 2))+

gexp[(ri + 1)z|(k1(u, 2) + ika(u, 2)) (11 (u, 2) — il2(u, 2))+
yexp[(—ri+ 1)x](k1(u, 2) — ika(u, 2)) (1 (u, 2) + ila(u, 2)) =
lexp(4u) + 2Z exp(2u) — 1](by (x, y)? + ba(z, y)?)+
zexp[(ri + Dul(a1(z, y) + iaz(2,y)) (b1 (z, y) — ib2(2,y))+

zexp[(=ri + Du(ar(z, y) —iaz(x,y))(b1(2,y) + iba(2,y)).

For fixed u € R, z € C the right hand side of (16) is a bounded function of
x € R and y € C so is the left hand side. Hence it follows that I (u,z) =
la(u,z) = 0 for all u € R, z € C. Therefore the right hand side of (16) is
constant 0. From this we obtain that bi(x,y) = ba(z,y) = 0 for all x € R
and y € C. Hence the image of the section o, : L — G in (10) has the form
or(L) =

{i ( exp[(m’z— 1)u] 0 ) ( ai (u, z) -Eiag(u, z)

0
exp[(1 — ri)u] a1 (u, z) — iaz(u, z) ) 1w ER, 2 € C}

such that aj(u, z),a2(u,z) : R x C — R are continuous functions with
a1(0,0) = 1,a2(0,0) = 0 and a1 (u, 2)2 + az(u, 2)?> = 1 for all u € R, z € C.
Since the image o,(L) does not generate the group PSL2(C) we have a
contradiction and the assertion is proved. O

3. Proofs of the theorems

Proof of Theorem 2. By Theorem 18.18 in [19] and Theorem 1 in [9]
if there exists a connected topological proper loop L having a quasi-simple



Lie group G as its multiplication group, then L has dimension at least 3.
According to Lemma 5 the Lie algebra inn(L) of the inner mapping group
Inn(L) of L is a maximal subalgebra h of the Lie algebra g of G with
the property dim(g) — dim(h) > 3. By Lemma 7 we may assume that L
is simply connected, furthermore if dim(L) = 3, then L is homeomorphic
either to the sphere S® or to R3. According to Proposition 3.2 in [10] we
have the following possibilities: If L is homeomorphic to the 3-sphere 53,
then Mult(L) with dim(Mult(L)) < 8 is either SLy(C) or PSU3(C, 1) or the
universal covering of SLz(R). If L is homeomorphic to R3, then Mult(L) is
the group PSLy(C).

I) Let G be locally isomorphic to the group PSLy(C).

We may choose as basis of g = s[,(C) the set {e1, ea, €3,1€1,1e2,ie3}, where

1 0 0 1 0 1 .
el_(g _1>7e2—(1 0>a€3—(_1 0>f0rmarealba51sof

the Lie algebra sl,(R) with the Lie algebra multiplication: [e1, e3] = 2e3,
[e1,e3] = 2ea, [e3,ea] = 2e;. Every maximal Lie algebra h of g = s[,(C)
with dim(g) —dim(h) > 3 has (up to conjugation) one of the following forms
(cf. Theorem 15 in [16], p. 129, or Corollary 2.16 in [3], p. 277):

h1 = S[Z(R) = <i€1,€2,i€3>, h2 = ﬁos(R) = <e3,iel,ieg).

Since SLy(C)/SLy(R) is homeomorphic to S% x R it follows that inn(L)
coincides with hy = s0;(R) (cf. Lemma 6). As Coppyyry(Inn(L)) = 1

and SU2(C) contains central elements # 1 of SLy(C), we get for the pair
(Mult(L), Inn(L)) = (PSLy(C),SO3(R)) and L is homeomorphic to R3,
Since L is a proper loop the group G; of L is a subgroup of Mult(L) with
dimension > 4. By Corollary 2.16 of [3], p. 277, G} is conjugate either to
= 0 >,z,u€(C,Z750} or

the simply connected Lie group K = {:l: < u o1
to PSLy(C).

In the first case every loop is isomorphic to a loop Ly) given by Theorem
11 and the set A of the left translations of Ly is determined by (1). An

arbitrary left transversal T, of the group Inn(L) = SO3(R) in the group
Mult(L) = PSLy(C) has the form (10), where r is an arbitrary fixed real
number. By Lemma 4 a) the group PSLy(C) is isomorphic to the multipli-
cation group Mult(Lyyy) of the loop Ly precisely if the set {a='v~tabja €
A, b € T,} is contained in SO3(R) and the set {A, T} generates the group
PSLy(C). The products a~b~1ab with a € {( lli (1) > o€ ]R}, beT,
2
are elements of SO3(R) if the equations

2 cos(2ru) (b2 (u, z)ai(u, 2) + b1 (u, 2)az(u, 2)) + 2sin(2ru) (b1 (u, z)a1(u, z) — ba(u, 2)az(u, 2)) =

l2((b2(u, z)2 — b1 (u, z)2) cos(2ru) + 2by (u, 2)ba (u, z) sin(2ru)), (16)
(b1 (u, 2)2 — ba(u, 2)2) sin(2ru) = —2b1 (u, 2)ba(u, z) cos(2ru) (17)

are satisfied for all lo,u € R, z € C. As for all I3 # 0 equation (16) holds it
follows that

(b2 (u, z)2 — b1 (u, z)z) cos(2ru) = —2by (u, 2)ba(u, z) sin(2ru). (18)
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Multiplying equation (17) with cos(2ru), equation (18) with sin(2ru) and
adding the obtained equations we get 0 = 2b; (u, 2)b2(u, z). Putting this into
equations (17) and (18) it follows that by (u, z) = ba(u, 2z) = 0 for all u € R,
z € C. Hence for all » € R the set T} has the form T, =

{i ( exp[(ri — 1)u] 0 ) ( ay(u, z) <|(—)ia.2(u,z)

z exp[(1 — ri)u] ) ,u ER, 2z € (C} s

(19)

ay(u, z) — iaz(u, 2)

with the continuous functions aq(u, z), a2(u, z) : (R,C) — R, ay(0,0) =
0, a1(0,0) = 1 and ay(u,2)? + az(u,2)?> = 1. But then the set {A,T,}
does not generate the group PSL2(C). Hence the case (Mult(L),G;) =
(PSLy(C), K) cannot occur. Lemma 15 excludes the case Mult(L) = G; =
PSLy(C). Therefore a Lie group locally isomorphic to PSLy(C) is not the
multiplication group of a connected topological loop.

II. Let G be locally isomorphic to the group SLs3(R).
The Lie algebra g = sl5(R) is isomorphic to the Lie algebra of matrices

(A1e1 + Azea + Azes + Ageq + Ases + Ages + Arer + Ageg) —

As e A2
A7 Ag A v ERi=1,---,8.
A A3 =5 — g

If there exists a connected topological proper loop L with dim(L) > 3 such
that the group Mult(L) of L is locally isomorphic to SL3(R), then the
Lie algebra inn(L) of the inner mapping group Inn(L) of L is a maximal
subalgebra h of g = sl;(R) with the property dim(g) — dim(h) > 3 (cf.
Lemma 5). Using the classification in [16], pp. 288-289 and [15], p. 384, we
get that h has (up to conjugation) one of the following forms:

h; = <€1—63,62—e4,67—66> = 503(R), hy, = <€1—63,62—|—64,67+66> = E[Z(R).

Let SL3(R) be the universal covering group of SL3(R). The factor space

SL3(R)/SLy(R) is homeomorphic to S% x R3. Hence inn(L) is the Lie alge-
bra h; = s0;(R) (cf. Lemma 6). Since every maximal compact subgroup K

e~

of SL3(R) contains central elements # 1 of SL3(R) and Copyye(ryInn(L) =
1 we obtain (Mult(L),Inn(L)) = (SL3(R),SO3(R)) and L is homeomor-
phic to R®. Then the inner mapping group Inn(L) of L is isomorphic to
SO3(R). Every element of SO3(R) can be represented by the matrix

cost cosu —sint cosz sinwu cost sinu + sint cosz cosu sint sin z
g(t,u,z) := —sint cosu —cost cosz sinu —sint sinu 4 cost cosz cosu cost sinz s (20)
sin z sinu —sinz cosu cos z

where t,u € [0,27] and z € [0,7]. The elements of L can be written as

a); as as
wla;) = 0 as aq4 , ai,az > 0, ag,aq,a5 € R. Arbitrary left
1 -1

0 0 aj ay
transversals to the group Inn(L) in Mult(L) are

A = {p(a;)g(t(a;), u(as), 2(a;)), a1, a2 > 0,a3,as, a5 € R} and
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B = {u(b;)g(r(b;), p(b;), v(b;)), b1, bz > 0, b3, by, b5 € R},
where t(a;), u(a;), r(b;), p(b;) : R2 x R® — [0, 27], 2(a;), v(b;) : R2 x R® —
[0, 7] are continuous functions such that #(1,1,0,0,0) = »(1,1,0,0,0) =
2(1,1,0,0,0) = 0 = 7(1,1,0,0,0) = p(1,1,0,0,0) = v(1,1,0,0,0). The
group G = SL3(R) is isomorphic to the multiplication group Mult(L) of L
precisely if for all a € A and b € B one has a~'b~tab € Inn(L) and the set
{A, B} generates the group G (cf. Lemma 3). The product a~'b~1ab with

a 0 0 1 0 b
a:< 0o 1 0 )g(t(a),u(a),z(a)) EAandb:( 0o 1 o0 )g(r(b)»P(b)av(b)) € B,
0 -1 0 0 1
where t(a) := t(a,1,0,0,0), u(a) := u(a,1,0,0,0), z(a) := 2(a,1,0,0,0),
r(b) := r(1,1,0,0,b), p(b) := p(1,1,0,0,b), v(b) := v(1,1,0,0,b), a > 0,
b € R, is contained in Inn(L) precisely if there exist elements

m(a,b) = g(wi(a,b),ws(a,b),ws(a,b)) € Inn(L)

with w;(a,b) := w;(a,1,0,0,b), i = 1,2, 3, such that for all a > 0 and b € R
the matrix equation
ab = bam (21)

holds. Comparing the (3,1)- and the (3,2)-entries on both sides of (21)

we obtain in both cases that only one term contains b. As b is indepen-

dent variable in both expressions its coefficient must be 0. Hence we get

bsmv(bismp(b) = bsmv(b)COSp(b) = 0 for all a > 0 and b € R, or equiva-

lently sinv(b) sinp(b) = smv( )cosp( ) =0 for all b € R. S1nce sinp(b) =

cosp(b) # 0 the function v(b) must be the constant function 0. Applying
(3,

this at the comparison of the (3, 1)-entries on both sides of (21) we have for
all a > 0, b € R that

sin z(a) sin u(a)(cos r(b) cos p(b) — sin r(b) sin p(b)) + sin z(a) cos u(a)(sin r(b) cos p(b) + cos r(b) sinp(b)) =

sin z(a) sin u(a)(cos wy (a, b) cos wa(a, b) — sinwji (a, b) cos wz(a, b) sin wy(a, b))+

sin z(a) cos u(a)(sin wy (a, b) cos wa(a, b) +cos w1 (a, b) cos ws(a, b) sin wa (a, b)) +cos z(a) sin w3 (a, b) sin wg(a(,sz)).
Comparing the (3,2)-entries on both sides of (21) one gets for all a > 0,
b € R that

sin z(a) sin u(a)(cos r(b) sin p(b) + sin r(b) cos p(b)) — sin z(a) cos u(a)(cos r(b) cos p(b) — sin r(b) sin p(b)) =

sin z(a) sin u(a)(cos wi (a, b) sin wa (a, b) + sin wi (a, b) cos ws(a, b) coswa(a, b))—

sin z(a) cos u(a)(cos wq (a, b) cos wz(a, b) cos wa(a, b) —sin wq (a, b) sin wa(a, b)) —cos z(a) sin wz(a, b) cos wa(a, b).

(23)
As sin z(a) sinu(a), sin z(a) cosu(a), cos z(a) are linearly independent one
has from (22) and from (23) the equation

sinws(a, b) sinwa(a, b) = 0 = sinws(a, b) coswa(a, b).

This yields wz(a,b) = 0 for all @ > 0, b € R. Putting this into (21) and
comparing the (1,3)-entries on both sides of (21) one has

ab(cost(a)cosu(a) — sint(a) cos z(a) sinu(a)) =
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asint(a)sin z(a)(cosr(b) cos p(b) — sinr(b) sinp(b) — 1)+
cost(a)sin z(a)(cos7(b) sin p(b) + sinr(b) cos p(b)) + g cos z(a) (24)

forall a >0, b€ R. As ab, a, g are independent variables their coefficients
are equal on both sides of (24). Therefore for all @ > 0, b € R one has
bcosz(a) = 0. This is the case precisely if cosz(a) = 0 for all @ > 0, or
equivalently z(a) := z(a,1,0,0,0) € {%, 37“} But z(1,1,0,0,0) = 0 which is
a contradiction. Hence there does not exist any connected topological loop
having a Lie group locally isomorphic to SL3(R) as its multiplication group.

ITII. Finally we consider the Lie groups G locally isomorphic to PSU3(C, 1).
The Lie algebra g = su;(C, 1) can be treated as the Lie algebra of matrices

()\161 4+ Ageo + Azes + Ageq + Ases + Ageg + Aver + )\868) —

—Aii —Xg — A3l A4+ Asi
Ay — A3l Mi+Xei A+ Asi | sAeRj=1,--- 8.
AL — A5t A7 — Agi — ¢l

The maximal subgroups of PSU3(C,1) are determined in Lemma 12. The
Lie algebras h;, 1 = 1,2, 3,4 of the Lie groups H; listed there are given by

1
h; = (e1,e2,€3,e6), hy = (e] — 566,68, €4 — €3,€5 +eg,e6+e7), (25)

hs = (e1, 6, €7, €s), hy = (€2, €4, €7). (26)

According to Lemmata 13 and 14 it remains to treat the case Mult(L) =
PSU3(C,1) and Inn(L) = Ha, where Hj is given by Lemma 12. Then L
is homeomorphic to S3. If the group G is a proper subgroup of Mult(L),
then we have dim(G;) = 4 or 5. The elements of L can be represented as
elements of the group Sping(R). Then G; contains a subgroup isomorphic
to Spin3(R) and hence it is the group H; given in Lemma 12 (1). The
stabilizer H; of e € L in Gy is the intersection G; N Inn(L), which is a group
isomorphic to SO2(R). By Proposition 10 this case cannot occur. Hence we
have to concentrate us only to the case Mult(L) = G; = PSU3(C,1). Then
the stabilizer H; of e € L in G coincides with the group Inn(L) = Hs given
in Lemma 12 (2) (cf. Lemma 8). Hence every element of H; can be written
as 9(21, Z9,t,u, k) =

1 iz — 2o z1 + izo e ik 0 0
2 2 2 2 1. 1.
— Sik 1 —1 . ik
stz 14— AFED e+ A2 0 L(emter)eztt  L(ev—emv)ie’
2 2 2 1
z1 — izg t+$ lfit+$ 0 %(efufeu)zeZk %(67“+eu)e2k

where 21, 20, t,u, k € R. Moreover, the elements of L can be parameterized
a1 +ias by +1iby O

by the matrices pu(a,b) = | —by +ibe a3 —iag 0 |, where a = ay + iag,
0 0 1
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b = by +iby with a? + a3 +b? +b3 = 1. A continuous section o : L — G} can
be given by

o : p(a,b) = p(a, b)g(z1(a, b), z2(a, b), t(a, b), u(a, b), k(a, b)) =

1 iz1(a,b) — z2(a b) z1(a,b) + iz2(a, b)
pla,b) | z1(a,b)i+ 22(a,b) 1+ it(a,b) — M t(a, b) + w .
#1(a,b) —iz2(a,b)  t(a,b) + M 1~ it(a, b) + 2@ Eea(a0)?
—ik(a,b) 0
0 %(e,u(a,b) +eu(a,b)) lik(a b) %( u(a,b) _ efu(a ik(a,b) ) @7)
0 % (e—u(a,b) _ eu(a,b)) le2lk(a b) %

b) ) 5
(E—u(a b) 4 ulasb) ) Lik(a,b)
,b),

such that the continuous functions zi(a,b), z2(a,b), t(a,b), u(a,b), k(a,b):
Spins(R) — R satisfy 21(1,0) = 22(1 0) =t(1,0) = k(1,0) = u(1,0) = 0.
The condition G; = Mult(L) is satisfied if and only if for all u(c,d) € L
the map f(u(e,d)) : pu(a,b) — Au(cd))\ @pi(c,d) : L — L is an element
of H; (cf. Lemma 8). For a = a; + ias = 0 this means that there are
continuous functions z;(c, d),y(c,d), s(c,d), h(c,d) : Sping(R) - R, i=1,2,
with cé +dd = 1, ;(1,0) = y(1,0) = s(1,0) = h(1,0) = 0 such that the

matrix equation
(e, d) "o (u(0, b)) ule, d) = g(21(c, d), 22(c, d), t(c, d), u(c, d), k(c, d))-

g(z1(c, d), z2(c, d), y(c, d), s(e, d), h(c, d))u(0, b)g(w1, wa, m, p, q) (28)

holds for all b,¢,d € C, with bb = 1 = ¢¢ + dd for a suitable element
g<w1;w27m7p7 Q) € Hl- Let g(pl(C; d)7p2(cv d)?“(ca d): (C d) (C d)) be the
product

9(z1(c, d), z2(c, d), t(c, d), u(e, d), k(c, d)) - g(z1 (e, d), z2(c, d), y(c, d), s(c, d), h(c, d))
with continuous functions p;(c, d), n(c, (¢,d),j(c,d) : Sping(R) — R,

d),g(c
i = 1,2, with p;(1,0) = n(1,0) = g(l,O) = ](1 0) = 0. The (1,1)-entry on
the left hand side of the matrix equation (28) is

(b1 + iba){(—d1 — ida)(e1 +ica)e™F®) 4 (a2 + d3) (21 (B)i — 2a(b))e 2 HO)—u By
(b1 + 52){(e2 + ) (=1 (B)i + 22(0))e ™ F®) - it(b)(er — ica)(—da + ida)e* DT TR |
S(er—iea)(—dr ida)e 3 EO e O O 2 E0) 4500+ ZiGE ) +F ) (TP~ D). (20)
The (1, 1)-entry on the right hand side of the matrix equation (28) is
) y g q
=P (29D =3 D (141 (o, d) — pa(e, d))(—b + iba) + (p1 (e, d) + ipa(e, d)) (w1 — iwa)]+

e 19D (b1 4 iby)(wri + wa)}. (30)

For all ¢, co,dq,do,b1,b5 € R with C% + C% + d% + d% =1= b% + b% the
expression (29) coincides with (30). The term

e219(eD=I D= (p, (¢, d) + ipy(c, d)) (wnr — iwz) =0

because it does not depend on b = b; 4+ iby. Hence one of the following cases
holds:
(CL) pl(C,d) ZPQ(C,d) =0 or (b) w1 = Wy = 0.
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In case (a) one has

e T D I (4 4 ibo)(wii 4 wo) =
. 1.
(—by + ib){(—d1 — ida)(e1 + iea)e ™) 4 (aF 4 d3)(21 (b)i — za(b))eZ F I TH P}y

(b1 + b2){(e + ) (21 ()i + 22(0)e ™ F®) it(b)(er — iea)(—da + ida)e* DT TR |

S(er—iea)(—di ida)e 3O O Oy (G E0) 4500+ SiE ) +F ) e =P (31)

As the right hand side of (31) is a polynomial in ¢1,c2,dy,ds € R the left
hand side is also a polynomial. This yields that p = —g(c,d). Since the
left hand side of (31) depends linearly on by and by, this holds also for the
right hand side. Therefore we obtain t(b) = 0 = 21(b) = 22(b). Using these
relations in (31) and putting there by = 1, by = 0 we obtain

wii 4+ wo = (dy + id)(cq + icg)e F®) 4 %(cl — ica)(—dy + idg)e 2B ((THB) 4 (ud)y (32)
putting there by = 0, by = 1 we get

. 1 1.
wii - wg = (—di — ida)(er +ieg)e” FO) 4 ~(er —iea)(—dy Fidg)e 2 (e ) (33)

Comparing (32) and (33) the equation 2(d; 4 ids)(ci + ica)e *®) = 0 is
satisfied for all ¢1,co,d1,do € R,b = by + iby € C with C% + C% + d% +d? =
1 = b? + b3. This is a contradiction.

In case (b) we get from (29) and (30) that

1. . .
ezl =i(ed)=ip (5 (0 d) — po(c,d))(=by + ibz) =

(=b1 + ib2){(—dy — ida) (ex + iex)e™ ) 4 (@3 + aB) (21 ()i — 2 ()2 FD TP}y
(b1 + 62){(63 + e3) (=1 (03 + 22 ()™ D - it(0) (ex — dea) (—dy + idg)e” “PFEIEO) Y
1 Li —u u 1 L —u u(b
S (e1=iea) (mdi idz)e 2O (7 0 4 ) (1 — SR O) 450+ S i O +25 ) (TP =Py (39)

The same argument as in case (a) gives that ¢(b) = 0 = 21(b) = 22(b);
moreover, j(c,d) = 0, p = Sg(c,d). Using these relations in (34) and putting
by = 1 and by = 0 into (34) we have

i 1 1; —u u
ip1(e,d) = pa(e,d) = (~di — ida)(er +ieg)e *) = ~(e1 —iey)(—di +idz)e? Rb) (emul®) L ou®)y (35

As the left hand side of (35) does not depend on b = by 4 ibs, also the right
hand side is independent of b. This yields k(b) = 0 = u(b). Therefore the
range of the section o defined by (27) is a subgroup = Spinz(R) of G;. Hence
o(L) does not generate GG; and a group locally isomorphic to PSU3(C, 1) is
not the multiplication group of a connected topological proper loop. This
proves Theorem 2. O

Proof of Theorem 1. By Lemmata 9 and 7 the loop L is quasi-simple and
homeomorphic either to S3 or to R3. If dim(Mult(L)) > 8, then according
to Proposition 3.2 in [10] L is homeomorphic to S3 and Mult(L) is either
SOp(1,4) or Spa(R) or SL4(R).
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The 4-dimensional locally compact connected quasifields @, which coordi-
natize non-desarguesian topological translation planes and have the field C
as their kernel, are classified by [14]. The multiplicative loops @* of Q) are
the direct products of R and a loop L homeomorphic to S? such that its
multiplication group is the group SL4(R) (cf [8], Section 3).
In order to prove Theorem 1 we have to exclude the Lie groups SOp(1,4)
and Sps(R).
I. Let G be the group Sps(R). This group consists of the real (4 x 4)-
matrices A = < I]? ? > satisfying K{ K3 = K1 Ky, KIK, = KI' Ky,

3 Ky
KK, — KTKy = I with respect to a symplectic basis {e;},i = 1,2,3,4,
such that (e;, e;) = < OI IO2 > (cf. Exercise 4, p. 138, in [20]).
—1I9

If there is a connected topological proper loop L homeomorphic to S3

and having the group Sps(R) as the group Mult(L), then using Section 2.5

and Example 1, pp. 358-359, in [20] the subgroup Inn(L) of L may be
written in the form

H = {g(a1,a2,b1,c1,c2,cq4,d1,d4);a1,a2,b1,c1,c2,c4,d1 € R,dg > 0,a1dy — c1by = 1} with

ay as b1 0
0 L 0 0
g(a1,a2,b1,c1,c2,cq,d1,da) = dy . (36)
c1 co dy 0
(arca —craz)dy  ca  (c2by —azdi)ds da

We prove that there does not exist left transversals A and B to the group
H given by (36) in G = Sp4(R) such that for all « € A and b € B one has
a~1b~tab € H and the set {A, B} generates G (cf. Lemma 3). An arbitrary
left transversal to the group H in G is

1 0 0 Kk
) ks 1k Ry P D
Afl - 0 0 1 k3 g(fl(k,]))7l - 17 ’S’kj € R?] - 1?273
0 0 0 1

such that for i € {1,---,7}, fi(k;) : R® = R, fs(k;) : R® — R, are
continuous functions with f;(0,0,0) = 1, if ¢« € {1,7,8}, £:(0,0,0) = 0, if
i€ 1{2,3,4,5,6}. For

1 0 0 k 1 0 0 0
01 k 0 1 1 0 0 .

a=1 9 o 1 o |9Wik)eAs, b=| o o 1 | |9(fi)) €A, LEkER,
0 0 0 1 0 0 0 1

Whefe fz(]f) = fi(ka~0a0)> fl(l) = fi(ovoal) with fl(k)f7(k) - f3(k)f4(k) =
1= f1(1) fz(1)— f3(1) f4(1), the product a~*b~ab is contained in H if and only
if there are elements m := m(k,l) = g(w;(k,0,1)) € H, wy(k,0,)wr(k,0,1)—
ws(k,0,1)wy(k,0,1) = 1 such that for all k,l € R the matrix equation

ab = bam (37)
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holds. Comparing the (1, 4)-entries, respectively the (2, 4)-entries on both
sides of the matrix equation (37) we obtain for all £,/ € R

k fg (k) [f1(D)ws (k, 0,1) — Lfg (1) (f5(k) f3(k) — f2(k)fr(k)) — fa ()] = Lf3(k) fs (1), (38)
respectively 3 }
KU(f7(k) fs(l) + f1(l) fs(k)ws(k,0,1)) = 0. (39)
From (39) one gets fi(l) = —%. Putting this into (38) we have

—k(fs(k) + fr(k)) = Ufs(k) + klfs(k)(f5(k) f3(k) — f2(k) fz(K)).  (40)

As k and [ are independent variables we obtain k(fs(k) + f7(k)) = 0 for all
k € R, and therefore f3(k) = —f7(k) for all k£ € R. Since f7(0) = fs(0) =1
we get a contradiction to the fact that the functions f7 and fg are continuous.
This contradiction shows that the group Sps(R) is not the multiplication
group of a connected topological loop homeomorphic to S3.

IT. Now we deal with the Lie group SOp(1,4). This group consists of the
real quadratic matrices A such that det(A) = 1 and one has AT 144 =1 4,
where I 4 = diag(—1,1,1,1,1). The geometry determined by the action of
the subgroup SOy(1,4) C O(1,4) on S3 is the M&bius geometry (cf. Sections
2.6 and 2.7, [20]). The 3-dimensional M&bius space S® is understood to be
the hypersphere @) for the scalar product (,), defined by (3) in [20], p.
243, in the 3-dimensional real projective space. Applying Proposition 1,
p. 314, and Lemma 6.19, p. 280, in [20] for the pseudo-orthogonal basis
(e;), i = 0,1,2,3, given by (60), p. 280, in [20] we get the following: If
there exists a connected topological loop L homeomorphic to S® and having
the group SOq(1,4) as the multiplication group Mwult(L), then the inner
mapping group Inn(L) of L is the group

AL A (b,b) A~ WT'C 2t A (b,b)
St et X 73 —Strtax
H = h(\b,C) = x C 7 :
_At A bh) o amhTe At LA (b
2 27 X V2 2 2~ TAX

(41)
where b € R3, A > 0, C := g(t,u, z) € SO3(R) is represented by the matrix
given by (20). The elements of L can be represented as

1 0 0 0 0
0 a1 —as —az3 —a4
wai)=1 0 az a1 —as a3 ,a; € Rsuch that a?+a3+a3+a? = 1.
0 a3 a4 a] —ag
0 aq —as ag al
The sets

A = {u(a;)h(X(a;), b1(ai), ba(ai), bz(a;i), g(t(a;), u(a;), 2(a;))), a1, a2, ag, as € R} and
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B = {p(di)h(k(d;), c1(dq), c2(di), e3(di), g(p(ds), r(di), v(ds))), d1, d2,d3, dg € R},

where \(a;) # k(d;) : R* — Ry, bi(a;) # ci(d;) : R* = R, i = 1,2,
t(a;) # p(di) u(a;) # r(di) + RY — [0,27], 2(a;) # v(dy) : R —> [0
are continuous functions with A(1,0,0,0) = 1 = x(1,0,0,0), b;(1,0,0,0)
¢i(1,0,0,0) = 0 = #(1,0,0,0) = u(1,0,0,0) = p(1,0,0,0) = (I, 0 0,0) =
2(1,0,0,0) = v(1,0,0,0), are two different left transversals to Inn(L) =H
given by (41) in the group G = SOp(1,4). The group G is not isomorphic
to the multiplication group Mult(L) of L if not for all a € A and b € B one
has a='btab € Inn(L) (cf. Lemma 3). The elements

iw

1 0 0 0 0
0 ay —asg 0 0
a=1] 0 a3 ay 0 0 h(X(a;), b1(a;), b2(a;i), bz(ai), g(t(a;), u(a;), z(ai))),
0 0 0 ay —ag
0 0 0 ag ay

with A(a;) := A(a1,ae,0,0), bl(az) = bi(al,ag,0,0), 1=1,2,3,

g(t(a;),u(a;), z(a;)) := g(t(ai,as,0,0),u(ai,as,0,0), z(a1, az, 0,0)),

are in A whereas the element

=N N eNeNe)
lcococo
=
OOOIO
-
OO~ OO

) h(k,c1,c2,c3,9(p, 7, v)),

with g(p,?“,v) = g(p(070’ 1)0)7 T(O’O, L, 0)77)(07 07 1, 0))7 Kk = H(O7Oa L, 0)7
¢; = ¢;(0,0,1,0), i = 1,2,3, lies in B. The product a~'b~!ab is contained
in Inn(L) precisely if there are elements m(ai, as, 1) := m(a1,az,1,0) =

g(v(a1,a2,1,0), fi(a1,a2,1,0), g(wi (a1, a2, 1), wa2(a1,az2,1), wz(a1, az,1))) € Inn(L)
such that for all a1, a0 € R, a% + a% = 1, the matrix equation
ab = bam (42)

holds. Taking the difference of the (4,1)- and (4, 5)-entries on both sides of
the matrix equation (42) we obtain

—2v2kv(a;)er (1 — a1) + 2X(ag)a1(2sin z(a;) cos u(a;) + V2bz(a;)) =

a2(2)\2(a1;) -2 (b?(ai) + bg (a;) + bg(ai)) + 4ry(a;) sinrsinv — 2v/2b3(a;) sin z(a;) cos u(ag))+
2v/2a5b1 (a;)(sin t(a;) cos z(a;) cos u(a;) + cos t(a;) sinu(a;))+

2v2a2bs(a;)(cos t(a;) cos z(a;) cosu(a;) — sint(a;) sinu(a;))

for all ai,ae € R, a% + a% = 1. As ai,a9 are independent variables and
k>0, v(a;) > 0, A(a;) > 0 it follows that

c1 =0, bz(a;) = —V/2sin z(a;) cos u(a;) and (43)
222(a;) — 2 — (b3 (a;) + b3 (a;) — 2sin’ 2(a;) cos® u(a;)) + 4rry(a;) sinrsin v+

2v/2by (a;) (sin t(a;) cos z(a;) cos u(as) + cost(as) sin u(a;))+
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2v/2by(a;) (cos t(a;) cos z(a;) cos u(a;) — sint(ag) sinu(a;)) = 0. (44)

Using (43) and taking the difference of the (5,1)- and (5, 5)-entries on both
sides of (42) we have for all a1, az € R, a? + a3 = 1, that

2v2ry(ai)ea(l = a1) + a1 (2 = 2A% (@) + b3 (a;) + b3 (a;) — 2sin” 2(a;) cos” u(a))~
2v/2a1b1 (a;)(sin t(a;) cos z(a;) cos u(a;) + cos t(a;) sinu(a;))—
2v/2a1bz(a;)(cos t(a;) cos z(a;) cosu(a;) — sint(a;)sinu(a;)) = —2cosrsinvag.

As all k, v(a;), M(a;) are greater than 0 and a1, az are independent variables
from this we get
ca =0, sinvcosr =0 and (45)

(2 — 2)\%(a;) + b3 (a;) + b3(a;) — 2sin® z(a;) cos? u(a;))—
2v/2by (a;)(sin t(a;) cos z(a;) cosu(a;) + cost(a;) sinu(a;))—
2v/2bs(a;) (cos t(a;) cos z(a;) cos u(a;) — sint(a;) sinu(a;)) = 0.

Comparing (44) and (46) one has sinrsinv = 0. Together with (45) we get
sinv = 0. We applying (43), as well as sinv = 0 and c2 = 0 in the matrix
equation (42). Then the difference of the (3,1)- and (3, 5)-entries on both
sides of (42) yields for all a1, ag € R, a3 + a3 = 1, that

9v/Zas [W(ﬂi)cs cos v+ A(ai)br (ai) — sin t(a;) cos z(a;) cosu(a;) +Cost(ai)sinu(ai)] _

V2
—’y(ai)(2—2n2+c§)+a1 [’y(ai)(2+2n2—E%)—2)\(ai)(\/§b2(ai)+2 sint(a;) sinu(a;)—2cost(a;) cos z(a;) cos u(a;))].

Since a1, ao are independent variables one obtains
2+ c2=2k* and (46)

2y(a;) = Mas)(V2ba(a;) + 2sint(a;) sinu(a;) — 2 cos t(a;) cos z(a;) cos u(ay)).

(47)
Taking the difference of the (2,1)- and (2,5)-entries on both sides of (42)
we get for all aj, as € R, a} + a3 = 1, that

—V2rv(a;)ez(1 — ar) + ar[A(a;)(—V2by(ay) + 2sin t(ay) cos z(a;) cos u(a;) + 2 cos t(a;) sinu(ay))] =
az[2rv(a;) cosv + A(a;)(—V/2ba(a;) — 2sint(a;)sinu(a;) + 2 cos t(a;) cos z(a;) cos u(a;))].

As aj,ay are independent variables and £ > 0, y(a;) > 0, A(a;) > 0 from
this it follows

c3 =0, bi(a;) = V2(sint(as) cos z(as) cos u(a;) + cost(a;) sinu(a;)) and

(48)
ba(a;) = \/5’{)\7((;:3) cos v —/2(sin t(a;) sin u(a;) — cos t(a;) cos z(a;) cos u(az)).
(49)
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As c3 = 0 from (46) one gets k = 1. Putting (49) into (47) we obtain
279(ai)(1 — cosv) = 0 hence cosv = 1 and

bo(a;) = V2 }\IEZ:; — sint(a;) sinu(a;) + cost(a;) cos z(a;) cosu(a;) | . (50)

Using (43), (45), (48), (50), equation (46) reduces to

@

1— X(a;) + ;(EL;)L = cos? z(a;). (51)

Furthermore for the difference of the (1,1)- and (1, 5)-entries on both sides

2(q.

of (42) one obtains 47y(a;) = 2)\%(a;) + 2}2523 As v(a;) > 0, AMa;) > 0 we

have y(a;) := A?(a;). Putting this into (51) for all a1, as € R, a?+a3 = 1 one

gets cos? z(a;) = 1. This yields that cos z(a;) = 1 because z(1,0,0,0) = 0.
Therefore it follows that

by =0, by(a;) = V2(sint(a;) cos u(a;) + cost(a;) sinu(a;)) and

ba(ai) = V2(Ma;) — sint(a;) sinu(a;) + cost(as) cos u(a;)).

Comparing the (2,4)-entries on both sides of the matrix equation (42) we
have

—aj(cost(a;)cosu(a;) —sint(a;)sinu(a;)) — as(sint(a;) cosu(a;) + cost(a;)sinu(a;)) =

2
—aj coswg(ar,az2,1l) + ————agsinwg(ay, az, 1) coswa(ay, az, 1)+
222(a;)

maz[.fs(fh, az, 1) +sinwg (a1, az, 1) sinwa(ay, az, 1)(sint(a;) cos u(a;) + cost(a;) sinu(a;))]+
a;

V2

mag coswa(ay,az,1)sinwsg(ay, az, 1)(cost(a;)cosu(a;) — sint(a;)sinu(a;)). (52)
a;

Comparing the (3,4)-entries on both sides of the matrix equation (42) one
obtains

—ag(cost(a;)cosu(a;) — sint(a;)sinu(a;)) + aj(sint(a;) cosu(a;) + cost(a;)sinu(a;)) =

V2 )
az coswsz(al, az, 1) + ———aysinwg(ay,az, 1) coswa(ay,az, 1)+
222(a;)

aa(ay “Llfa(a, a2, 1) + sinws (a1, a2, 1) sinwa (e, az, 1)(sin t(a;) cosu(as) + cost(aq) sinu(ai)] +
Qa;

V2
mal sinwg(ai, a2, 1) coswsa(ay, az, 1)(cost(a;)cosu(a;) — sint(a;)sinu(a;)). (53)
a;

As ay and agy are independent variables we get from (52) and (53) that

cost(a;) cosu(a;) — sint(a;)sinu(a;) = cosws(ay, as, 1) = sint(a;)sinu(a;) — cost(a;) cosu(a;).

Therefore cost(a;) cosu(a;) = sint(a;) sinu(a;) for all a1, az € R, a? + a3 =
1. As t(1,0,0,0) = u(1,0,0,0) = 0 we get a contradiction. This proves
that the group SOy(1,4) is not the multiplication group of a connected
topological loop homeomorphic to S3. O
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