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Preface

This book is devoted to Diophantine equations where the solutions are taken
from an integral domain of characteristic 0 that is finitely generated over Z,
that is a domain of the shape Z[z, . . ., z,] with quotient field of characteristic
0, where the generators zy, ..., 2, may be algebraic or transcendental over
Q. For instance, the ring of integers and the rings of S-integers of a number
field are finitely generated domains where all generators are algebraic. Our
aim is to prove effective finiteness results for certain classes of Diophantine
equations, i.e., results that not only show that the equations from the said
classes have only finitely many solutions, but whose proofs provide methods
to determine the solutions in principle.

There is an extensive literature on Diophantine equations with solutions
taken from the ring of rational integers Z, or from more general domains, con-
taining theorems on the finiteness of the set of solutions of such equations.
Most of the finiteness theorems over Z, and more generally over rings of inte-
gers and S-integers of number fields are ineffective. Their proofs are mainly
based on techniques from Diophantine approximation (e.g., the Thue—Siegel—
Roth—Schmidt theory) often combined with algebra and arithmetic geometry.
These techniques yield the finiteness of the number of solutions, but do not
enable one to determine the solutions. Lang (1960) and others used certain
specialization arguments to extend several ineffective finiteness results to the
even more general case when the solutions are taken from an arbitrary integral
domain of characteristic 0 that is finitely generated over Z.

Since the 1960’s, a great number of ineffective finiteness theorems over
number fields were made effective and new theorems were obtained in ef-
fective form by means of A. Baker’s effective theory of logarithmic forms.
These results give effective upper bounds for the solutions, and thereby make
it possible, at least in principle, to find all the solutions of the equations under
consideration. Analogous theorems were established by Mason (1984) and
others over function fields of characteristic 0 as well, which provide effective



upper bounds for the heights of the solutions, but do not imply the finiteness
of the number of solutions.

Gyory (1983,1984b) initiated to extend effective Diophantine results over
number fields to the finitely generated case, and proved effective finiteness
theorems over certain restricted classes of finitely generated integral domains
over Z of zero characteristic. He developed an effective specialization method,
reducing the initial equations to the number field and function field cases,
and using the corresponding effective results over number fields and function
fields, he derived effective bounds for the solutions of the initial equations.

In the paper Evertse and Gyo6ry (2013), Gydry’s specialization method
was extended to the case of arbitrary finitely generated domains of charac-
teristic 0 over Z. The crucial new tool in this extension was work of As-
chenbrenner (2004) on effective commutative algebra. Evertse’s and Gyory’s
general specialization method may be viewed as a ‘machine,” which takes
as input an effective Diophantine finiteness result concerning S-integral so-
lutions over number fields together with an effective analogue over function
fields, and produces as output a corresponding effective result over finitely
generated domains. This general specialization method lead to effective finite-
ness results for various classes of Diophantine equations over arbitrary do-
mains of characteristic 0 that are finitely generated over Z: Evertse and Gy&ry
(2013,2014,2015), Bérczes, Evertse and Gyory (2014), Bérczes (2015a,b),
Koymans (2016,2017) established general effective finiteness theorems over
finitely generated domains of characteristic 0 for several classical equations,
including unit equations in two unknowns, Thue equations, hyper- and su-
perelliptic equations and the Catalan equation. An important feature of these
results is their quantitative nature, i.e., they give upper bounds for the sizes
(suitable measures) of the solutions in terms of defining parameters for the
domain from which the solutions are taken and for the Diophantine equation
under consideration.

Our book provides the first comprehensive treatment of effective results
and methods for Diophantine equations over finitely generated domains. Sim-
ilarly to the above mentioned literature, most of the results in our book are
proved in quantitative form, giving effective bounds for the sizes of the so-
lutions. Apart from the results mentioned above, our book contains new ma-
terial, concerning decomposable form equations over finitely generated do-
mains. Here we have adapted the method of Gyory (1973,1980b) and Gydry
and Papp (1978) to reduce the decomposable form equations under consid-
eration to systems of unit equations in two unknowns. Here again, we give

vi



effective upper bounds for the sizes of the solutions, and for this purpose we
had to work out new effective procedures. As a special case, we get back the
results on discriminant equations from Evertse and Gy&ry (2017a,b).

We believe that the results in this book do not exhaust the possibilities
of our techniques. Hopefully, they will inspire further investigations to obtain
new effective results for other classes of Diophantine equations over finitely
generated domains.

This book is aimed at anybody (graduate student and expert) with basic
knowledge of algebra (groups, commutative rings, fields, Galois theory) and
elementary algebraic number theory. No further specialized knowledge on
commutative algebra or algebraic geometry is presupposed.
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History and summary

First we give a brief historical overview on the equations treated in our book,
and then outline the contents of the book.

We start with ineffective results. Thue (1909) developed an ingenious
method for approximation of algebraic numbers by rationals. As an appli-
cation he proved that if F' € Z[X,Y] is a binary form (i.e., a homogeneous
polynomial) of degree at least 3 which is irreducible over Q and ¢ is a non-
zero integer, then the equation

F(z,y)=4dinz,y € Z (1)

(nowadays called a Thue equation) has only finitely many solutions. Thue’s
approximation result was later considerably improved and generalized by
many people including Siegel, Mahler, Dyson, Gel’fond, Roth, Schmidt, and
Schlickewei.

Thue’s finiteness theorem concerning equation has many generaliza-
tions. Siegel (1921) generalized it for the number field case when the ground
ring, i.e., the ring from which the solutions are taken, is the ring of inte-
gers Ok of a number field K. Mahler (1933) extended Thue’s theorem to the
case of ground rings of the form Z[(p; - - - ps) '], where py, . . . , p, are primes,
while Parry (1950) gave a common generalization of the results of Siegel and
Mabhler to the case where the ground ring is the ring of S-integers of a number
field.

Siegel’s theorem has the following important consequence, which was not
stated explicitly by Siegel, but was implicitly proved by him. Denote by O3,
the group of units of O, and let , 8 be non-zero elements of the number
field K. Using the fact that O is finitely generated, it is easy to deduce from
Siegel’s theorem that the equation

ar+ Py =1 2)
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in z,y € O} has only finitely many solutions. Similarly, it follows from the
results of Mahler and Parry that equation (2)) has finitely many solutions even
in S-units of K, these are elements of K composed of prime ideals from a
finite, possibly empty set S of prime ideals of Oy . Nowadays equation (2) is
called a unit equation (when S is empty) resp. S-unit equation otherwise, or
more precisely unit equation and S-unit equation in two unknowns.

Further important equations are
flx) =0y™ inz,y € Z, 3)

where [ € Z[X] is a polynomial of degree n and 6 € Z\{0}. Equation (3)
is called elliptic if n = 3, m = 2, more generally hyperelliptic if n > 3,
m = 2, and superelliptic if n > 2, m > 3. If m or n is at least 3 and f has no
multiple zero, equation (3)) has only finitely many solutions. This was proved
in the elliptic case by Mordell (1922a,b,1923), in the hyperelliptic case by
Siegel (1926), and in the superelliptic case by Siegel (1929). LeVeque (1964)
considered (3)) in the more general case when f may have multiple zeros, and
gave a finiteness criterion for (3]) over the ring of integers of a number field.

A celebrated theorem of Siegel (1929) states that if F/(X,Y) is a poly-
nomial with coefficients in a number field &, which is irreducible over K
and the affine curve F'(z,y) = 0 is of genus > 1, then this curve has only
finitely many points with integral coordinates in K. This theorem implies the
above-mentioned finiteness results on Thue equations, unit equations and hy-
perelliptic/superelliptic equations over number fields.

Lang (1960) generalized Siegel’s theorem to what we call the finitely gen-
erated case, when the solutions are taken from an arbitrary integral domain
of characteristic 0 which is finitely generated as a Z-algebra, that is a domain
of the shape

Lz, .oz ={f(z1,. ., 2) 0 fEZ[X, ..., X,]},

where z1, ..., 2, may be algebraic or transcendental over Q. Recall that both
the ring of integers of a number field K, and the rings of S-integers of K,
are of this shape, with zq, ..., 2, all algebraic. In his proof, Lang used a spe-
cialization argument, reducing the theorem to the case of number fields and
function fields of one variable, and then applied Siegel’s theorem (1929) and
its function field analogue from Lang (1960). As a consequence, Lang ex-
tended the earlier finiteness results concerning Thue equations, unit equations
and hyperelliptic/superelliptic equations to the finitely generated case.

X



Multivariate generalizations of Thue equations that have attracted much
attention are the decomposable form equations

F(zy,...,2p) =0 1in xq,...,2, € Z, 4)

where 6 € Z\{0} and F(X3,...,X,,) is a decomposable form of degree
n > m in m > 2 variables with coefficients in Z i.e., a homogeneous poly-
nomial which factorizes into linear forms with coefficients in the algebraic
closure Q. Further important types of decomposable form equations are norm
form equations, discriminant form equations and index form equations which
are of basic importance in algebraic number theory. Schmidt (1971,1972) de-
veloped a multidimensional generalization of Roth’s theorem on the approxi-
mation of algebraic numbers, eventually leading to his famous Subspace The-
orem, and from the latter he deduced a finiteness criterion for norm form
equations. Evertse and Gy6ry (1988b) proved a general finiteness criterion
for decomposable form equations of the form (). Their proof depends on the
following finiteness result on multivariate unit equations of the form

oy + o = 1in zq, ... 2, € O, )

where K is a number field and oy, ..., a,, are non-zero elements of K. A
solution of (5)) is called degenerate if there is a vanishing subsum on the left
hand side of (5)). In this case (5) has infinitely many solutions if Oj; is infinite.
As a generalization of Siegel’s theorem on equation (2)), van der Poorten and
Schlickewei (1982) and Evertse (1984) proved independently of each other
that equation (5) has only finitely many non-degenerate solutions. This the-
orem was extended by Evertse and Gy6ry (1988a) and van der Poorten and
Schlickewei (1991) to the finitely generated case, when K is a finitely gener-
ated extension of Q and O3, is replaced by a finitely generated multiplicative
subgroup of K*. As a consequence, the above-mentioned general finiteness
criterion for (4) was proved in Evertse and Gydry (1988b) in a more general
form, over finitely generated domains of characteristic 0.

In the 1960’s, Baker developed an effective method in transcendence the-
ory, providing non-trivial effective lower bounds for linear forms in loga-
rithms of algebraic numbers. This furnished a very powerful tool to prove
effective finiteness results for Diophantine equations over Z and more gen-
erally over number fields, that enabled one to determine, at least in princi-
ple, all solutions of the equations under consideration. Using his method,
Baker (1968b,c,1969) derived explicit upper bounds among others for the
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solutions of Thue equations and hyperelliptic/superelliptic equations. Gy6ry
(1974,1979) used Baker’s theory of logarithmic forms to obtain explicit up-
per bounds for the solutions of unit equations and S-unit equations in two
unknowns. With the help of his bounds Gyd&ry proved effective finiteness the-
orems for discriminant equations for polynomials

D(f) = 6 in monic polynomials f € Z[X] (6)
and for elements
D(«) = ¢ in algebraic integers . (7)

Here D( ) denotes the discriminant of a polynomial f resp. of an algebraic
integer «, and ¢ is a non-zero integer. Two monic polynomials f, f’ € Z[X]
are called strongly Z-equivalent if f'(X) = f(X + a) for some a € Z.
Similarly, two algebraic integers «, ' are said to be strongly Z-equivalent if
o/ — a € Z. Clearly, strongly Z-equivalent monic polynomials resp. algebraic
integers have the same discriminant.

Gy®dry (1973) proved that there are only finitely many pairwise Z-inequiv-
alent monic polynomials with the property (6). A similar finiteness theorem
was proved for the solutions of (/) by Birch and Merriman (1972), and in-
dependently by Gy6ry (1973). Gydry’s proofs for (6) and are effective.
These results, in less precise form, were generalized in Gyory (1978a) for
the number field case, and in Gydry (1982) in an ineffective form, for the
finitely generated case, subject to the condition that the ground ring is inte-
grally closed. These results have many applications, among others to power
integral bases of ring extensions.

By using Gy6ry’s bounds on the solutions of unit equations in two un-
knowns, Gyodry (1976,1980a) and Gyory and Papp (1978) generalized Baker’s
effective theorem on Thue equations to equations in arbitrarily many un-
knowns. They derived explicit bounds for the solutions of a class of decom-
posable form equations over number fields, including discriminant form equa-
tions and certain norm form equations.

Tijdeman (1976) used Baker’s theory of logarithmic forms to give an ex-
plicit upper bound for the solutions of the Catalan equation

2™ —y" =1 in positive integers x,y, m,n with m,n > 1 and mn > 4.

®)

Xii



Further, when in equation (3)) m is also unknown and f has at least two dis-
tinct zeros, Schinzel and Tijdeman (1976) gave an effective upper bound for
m. In this case equation (3)) is now called Schinzel-Tijdeman equation. It is in-
teresting to note that the effective theorems of Tijdeman (1976) and Schinzel
and Tijdeman (1976) had no previously ineffective versions.

For Thue equations, unit equations and hyper/superelliptic equations, anal-
ogous effective results were obtained by Mason (1981,1983,1984) and others
over function fields of characteristic 0. The above-mentioned effective results
over number fields and function fields were later improved and generalized
by many people, and led to several further applications.

In Gyory (1983, 1984b) the author extended the effective finiteness the-
orems concerning Thue equations, discriminant equations and a class of de-
composable form equations over number fields to similar such equations over
restricted classes of finitely generated domains of characteristic 0 which may
contain both algebraic and transcendental elements. To prove these exten-
sions, GyOry developed an effective specialization method to reduce the gen-
eral equations under consideration to equations of the same type over number
fields and function fields, and then used effective results concerning these
reduced equations to derive effective bounds for the solutions of the initial
equations.

Evertse and Gy6ry (2013) refined the method of Gydry, and proved effec-
tive finiteness theorems for unit equations in two unknowns in full generality,
over arbitrary finitely generated domains of characteristic 0 over Z. In fact,
they obtained their results by combining Gy6ry’s techniques with work of
Aschenbrenner (2004), concerning the effective resolution of systems of lin-
ear equations over polynomial rings Z[ X1, . .., X,,].

The general effective specialization method of Evertse and Gy6ry led to
effective finiteness results over finitely generated domains for several other
classes of Diophantine equations, such as Thue equations, hyper/superelliptic
equations and the Schinzel-Tijdeman equation (Bérczes, Evertse and Gy&ry
(2014)), a generalization of unit equations (Bérczes (2015a,b)) and the Cata-
lan equation (Koymans (2016, 2017)). Further, generalizing another method
of Gy6ry (1973) and Gydry and Papp (1978) applied over number fields, the
present authors in Evertse and Gydry (2017a,b) and in Sections [2.6] and [2.§]
of this book obtained effective finiteness theorems for decomposable form
equations and discriminant equations over finitely generated domains. This
other method is not based on specialization, but instead uses a reduction of
the equation under consideration to unit equations in two unknowns.
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It is important to note that with the exception of discriminant equations
and hyper- and superelliptic equations, both methods mentioned above pro-
vide quantitative results over finitely generated domains, giving effective bounds
for the solutions. This is due to the effective and quantitative feature of the
main tools from Chapters [ to[§]

Major open problems are to make effective the general finiteness theo-
rems of Siegel (1929) on integral points of curves and of van der Poorten and
Schlickewei (1982) and Evertse (1984) on multivariate unit equations over
number fields. Such effective versions could be extended to the finitely gen-
erated case, using existing analogues over function fields and applying our
general effective specialization method.

We now outline the contents of our book. In Chapter [I we present the
most general ineffective finiteness results over finitely generated domains for
Thue equations, unit equations in two unknowns, a generalization of unit
equations, hyper- and superelliptic equations, curves of genus > 1 with finitely
many integral points, decomposable form equations, multivariate unit equa-
tions and discriminant equations. Further, except for curves of genus > 1 and
multivariate unit equations, we cite the most general effective versions con-
cerning the equations mentioned over number fields.

In Chapter [2, we state general effective finiteness theorems over finitely
generated domains of characteristic 0 for unit equations in two unknowns,
Thue equations, hyper- and superelliptic equations, the Schinzel-Tijdeman
equation, the Catalan equation, decomposable form equations and discrimi-
nant equations. As was mentioned above, apart from discriminant equations,
the other results give also effective bounds for the solutions.

Chapter [3|is devoted to a short explanation of our general effective meth-
ods.

In Chapters 4 and [5|those effective results are collected on the above equa-
tions over number fields and function fields that are needed in Chapters [9]and
[10} in the proofs of the general effective theorems stated in Chapter 2] We
have skipped the complete proofs of the theorems in Chapters 4 and 5] which
are rather technical. Instead, we sketch the proofs in simplified forms, which
give sufficient insight in the main ideas.

Chapters [0} [7] and [§] contain further important tools. In Chapter [6| we have
collected results from effective commutative algebra, in Chapter[7|we give the
detailed treatment of our effective specialization method, and in Chapter|[§|we
prove some useful results for‘degree-height estimates,” which may be viewed
as an analogue of the naiv height estimates of algebraic numbers for elements
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of the algebraic closure of a finitely generated field.
Lastly, in Chapters [9] and [0} the results and methods from Chapters AHg]
are combined to prove the general effective results presented in Chapter
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Chapter 1

Ineffective results for Diophantine
equations over finitely generated
domains

This book is about Diophantine equations where the solutions are taken from
an integral domain of characteristic O that is finitely generated over Z, that is,
from a domain of the shape

Lz, yze) ={f(z1,. .., 2) 0 fEZ[Xy,..., X,]}

whose quotient field is of characteristic 0. The generators z1, ..., 2. may be
either algebraic or transcendental over Q.

For instance, let K be a number field and Oy its ring of integers. Let
{w1,...,wq} be a Z-module basis of Ok. Then O = Zws, . . .,w,).

More generally, let /i be a number field and with the notation introduced
in Section let S be a finite set of places of K, consisting of all infinite
places of K and of the prime ideals pi,...,p; of Ok. Then the ring of S-
integers of K, denoted by Og, is given by the set of all elements « of K such
that there are non-negative integers kq, . .., k; with ozplfl e pft C Og. In the
particular case that S’ consists only of the infinite places of K, the ring Og is
just equal to Q. We may express Og otherwise as

Os = Zlwy, ... ,wg, ™ ],

where again {wy,...,wy} is a Z-module basis of Ok and where 71Oy =
(py - -pt)hK with Ay the class number of K. Thus, both the ring of integers

1



and the rings of S-integers of a number field are domains finitely generated
over Z, with algebraic generators.

In general, we will consider Diophantine equations over integral domains
Zlz1, ..., z] where some of the generators, say 21, ..., z,, are algebraically
independent over Q and the other generators are algebraic over Q(z1, .. ., 2,).

In this chapter we present the most important ineffective finiteness the-
orems for integral solutions of various classes of Diophantine equations, in-
cluding Thue equations, unit equations, hyper- and superelliptic equations,
equations involving integral points on curves, decomposable form equations
and discriminant equations. We consider these classes of equations in sepa-
rate sections. For each class we state the finiteness results in their most gen-
eral form, over an arbitrary integral domain of characteristic O that is finitely
generated over Z, and give an account of the earlier special cases leading to
the general result. Over Z or more generally over the rings of integers or S-
integers of number fields, these results were proved mostly by the powerful
Thue-Siegel-Roth-Schmidt method, while in the finitely generated case the
equations are reduced either to the number field and function field cases by
means of some specialization arguments or to such equations for which the
finiteness of the number of solutions is already proved; see e.g. Lang (1960),
Gyory (1982), Evertse and Gydry (1988a,1988b) and van der Poorten and
Schlickewei (1991). At the end of each section, we make a mention to the
corresponding effective results over Z or over number fields whose general
versions over finitely generated domains will be presented in Chapter 2}

The above mentioned equations have been studied very extensively and
they have many important generalizations, analogues and applications. For
details, we refer e.g. to the books Lang (1962,1978,1983), Borevich and Sha-
farevich (1967), Mordell (1969), Baker (1975), Gyory (1980b), Evertse (1983),
Mason (1984), Shorey and Tijdeman (1986), Schmidt (1991), Sprindzuk (1993),
Bombieri and Gubler (2006), Zannier (2009), Evertse and Gy6ry (2015, 2017a),
Bugeaud (2018) and the survey papers of Evertse, Gyory, Stewart and Tijde-
man (1988b) and Gydry (1984a,1992,2002).

1.1 Thue equations

Let A denote an integral domain of characteristic 0 that is finitely generated
over Z. Let K denote the quotient field of A, and fix an algebraic closure K

2



of K. We first consider the equation
F(z,y)=¢ in z,ye A (1.1.1)

over A, where F'(X,Y’) is a binary form of degree n with coefficients in A
and § € A\{0}.

The following result is a consequence of the more general Theorem|1.4.1]
which will be stated below.

Theorem 1.1.1. Assume that F' has at least three pairwise non-proportional
linear factors over K. Then equation (1.1.1)) has only finitely many solutions.

The condition in the theorem is obviously satisfied if F' has degree at least
3 and its discriminant is non-zero. This theorem cannot be extended to binary
forms F' with fewer than three pairwise non-proportional linear factors; for
instance the Pell equation 2% — dy? = 1 over Z, where d is a positive integer
not being a square, has infinitely many solutions.

In the classical case A = Z, Theorem [1.1.1| was proved by Thue (1909).
In fact Thue proved it for irreducible F', but the general case can be easily
reduced to the irreducible one. The proof of Thue’s theorem is based on his
result concerning approximations of algebraic numbers by rationals. After
Thue, equations of the shape (I.1.1]) are named Thue equations.

Thue’s theorem has been generalized by many people. Siegel (1921) ex-
tended it to the case when A is the ring of integers of a number field and
Mahler (1933) to rings of the shape Z[(p; - - - ps) '] where py, . .., p, are dis-
tinct primes. Parry (1950) gave a common generalization of the results of
Siegel and Mabhler to rings of S-integers of a number field. In the above gen-
eral form, Theorem|[I.1.1]is due to Lang (1960).

We would like to mention another equivalent formulation of Theorem
First, we recall a result of Mahler (1933). Let F' € Z[X,Y] be a bi-
nary form with at least three pairwise non-proportional linear factors over Q,
and let py, ..., ps be distinct prime numbers. Then the equation

F(z,y) =4p* - pZ inz,y,21,...,25 € Zwithged(z,y) =1 (1.1.2)

has only finitely many solutions. If we drop the restriction ged(z,y) = 1
we can construct infinite classes of solutions by multiplying (z, y) with prod-
ucts of powers of py,...,ps. Thus, it is easily seen that Mahler’s result can
be translated as follows. Let S = {pi,...,ps} be a finite set of primes,
Zs = Z[(p1,...,ps)""] the corresponding ring of S-integers, and Z} =
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{£pi* - p¥ : z1,...,2s € Z} the group of units of Zg. Then the solutions
of

F(x,y) € Z% in (v,y) € Z% (1.1.3)

lie in finitely many Z§-cosets, where a Z§-coset is a set of solutions of the
shape {u - (zo,y0) : u € Z%}, with (z¢,y0) € Z% fixed.

We now generalize this last equation to arbitrary finitely generated do-
mains of characteristic 0 that are finitely generated over Z. Let A be such a
domain, denote by A* its unit group, i.e., group of invertible elements. Fur-
ther, let /' € A[X, Y] be a binary form and § a non-zero element of A, and
consider the following generalization of (1.1.3):

F(x,y) € 64 in (x,y) € A% (1.1.4)

Because of its connection with (1.1.2), equation (1.1.4) is called a Thue-
Mabhler equation. Just like above, we can divide the solutions (z,y) € A?
of (I.1.4) into A*-cosets A*(xo,y0) = {u - (xo,%0) : u € A*}.

The following assertion is equivalent to Theorem|l.1.1

Theorem 1.1.2. Assume again that F' has at least three pairwise non-prop-
ortional linear factors over K. Then equation (1.1.4) has only finitely many
A*-cosets of solutions.

Theorem|[I.1.I=Theorem[I.1.2] Assume Theorem|I.1.1] According to a theo-
rem of Roquette (1957), the unit group A* is finitely generated. Let {v1, ..., vs}
be a set of generators for A*, and define U := {v"* --- 0™ : my,...,ms €
{0,...,n — 1}}. Then every element of A* can be expressed as u;u}, where
u; € U and uy € A*. Clearly, if (z,y) € A? satisfies (I.1.4), then F(z,y) =
duyuly for some uy; € U, uy € A*, and so F(z',y’) = duy where (2/,y') =
uy *(z,7). Hence every A*-coset of solutions of (T.T.4) contains (z’,y’) with
F(a',y') = duy with some u; € U, and Theorem [1.1.1]implies that for each
uy € U there are only finitely many possibilities for (2, 3'). This implies The-
orem

Theorem |1.1.2=Theorem Assume Theorem Let A*(xo,10) be
one of the finitely many A*-cosets of solutions of (I.1.4]) and pick those solu-

tions from it that satisfy (I.1.1). These solutions are all of the shape u(zo, yo)
with u" = F(xg,y0)/d and there are only finitely many of those. Hence
(L.1.1) has only finitely many solutions. O
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Equation (I.1.1) has many further generalizations, see e.g. equation (1.4.T])
in Section[I.4] equations (1.5.1)), (1.5.2) and (I.5.4) in Section[I.5|and Evertse
and Gydry (2015, Chapter 9).

In the case A = Z the first general effective result for equation (I.1.1]) was
established by Baker (1968b). He gave an explicit upper bound for the solu-
tions by means of his effective method based on lower bound for linear forms
in logarithms. Coates (1969) extended Baker’s result to the case of ground
rings of the type A = Z[(p; - - - ps) '], and later Kotov and Sprindzuk (1973)
to the case when A is the ring of S-integers of a number field. Gyory (1983),
using his effective specialization method, generalized the above results for a
wide but special class of finitely generated domains which may contain both
algebraic and transcendental elements. In Chapter [2, Theorem [2.3.1| gives an
effective version of Theorem |1.1.1|in quantitative form over an arbitrary in-
tegral domain of characteristic 0 which is finitely generated over Z. Its proof
uses a precise effective version of Theorem [I.1.1] over rings of S-integers of
number fields, see Theorem {.4.T] in Chapter ] as well as an effective ver-
sion over function fields, see Theorem in Chapter [5] which is a slight
variation of a result of Mason (1981, 1984).

1.2 Unit equations in two unknowns

Let again A be an integral domain of characteristic 0 which is finitely gener-
ated over Z, and K its quotient field. Further, let a, b be non-zero elements of
K. Consider the unit equation

ar+by=1 in z,ye A", (1.2.1)

where A* denotes the unit group of A, i.e. the multiplicative group of invert-
ible elements of A.

By a theorem of Roquette (1957) the group A* is finitely generated. Lang
(1960) proved the following general result.

Theorem 1.2.1. Equation (1.2.1) has only finitely many solutions.

The first finiteness result for equation (1.2.1)) was implicitly proved by
Siegel (1921) when K is a number field and A is the ring of integers of
K. For the case when A is of the type Z[(p; - - - p;) '] with distinct primes
p1, - - -, Ps, the finiteness of the number of solutions was obtained by Mahler
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(1933), while a common generalization of the results of Siegel and Mahler
follows from Parry (1950).

In fact, in Lang (1960) the following more general version of Theorem
[[.2.1lis established.

Theorem 1.2.2. Let K be a field of characteristic 0, a, b non-zero elements of
K and T a finitely generated multiplicative subgroup of K*. Then the equation

ar+by=1 in z,yel (1.2.2)
has only finitely many solutions.

Proof. Using an argument due to Siegel (1921), the theorem can be easily
reduced to Theorem|[I.1.1] Indeed, suppose that equation (1.2.2) has infinitely
many solutions. Let n be an integer > 3. Since I is finitely generated, the
quotient group I' /T is finite. Hence there is a solution z, yo of (1.2.2) such
that there are infinitely many solutions x, y such that z € xoI'", y € yol™.
Each of these solutions x, y can be written in the form = = zou”, y = yov"
with some u, v € I'. Denoting by A the ring generated by I over Z, it follows
that the Thue equation

(azg)u" + (byp)v™ =1
has infinitely many solutions u, v € A. This contradicts Theorem ]

We note that conversely, Thue equations can be reduced to finitely many
appropriate unit equations, see e.g. Evertse and Gyory (2015). In other words,
Thue equations and unit equations in two unknowns are in fact equivalent.
This was (implicitly) pointed out by Siegel (1926).

Theorem [[.2.2] has several generalizations, see e.g. Theorem|I.5.4]in Sec-
tion Lang (1960,1983) and Evertse and Gydry (2015). Here we present
one of them.

Lang (1960) extended his result concerning equation (1.2.2) to equations
of the shape

F(z,y)=0 in z,y€eT, (1.2.3)

where I' is as above and F' € A[X,Y] is a non-constant polynomial. He
proved the following.



Theorem 1.2.3. Let ' € A[X,Y] be a non-constant polynomial that is not
divisible by any polynomial of the shape

X" —a or XM™—aY" (1.2.4)

with o € [" and with non-negative integers m, n, not both zero. Then equation
(1.2.3) has only finitely many solutions.

It is easy to see that the exceptions described in Theorem [[.2.3] must be
excluded.

Lang (1965a,1965b) conjectured that Theorem [1.2.3| remains Valid if one
replaces I by its division group I, which consists of those v € K such that
+* € T for some positive integer k. Hence, in this case the solutions z,y do
not necessarily belong to K. Lang’s conjecture has been proved by Liardet
(1974,1975) who obtained the following.

Theorem 1.2.4. Let F € A[X,Y] be a non-constant polynomial that is not
divisible by any polynomial of the shape (1.2.4) with o € T and with non-
negative integers m, n, not both zero. Then equation (1.2.3) has only finitely
many solutions even in x,y € T.

The first general effective results for equation (1 over the ring of inte-
gers of algebraic number fields were proved in Gyory (1972, 1973,1974,1976),
over rings of S-integers of an algebraic number field in Gy6ry (1979), and
independently, in a less precise form, in Kotov and Trelina (1979). Using
Baker’s method concerning linear forms is logarithms, effective upper bounds
were given for the solutions. These bounds were improved later by several au-
thors, see e.g. Bugeaud and Gydry (1996a), Gydry and Yu (2006) and Gyd&ry
(2019).

Over algebraic number fields, Bombieri and Gubler (2006) gave an ef-
fective version of Lang’s theorem on the equation (1.2.3]), which was made
explicit by Bérczes, Evertse, GyOry and Pontreau (2009). These results are
proved under a slightly stronger condition than (T.2.4), with o« € K in place
ofa el

In the number field case, an effective version of Liardet’s theorem for
linear polynomials F' is due to Bérczes, Evertse and Gyo6ry (2009), and for
the general case to Bérczes, Evertse, Gy6ry and Pontreau (2009).

In Section we present effective versions of Theorems[1.2.1]and [1.2.2]
in quantitative form over arbitrary integral domain of characteristic 0 which
is finitely generated over Z, see Theorems [2.2.1/and[2.2.3] In its proof we use
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the result of Gydry and Yu over number fields mentioned above, as well as
the Mason-Stothers abc-theorem for function fields (as in Mason (1984)), see
Theorem[5.2.2]in Chapter[5] Further, we formulate some effective generaliza-
tions for equation (1.2.3), due to Bérczes (2015a, 2015b), see Theorems[2.2.4

1.3 Hyper- and superelliptic equations
Now consider the equation
flz) =90y™ in z,y€ A, (1.3.1)

where A is again an integral domain of characteristic 0 which is finitely gen-
erated over Z, f € A[X] is a polynomial of degree n > 2, 6 € A\{0} and
m > 2 integer. The equation is called elliptic if n = 3, m = 2, hyper-
ellipticif n > 3, m = 2, and superelliptic if n > 2, m > 3.

The following theorem follows from the general ineffective Theorem|[I.4.1]
of Lang.

Theorem 1.3.1. Suppose that in (I.3.1) m or n is at least 3 and that f has no
multiple zeros. Then (1.3.1)) has only finitely many solutions.

Under the assumptions of Theoremthe affine curve f(z) —dy™ =0
has genus > 1. Thus Theorem|1.3.1|is a consequence of the general Theorem
[[.4.1 below on the finiteness of the number of intregral points on algebraic
curves. The example of Pell equations shows that (I.3.1)) may have infinitely
many solutions if m = 2 and n = 2.

In the special case A = Z, Mordell (1922a,1922b,1923) proved the finite-
ness of the numbers of solutions of elliptic equations for which the polynomial
f has no multiple zeros. In particular, this implies that for every non-zero in-
teger k, the Mordell equation x* 4+ k = y? has only finitely many solutions.
Mordell’s finiteness results were extended by Siegel (1926) to hyperelliptic
equations, by reducing such equations to unit equations. LeVeque (1964) con-
sidered (1.3.1) where f may have multiple zeros, and gave a finiteness crite-
rion for the equation (1.3.T)) when A is the ring of integers of a number field.
The proofs of Mordell, Siegel and LeVeque are ineffective.

Over Z, Baker (1968b,1968¢,1969) was the first to give effective upper
bounds for the solutions of (1.3.1) in the case when f has at least 3 simple
zeros if m = 2 and at least 2 simple zeros if m > 3. Brindza (1984) made
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LeVeque’s theorem effective and extended it to S-integral solutions from a
number field.

Schinzel and Tijdeman (1976) considered the equation (1.3.1)) in the more
general situation when m is also unknown. In the case that A = Z and that f
has at least 2 distinct zeros, they derived an effective upper bound for m. Equa-
tion (1.3.1)) with m also unknown is nowadays called the Schinzel-Tijdeman
equation. All the effective results mentioned above depend on Baker’s method.

In Chapter [2] we present effective versions of Theorem [[.3.1] and the
Schinzel-Tijdeman theorem in quantitative form, over an arbitrary integral
domain of characteristic 0 which is finitely generated over Z, see Theorems
These results follow from similar effective results over num-
ber fields, see Theorems #.5.1] [4.5.2] [4.5.3] and function fields, see Theorems

B.5.15.5.2

1.4 Curves with finitely many integral points

Let K be a finitely generated extension of (Q, and A a subring of K which is
finitely generated over Z. The following finiteness theorem is of fundamental
importance in Diophantine number theory.

Theorem 1.4.1. Let F' € K[X,Y] be a polynomial irreducible over K such
that the affine curve F(x,y) = 0 is of genus > 1. Then this curve has only
finitely many points with coordinates in A.

In other words, under the above assumptions the equation
F(zr,y)=0 in z,yeA (1.4.1)

has only finitely many solutions.

In the case when K is a number field and A its ring of integers this cel-
ebrated theorem was proved by Siegel (1929). Further, Siegel described the
cases when the curve has genus 0 and has infinitely many points with co-
ordinates in A. Mahler (1934) conjectured that a similar statement holds for
rational points with coordinates having only finitely many fixed primes in
their denominators, and proved this for curves of genus 1. In the above gen-
eral form Theorem (1.4.1]is due to Lang (1960); see also Lang (1962, 1983).
In this proof, Lang used a specialization argument, reducing Theorem|[[.4.1]to
the case of number fields resp. function fields of one variable and then applied
Siegel’s theorem and its analogue over function fields from Lang (1960).
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Confirming Mordell’s (1922a) famous conjecture on rational points on
curves, Faltings (1983) proved first for number fields K and later for finitely
generated extensions K of Q, cf. Faltings and Wiistholz (1984, page 205,
Thm. 3), that if the above curve has genus > 2 then it has only finitely many
points even with coordinates in /X as well. Except for the genus 1 case, Falt-
ings’ theorem contains Theorem [I.4.1]

All known proofs of Theorem [I.4.1and of Faltings’ theorem are ineffec-
tive. As was mentioned in Sections [I.1] to [I.3] Theorem [1.4.1] has been made
effective in a couple of important special cases. Further, in the case when K
is a number field, an effective version of Theorem for genus 1 curves
was obtained by Baker and Coates (1970).

It is a major open problem to give an effective version of Theorem [[.4.1]
in full generality.

1.5 Decomposable form equations and multivari-
ate unit equations

Let K be a finitely generated extension field of Q, and F' € K[X7,..., X,,]
a decomposable form in m > 2 variables, i.e., F' factorizes into linear forms
over an extension of K, which we may choose to be a given algebraic closure
K of K.Letd € K* and let A be a subring of K that is finitely generated over
Z. As a generalization of the Thue equation we consider the decomposable
form equation

F(x)=0¢ inx = (2q,...,1,) € A™. (1.5.1)

Let £, be a maximal set of pairwise linearly independent linear factors

of F. That is, we can express I as c('--- (", where Lo = {l1,...,0,},
c€ K*, and ey, ..., e, are positive integers. For applications, it is convenient
to consider the following generalization of equation (I.5.1)). Let £ O L, be
a finite set of pairwise linearly independent linear forms in X1, ..., X, with

coefficients in /&, and consider now the equation
F(x) =6 inx = (21,...,2,) € A" with {(x) # 0 forall € L. (I.5.1Th)
For £ = L, equation (T.5.1f)) gives (I.3.1).

To state the main results we need some definitions. Given a non-zero lin-
ear subspace V' of the K-vector space K and linear forms /;,...., ¢, in
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K[X1,..., X, ~we say that lq,...,L, are linearly dependent on V' if there
are c1,...,c. € K, notall 0, such that ¢;/; + - - - + ¢,.£, vanishes identically

on V. Otherwise, we say that ¢y, ..., ¢, are linearly independent on V.
We say that a non-zero linear subspace V' of K™ is L-non-degenerate if
L contains r > 3 linear forms /1, ..., ¢, which are linearly dependent on V/,

while each pair ¢;,¢; (i # j) is linearly independent on V. Otherwise, the
space V' is called L-degenerate. That is, V is L-degenerate precisely if there
are {1,...,0, € L such that {1, ... /¢, are linearly independent on V' while
each other linear form ¢ € L is linearly dependent on V' to one of ¢y, ... /..
In particular, V' is £-degenerate if V' has dimension 1.

Lastly, we call V' L-admissible if no linear form in £ vanishes identically
onV.

The following general finiteness criterion was proved by Evertse and Gy6ry
(1988Db).

Theorem 1.5.1. The following two statements are equivalent:

(i) Every L-admissible linear subspace of K™ of dimension > 2 is Ly-
non-degenerate;

(ii) For every subring A of K which is finitely generated over 7. and for
every 0 € K*, the equation (1.5.1p)) has only finitely many solutions.

For £ = L, this theorem gives a finiteness criterion for equation (I.5.T).
It relates a statement (cf. (i1)) about the finiteness of the number of solutions to
a condition (cf. (i)) which can be formulated in terms of linear algebra. It can
be shown that (i) is effectively decidable once K, L, and L are given in some
explicit form, see Evertse and Gy6ry (2015, Theorem 9.1.1) for an equivalent
formulation of (i) for which the effective decidability is clear.

In the case m = 2, L = L, Theorem gives immediately Theorem
on Thue equations. For a more general version of Theorem see
Evertse and Gy6ry (2015, Chapter 9).

Decomposable form equations are of basic importance in Diophantine
number theory. Besides Thue equations (when m = 2), important classes
of decomposable form equations are norm form equations, discriminant form
equations and index form equations.

Let us start with norm form equations. Let oy = 1, a0, ..., € K and
suppose they are linearly independent over K. Put K/ := K(ayq, ..., Q). As-
sume that K" is of degree n > 3 over K. Putting /(X) = oy X1+ - -+ @ X,
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denote by () (X) = agi)Xl ++aX,,, i =1,...,n, the conjugates of
¢(X) with respect to K’ /K. Then

Niic(an Xy + -+ amXy) = [ [(7(X)
=1

is a decomposable form of degree n with coefficients in /. Such a form is
called a norm form over K (or with respect to K’/ K) and, for § € K*,

Ngrg (@) + -+ apy) =6 in 2,2, € A (1.5.2)

a norm form equation.

Let V be the K -vector space generated by «a, ..., a,, in K’. We say that
V is degenerate if there exist a u € K’* and an intermediate number field K"
with K C K" C K’ such that u /K" C V. The following finiteness criterion is
a consequence of Theorem [[.5.T} see Evertse and Gydry (1988b).

Corollary 1.5.2. The following two statements are equivalent:
(i) V is non-degenerate;

(ii) For all 6 € K* and all subrings A of K which are finitely generated
over Z, equation (1.5.2)) has only finitely many solutions.

For K = Q, A = Z, Schmidt (1971) gave a criterion for equation (1.5.2)
to have only finitely many solutions for every 6 € Q*. Then Schmidt (1972)
proved that all solutions of over Z belong to finitely many so-called
families of solutions. These results were later extended by Schlickewei (1977)
to the case of arbitrary finitely generated subrings A of (Q, and by Laurent
(1984) to the above general case. As a generalization of Schmidt’s (1972)
result, GySry (1993) showed that all solutions of equation (1.5.1)) belong to
finitely many so-called wide families of solutions.

Next consider discriminant form equations. Let again K’ = K (ay, ..., ap)
be an extension of degree n > 3 of K, where now 1,aq,...,q,, are K-
linearly independent elements of K’. Let ()(X) = X, + a@X 1+ F
aﬁ,?Xm, i =1,...,n,be the conjugates of /(X) = Xo+ a1 Xy +- -+ X
with respect to K’/ K. Then the decomposable form

Diyi(onXi+ -+ amXy) = [ (09(X) = 9(X))?

1<i<j<n
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has its coefficients in /& and is independent of X. It is called a discriminant
form, while, for 6 € K*,

Dgig(oqay + -+ apap) =90 in zp,...,2, € A (1.5.3)

is called a discriminant form equation.
The following finiteness result is due to Gy6ry (1982). It can be deduced
from Theorem [I.5.1las well.

Theorem 1.5.3. Under the above assumptions, equation (1.5.3)) has only finitely
many solutions.

This theorem and its various versions have several important applications,
among others to index form equations and power integral bases; for references
see e.g. Gyory (1980b) and Evertse and Gydry (2017a).

The above results concerning equations (1.5.7)), (T.3.1h), (1.5.2) and (1.5.3)

have been extended to equations of the form

F(x) € A" in x=(x1,...,2,) € A™ (1.5.4)

The set of solutions of equation (1.5.4) can be divided into A*-cosets xoA*,
where xg = (1, ..., %) is a solution of (I.5.4)). As was already mentioned,
by a theorem of Roquette (1957) A* is finitely generated. Hence (1.5.4) can
be reduced to finitely many equations of the form (1.5.1).

The proof of Theorem [I.5.1]and its variant concerning (1.5.4)) depends on
the following finiteness result on multivariate unit equations of the form

axy+ -+ apty, =1 in x1,...,2, € A" resp.in [, (1.5.5)

where K is a field of characteristic 0, a4, . . ., a,, are non-zero elements of /,
Ais a subring of K that is finitely generated over Z, and I" is a finitely gener-
ated subgroup of K*. A solution xy, ..., z,, of (I1.5.9) is called degenerate if
there is a vanishing subsum on the left hand side of (1.5.5). In this case (1.5.5)
has obviously infinitely many solutions if A* resp. I" is infinite. The following
theorem was proved by van der Poorten and Schlickewei (1982) and Evertse
(1984) in the number field case, and by Evertse and Gydry (1988a) and van
der Poorten and Schlickewei (1991) in the finitely generated case.

Theorem 1.5.4. Equation (1.5.5)) has only finitely many non-degenerate so-
lutions.
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As is pointed out in Evertse and Gyéry (1988b), Theorem [I.5.4] and the
implication (i)=-(ii) of Theorem [[.5.1] are equivalent statements; see also Ev-
ertse and Gydry (2015, Chapter 9).

The above presented or mentioned results are all ineffective. In certain
important cases they have effective versions. Concerning the discriminant
form equation over Z, the first effective finiteness result was obtained
by Gyory (1976). This was extended to the number field case by Gyo6ry and
Papp (1977) and Gydry (1981a). Gydry and Papp (1978) over Z, and Gydry
(1981a) over arbitrary number fields established effective finiteness theorems
for equations (I.53.1)), (1.5.Th) and (1.5.2), for some classes of decomposable
forms and norm forms, including binary forms and discriminant forms. As
was mentioned in Section the first effective finiteness results for bivariate
unit equations, i.e., equations ([.5.5]) in m = 2 unknowns over number fields
were given by Gyory (1972,1973,1974).

Gy®ry (1983) extended his effective results on equations (1.5.1)), (I.5.2),
(I.5.3) over number fields to a class of finitely generated ground domains over
7, which may contain both algebraic and transcendental elements over Q. In
Chapter [2] we present a further extension, in slightly more general form, to
the case of arbitraryground domains of characteristic 0 that are finitely gener-
ated over Z, see Theorem However, apart from the case of general dis-
criminant form equations (1.5.3)), it remains a major open problem to make
Theorem[1.5.1] Corollary [[.5.2]and Theorem[I.5.4]effective in full generality.

1.6 Discriminant equations for polynomials and
integral elements

Let again A be an integral domain of characteristic 0 which is finitely gen-
erated over Z and K its quotient field. Take a finite extension G of K. Let
n > 2 be an integer, ) a non-zero element of A and consider the discriminant
equation for polynomials

D(f) = ¢ inmonic f € A[X] of degree n having all its zeros in G. (1.6.1)

Two monic polynomials f, f' € A[X] are called strongly A-equivalent
if f(X) = f(X + a) for some a € A.||In this case f and f’ have the

"'With our definitions of strong A-equivalence and A-equivalence (sec), which is consid-
ered below, we follow Gyory (1982) and Evertse and Gyory (2017b).
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same discriminant. Hence the solutions of (1.6.1)) can be divided into strong
A-equivalence classes.
Denote by A the integral closure of A in K.

Theorem 1.6.1. Let n > 2 be an integer and A an integral domain of char-
acteristic 0, finitely generated over 7, with quotient field K such that the
quotient A-module

(AN Ag)/A is finite. (1.6.2)

Further, let G be a finite extension of K and 6 a non-zero element of A. Then
the set of monic polynomials f € A[X] satisfying (1.6.1)) is a union of finitely
many strong A-equivalence classes.

This was proved in Evertse and Gyory (2017b) in an effective form; see
also Theorem 2.8.4]in Section[2.8]

The class of domains A with contains among others all finitely
generated subrings of Q and, more generally, all finitely generated domains
over Z which are of characteristic 0 and are integrally closed. In the latter
case, Gyory (1982) proved the following more precise result, without fixing
the degrees of the polynomials under consideration.

Theorem 1.6.2. Let A be an integrally closed integral domain of characteris-
tic 0 which is finitely generated over 7, and G a finite extension of the quotient
field of A. Then the set of solutions of is a union of finitely many strong
A-equivalence classes.

We don’t know if condition is the weakest possible. As is pointed
out in Evertse and Gyd6ry (2017b), Theorem [[.6.1] is not true for arbitrary
finitely generated domains of characteristic 0.

We also consider discriminant equations where the unknowns are ele-
ments of orders of finite étale K -algebras. Let (2 be a finite étale K-algebra,
ie, Q) = K[X]/(P) = KI[f], where P € K[X] is some separable polyno-
mial and 6 := X (mod P). If in particular P is irreducible over K, then
2 is a finite extension field of K. Writing [Q2 : K] := dimg €2, we have
[ : K] = deg P.Let K be an algebraic closure of K. By a K-homomorphism
from €2 to i we mean a non-trivial /-algebra homomorphism. There are pre-
cisely n := [Q : K] K-homomorphisms from {2 to K which map 6 to the n
distinct zeros of P in K. We denote these by = + 2 (i = 1,...,n). The
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discriminant of a € Q) over K is given by

Dok () = H (a(i) _ Oé(j))27

1<i<j<n

where o?) denotes the image of a under z — «(?. This is an element of K.
It is easy to see that Dok (o + a) = Dok (o) for @ € Q, a € K. Further,
Dq k(o) is different from zero if and only if 2 = K{a/].

Consider now discriminant equations for integral elements, of the shape

where 0 is a non-zero element of A, and O is an A-order of €2, i.e., an A-
subalgebra of ) which spans () as a K-vector space and which is finitely
generated as an A-module. Then O is in fact an A-subalgebra of the integral
closure of A in 2. As was mentioned above, Ag is finitely generated as an
A-module.

If £ € O is a solution of (1.6.3)), then so is £ + a for every a € A. Thus,
the solution of (1.6.3)) split into A-cosets ¢+ A={¢ +a: a € A}.

The following theorem was established by Evertse and Gy&ry (2017b) in
an effective form; see also Corollary

Theorem 1.6.3. Let A be an integral domain of characteristic 0 which is
finitely generated over Z. Further, let K be the quotient field of A, § a finite
étale K-algebra, O an A-order in (), and 6 a non-zero element of A. Then the
following two assertions are equivalent:

(i) The quotient A-module (O N K)/A is finite.

(ii) For every non-zero § € A, the set of € € O with (1.6.3) is a union of
finitely many A-cosets.

The implication (ii)=-(i) is obvious. Suppose (i) does not hold. Pick &, €
O with Q = K[&] and let 0 := Dq/x(&). Then 6 # 0, the O N K-coset
&+ ON K is contained in the set of solutions of (I1.6.3)), and this O N K -coset
is clearly the union of infinitely many A-cosets.

We note that O N K = A if A is integrally closed. Hence Theorem [[.6.3
immediately gives the following.

Corollary 1.6.4. Let A be an integrally closed integral domain of character-
istic 0 which is finitely generated over Z, K its quotient field, ) a finite étale
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K-algebra, O an A-order in (), and 6 a non-zero element of A. Then the set
of £ € O with (1.6.3)) is a union of finitely many A-cosets.

As was mentioned above, Ag, is finitely generated as an A-module. Taking
for 2 a finite extension L of K and for O the integral closure A, of Ain L,
we get the following important special case which is due to Gyory (1982).

Corollary 1.6.5. Let A be an integrally closed integral domain of charac-
teristic O which is finitely generated over 7, K its quotient field, L a finite
extension of K and § € A\{0}. Then the set of solutions of the equation

is a union of finitely many A-cosets.

The following more general versions of equations (I.6.1)) and (1.6.3]) are
also important for applications:

D(f) € A" inmonic f € A[X] of degree n > 2
having all its zeros in G, (L.6.Tp)

and

Dok(€) €6A" in £€O. (L.6.3)

The solutions of (I.6.1h) can be partitioned into so-called A-equivalence
classes, where two monic polynomials f, f € A[X] of degree n are called A-
equivalent if f'(X) = u"f(u"'X + a) for some u € A* a € A. Combining
Theorem with Roquette’s (1957) theorem that A* is finitely generated,
it follows that under the assumption (1.6.2) the polynomials f with (T.6.Th)
lie only in finitely many A-equivalence classes. For integrally closed A, this
finiteness result was proved by Gyd&ry (1982) in a more general form, without
fixing the degree of the polynomials f under consideration.

Similarly, the solutions of (I.6.3p) can be divided into A-equivalence classes,
where two elements «, o/ of O are called A-equivalent if o' = ua + a with
some u € A*,a € A. Together with Roquette’s theorem, Theorem [1.6.3|im-
plies that under the condition (i) of Theorem[1.6.3] equation (1.6.3p) has only
finitely many A-equivalence classes of solutions. In case of integrally closed
A, this was obtained in Evertse and Gyd&ry (2017a, Chapter 5).
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A further important application is as follows. If
O = A[¢] (1.6.5)

for some £ € O and £’ is A-equivalent to & then also O = A[{']. The above re-
sult concerning (I.6.3h) implies that under the condition (i) of Theorem[1.6.3]
the set of ¢ with is a union of finitely many A-equivalence classes.
For integrally closed A, see Evertse and Gydry (2017a, Chapter 5), and if in
addition €2 is a finite extension of K, see Gydry (1982).

Over Z and more generally over number fields, the first finiteness results
concerning equation (1.6.1)), (1.6.1R), (1.6.3), (1.6.3R), (1.6.3]) were proved by
Gyory, and in effective form. He proved in Gyory (1973) for A = Z that given
anon-zero ¢ € Z, there are only finitely many strong Z-equivalence classes of
monic f € Z[X] with discriminant J, and a full set of representatives of these
equivalence classes can be effectively determined. Here neither the degree n,
nor the splitting field G of the polynomials f is fixed. This result implied the
first effective finiteness theorem for equation (1.6.4) with A = Z. Further, in
Gyory (1976) it is proved in an effective form that if L is a number field with
ring of integers Oy, then there are only finitely many Z-equivalence classes of
a € Op with O = Z|al.

It follows from finiteness results of Gyory (1978a,1978b,1984b) that if A
is the ring of integers or S-integers of a number field then the finiteness re-
sults presented above on equations (1.6.1), (1.6.1g), (1.6.3), (1.6.3g), (1.6.3)
are valid in effective form. Moreover, these versions of Theorem[I.6.2]remain
true without fixing the number field GG or the degree n of the polynomials f.
Perhaps such a finiteness result without fixing GG can be extended to certain
finitely generated integral domains of low transcendence degree. But extend-
ing this to arbitrary finitely generated domains over Z seems to be very hard.

For a class of finitely generated ground domains over Z which may con-
tain both algebraic and transcendental elements over (Q, effective versions of
Theorem [I.6.2] and Corollary [I.6.5] were obtained by Gydry (1984b). These
were extended, in slightly more general form, by Evertse and Gyory (2017b)
to the case of arbitrary finitely generated ground domains over Z. These will
be presented in Chapter 2, Section
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Chapter 2

Effective results for Diophantine
equations over finitely generated
domains: the statements

In this chapter general effective finiteness theorems are presented for Dio-
phantine equations over finitely generated integral domains of characteristic
0, including unit equations, Thue equations, hyper- and superelliptic equa-
tions, the Schinzel-Tijdeman equation, the Catalan equation, decomposable
form equations and discriminant equations. Apart from discriminant equa-
tions, the other theorems are established in quantitative form, providing ef-
fective bounds for the solutions. The results presented make it possible to
solve, at least in principle, the equations under consideration. Their proofs are
given in Chapters [9] and [10}]

2.1 Notation and preliminaries

To make sense of statements such as that a particular Diophantine equation
can be solved effectively over a given finitely generated domain, we need an
explicit representation for this domain, as well as for its elements. We start
below with the necessary definitions. A more detailed treatment can be found
in Chapter|[6] and in particular in Section

Let A = Z|z,. .., 2] be a finitely generated integral domain of charac-
teristic 0. Assume that » > 0 and let

WARES {er[Xlaer] f(Zl,...,ZT) :0}
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Then Z is an ideal of Z[X,...,X,] which by Hilbert’s Basis Theorem is
finitely generated, that is, we have

A~7Z[X,,....X,]/)T, with T=(f,...,fu) @2.1.1)

for some finite set of polynomials fi,..., fiy € Z[X;, ..., X,]. We call the
tuple (f1,..., fu) an ideal representation for A. Recall that a necessary and
sufficient condition for A to be a domain of characteristic 0 is that Z be a
prime ideal of Z[X1,...,X,] with Z N Z = (0). Given a set of generators
(f1, ..., fur) for Z this can be checked effectively for example using Aschen-
brenner (2004, Lemma 4.8, Corollary 4.9) and the comments in Chapter [6| of
the present work.

To perform computations in A it will be necessary to be able to decide
whether for any given f € Z[ X}, ..., X,] and any givenideal Z = (f1,..., fu)
of Z[X,...,X,] we have f € Z, that is, whether there exist g,..., gy €
Z[Xy,...,X,] such that f = ¢ f1 + -+ + gafar- An algorithm performing
this task is called an ideal membership algorithm for Z| X, . .., X,]. Several
such algorithms have been developed since the 1960s; we mention only the
algorithm of Simmons (1970), and the more precise algorithm of Aschenbren-
ner (2004), which plays an important role in our work; see Corollary in
Chapter [6]

Denote by K the quotient field of A. For o € A, we call f a representative
for «, or say that f represents aif f € Z[Xy,..., X,Jand o = f(z1,..., 2,).
With the notation (2.1.1) this means that « corresponds to the residue class
f mod Z. Further, for « € K, we call (f,g) a pair of representatives for
«a, or say that (f, g) represents a if f,g € Z[X1,...,X,], g € Z and o =
f(z1,--.,2:)/9(21,...,2.). Note that g ¢ Z can be verified by means of an

ideal membership algorithm for Z[ X1, ..., X,]. A representative for a tuple
(x1,...,2m) € A™isatuple (Zy,...,T,,) with elements from Z[ X, ..., X,]
such that z; represents z;, for i = 1,... m. Finally, a representative for a

polynomial F' with coefficients in A is a polynomial F' with coefficients in
Z[X, ..., X,] that represent the corresponding coefficients of F.

We say that the domain A is effectively given if an ideal representation as
n for it is given. Further, we say that an element « of A, resp. of K, is
effectively given/computable if a representative, resp. a pair of representatives,
for «v is given/can be computed.

Given (pairs of) representatives for two elements of A or K, it is clear
how to compute a (pair of) representative(s) for their sum, difference, product
or quotient. Using an ideal membership algorithm for Z[ X1, ..., X,] we can
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decide whether two given f, f’ € Z[X1, ..., X,] represent the same element
of A (i.e., whether f — f’ € 7) and whether two given pairs (f, g), (f,¢') in
Z[X, ..., X,] represent the same element of K (this amountsto g - ¢ & T
and fg' — f'g € T).

Suppose we know somehow that a particular system of polynomial Dio-
phantine equations

Fi(x)=0,...,Fs(x)=0 inx = (21,...,2,) € A" (2.1.2)

where Fi,..., Fs € A[Yy,...,Y,,], has only finitely many solutions. Then
determining the solutions of (2.1.2) effectively means finding a finite list of
tuples X = (Zy,...,%,) € Z[X1,...,X,|™ that represent all the solutions
in A™ of and such that no two tuples in the list represent the same
solution.

Rather than merely showing that the set of solutions of (2.1.2)) can be
determined effectively, it is sometimes possible to obtain more precise quan-
titative statements by estimating the sizes of the coordinates of the tuples rep-
resenting the solutions. In fact, we define the size of a non-zero polynomial
feZX,,...,X,]by

s(f) = max(1,deg f, h(f)),

where deg f denotes the degree, that is, total degree, of f and h(f) the log-
arithmic height of f, that is the logarithm of the maximum of the absolute
values of the coefficients of f. Further, we define s(0) := 1. Clearly, there
are only finitely many polynomials in Z[X7, ..., X,] with size below a given
bound, and these can be determined effectively.

Proposition 2.1.1. Let the domain have ideal representation fi, ..., fy as
in @1.1), and let Fy, ..., Fy € A[Y1,...,Y,| be given by representatives

ﬁl, e ,fs, which are polynomials in the variables Y1, . ..,Y,, with coeffi-
cients in Z[ X1, ..., X,|. Suppose we can compute C'in terms of fi1,..., fur,
Fy, ..., Fs such that every solution of the system (2.1.2)) has a representative

X = (T1,...,Tm) with
T €L Xy,...,X,], s(@;)<C fori=1,...,m.

Then we can effectively determine the solutions of (2.1.2).

Proof. We enumerate all m-tuples consisting of elements in Z[ X1, ..., X,] of
size at most C'. By means of an ideal membership algorithm for Z[ X1, ..., X, ]
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we check for each of these tuples X whether F;(X) € Z fori = 1,...,s and
make a list of the tuples passing this test. This list contains at least one rep-
resentative for each solution of (2.1.2)). Subsequently we check, for any two
tuples X1, X from this list, whether there is an index 7 such that the differ-
ence of their ¢-th coordinates is not in Z. If there is not such an index ¢, then
X1, Xo represent the same solution of (2.1.2)) so we may remove one of them
from our list. What remains is a list with precisely one representative for each
solution. [

In Sections [2.2] to [2.5] we present effective finiteness results in quantita-
tive form, i.e., with bounds for the sizes for representatives of their solutions,
for unit equations, a generalization of unit equations, Thue equations, hyper-
and superelliptic equations, the Schinzel-Tijdeman equation and the Catalan
equation over finitely generated domains. These results have been proved by
means of the effective method of Evertse and Gyory (2013), reducing the
equations to the number field and function field cases, applying effective spe-
cializations. As will be pointed out in Chapters [3] and [7 this is an improved
version of the effective specialization method of Gy&ry (1983,1984b).

Sections are devoted to effective finiteness results concerning de-
composable form equations, norm form equations and discriminant equations
over finitely generated domains. Here, following Gy6ry’s method, the equa-
tions are reduced to unit equations and then the general effective results con-
cerning unit equations are used. The proofs use several effective results from
commutative algebra and some new, effective, so-called ’degree-height esti-
mates’ from Chapter [8| for elements of K. In Section we mention some
Diophantine problems that can be solved effectively over number fields but
for which as yet no effective analogue over finitely generated domains could
be established. We recall that except for Section [2.5|dealing with the Catalan
equation, the earlier less general effective theorems were already mentioned
in Chapter |1} in the corresponding sections. They will be also referred to in
Chapter [d]treating effective results over number fields. Hence, apart from Sec-
tion [2.5] no mention will be made in this chapter on earlier effective results
over number fields or special finitely generated domains.

Throughout this work we shall use O(-) to denote a quantity which is an
effectively computable positive absolute contant times the expression between
the parentheses. The constant may be different at each occurence of the O-
symbol.
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2.2 Unit equations in two unknowns

In what follows, A will denote an integral domain of characteristic 0 that is
finitely generated over Z. We assume that A = Z[ Xy, ..., X,|/(f1, ..., fm),
where f1, ..., fa are given elements of Z[ X1, ..., X,].

We start with unit equations in two unknowns, these are equations of the
form

ar+by=c inzx,ye A" (2.2.1)

where a, b, ¢ are non-zero elements of A. Let a, Z, ¢ be representatives in
Z[X, ..., X,] for a,b, c, respectively.
The effective result below was established by Evertse and Gyory (2013).

Theorem 2.2.1. Assume that f1,..., fy and a, E, ¢ all have degree at most
d and logarithmic height at most h, where d > 1,h > 1. Then for each
solution x,y of 2.2.1)), there are representatives T,%, 7,y of x,x 1 ,y,y~ !,
respectively, such that

(@), 5(7), 57, 5(7) < exp ((24)*2°0n).

The exponential dependence of the upper bound on d and / is a conse-
quence of the use of Baker’s method in the proof of Theorem [{.3.1] on unit
equations over number fields. The bad dependence on r comes from the effec-
tive commutative algebra for polynomial rings over fields and over Z, which
is used in the specialization method of Evertse and Gy6ry (2013); see also
Chapters [6] to 9]

We deduce the following effective version of Lang’s Theorem [I.2.1]

Corollary 2.2.2. Equation (2.2.1) has only finitely many solutions. Further, if

A and a, b, c are effectively given, then all solutions of (2.2.1) can be deter-
mined effectively.

Proof of Corollary[2.2.2] Notice that equation (2.2.1)) is equivalent to the sys-
tem
ar+by=c, v-2'=1, y-y' =1 inz,2',y,y € A

Apply Proposition[2.1.Twith C' the upper bound occurring in Theorem [2.2.1]
0

We present a variation on Theorem [2.2.1] Let v, . . ., s be multiplicately
independent elements of K*. We mention that Proposition in Chapter
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provides a method to check whether elements 74, ..., 7, given by pairs of
representatives are multiplicatively independent; see also Lemma 7.2 from
Evertse and Gyory (2013). Let again a, b, ¢ be non-zero elements of A and
consider the equation

Vs __

ayyt ooyl bt oy =c oin Uy, .., U, U, .05 €L (2.2.2)

Theorem 2.2.3. Let E,Z, ¢ be representatives for a,b,c, and fori =1,...,s
let (gi1, gi2) be a pair of representatives for ;. Suppose that f1, ..., fa, a,b,¢
and g;1,0:i2 (i = 1,...,s) all have degree at most d and logarithmic height
at most h, where d > 1,h > 1. Then for each solution (uy, ..., vs) of (2.2.2)
we have

max(funl, ... Jugl,Jor], - el < exp ((20)%2009R).

An immediate consequence of Theorem [2.2.3]is that for given f1, ..., fu,
a,b,cand 7y, ..., s, all solutions of (2.2.2) can be determined effectively.

Since the unit group A* is finitely generated, equation (2.2.1) may be
viewed as a special case of (2.2.2). But no general effective algorithm is
known to find a finite system of generators for A*, hence we cannot deduce
an effective result for (2.2.1) from Theorem [2.2.3] In fact, in Chapter [9] we
shall argue reversely, and prove Theorem [2.2.3|by combining Theorem [2.2.1]
with an effective result on equations of the type 7, ...~v% = =, in integers
Uy, ..., Uus, Where yo,v1,...,7s € K*.

Finally, we mention that using the effective method of Evertse and Gyory
(2013), Bérczes (2015a,2015b) made effective in full generality the results of
Lang resp. of Liardet presented in Section[I.2]on the equations

F(z,y)=0 in z,y € A", (2.2.3)
F(z,y)=0 in z,yecl (2.2.4)

where T is a finitely generated multiplicative subgroup of K*, T is its divi-
sion group and F' € A[X,Y]. In Bérczes’ results, F has to satisfy a slightly
stronger condition than in Theorems[1.2.3|and [1.2.4] that is, I’ € A[X,Y] is
a non-constant polynomial that is not divisible by any polynomial of the form

X"Y" —a or X" —aY"
with & € K and with non-negative integers m,n, not both zero. As was
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pointed out by Bérczes, this condition can be checked effectively once pairs
of representatives for the coefficients of F' are given.

Assume that f, ..., fi; and a set of representatives for the coefficients of
F have degree at most d and logarithmic height at most ~, withd > 1, h > 1.
Further, denote by N the total degree of F'. Bérczes (2015a, Thm. 2.1) proved
in a more precise form the following.

Theorem 2.2.4. Under the above assumptions, there is an effectively com-
putable number C depending only on r,d, h and N such that for every solu-
tionx,y € A* of (2.2.3)) there are representatives T, %', 4,y of v,z ', y,y~,

respectively, such that
s(x),s(2), s(y),s(y) < Ch.

Let the generators vy,...,7s of I' be given by pairs of representatives
(g1,h1), ..., (gs, hs). Assume now that f1, ..., far, g1, ha, - .., gs, hs and a set
of representatives for the coefficients of F' have degree at most d and logarith-
mic height at most h, with d, h > 1. Then Bérczes (2015b, Thm. 2.1) obtained
the following.

Theorem 2.2.5. There is an effectively computable number C depending
only on r,s,d, h and N such that for every solution x,y of (2.2.4) in I we
have

k _ kl,ac ksyz k _ kl,y ks,
D=9 s Y=y s
where k ki g, ... ksz, kiy, ..., ksy areintegers with k > 1 and
kol s ksl [Rgls oo ks yl < Co.

Theorems [2.2.4] and [2.2.5] imply in an effective form the finiteness of the
number of solutions of equations (2.2.3)) and (2.2.4). We have not included
the rather technical proofs of Theorems [2.2.4] and [2.2.5]in our book.

2.3 Thue equations

As before, A denotes an integral domain of characteristic 0 that is finitely
generated over Z, and we assume that A = Z[X;,..., X,]/Z, where T =
(fi,..., far) with fi, ... far given elements of Z[ X}, ..., X,]|. We consider
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the Thue equation
F(z,y) =din (z,y) € A® (2.3.1)
over A, where
F(X,Y)=ao X"+ X" 'Y+ +a,Y" € A[X,Y]

is a binary form of degree n > 3 with non-zero discriminant Dp, i.e., with
n pairwise non-proportional linear factors, and 0 € A\{0}. We choose repre-
sentatives N

Ao, a1, ..., 0n,0 € Z[X1, ..., X,]

of ay,...,ay,d respectively, where 5 ¢ 1 and the discriminant D of F =

>0 @; X" 7Y7 is not in Z. These conditions on & and D can be checked
by means of an ideal membership algorithm for Z[ X7, ..., X,].
The next theorem is due to Bérczes, Evertse and Gyory (2014).

Theorem 2.3.1. Assume that f1, ..., fy and ag, . . ., ay, S all have degree at
most d and logarithmic height at most h, where d > 1,h > 1. Then every
solution (x,y) of equation [2.3.1) has a representative (,7y) such that

s(Z),s(7) < exp{n!(nd)*P°"p}. (2.3.2)

Combining Theorem[2.3.T|with Proposition[2.1.TJone immediately obtains
the following:

Corollary 2.3.2. Equation (2.3.1)) has only finitely many solutions. Further, if
A, ay,...,a, and § are effectively given, then all solutions of (2.3.1)) can be
determined effectively.

2.4 Hyper- and superelliptic equations, the Schinzel-
Tijdeman equation

We keep our notation that A is an integral domain of characteristic 0 that
is finitely generated over Z, satisfying A = Z[X;,...,X,|/Z, where Z =
(f1,---, far) with fy, ... for given elements of Z[ X1, . .., X,]. We now con-
sider the equation

F(z) =dy"inx,y € A, (2.4.1)
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where
F(X)=aX"+a; X" "+ +a, € A[X],

d € A\{0} and F has n distinct roots in an algebraic closure of the quotient
field of A, i.e., ag as well as the discriminant of F are different from zero. We
choose representatives

o, 1, .- a0, 0 € Z[X1, ..., X,]

for ag, aq, ..., a,,d, respectively, where g, ap and the discriminant of F =
> i @; X"/ are not in Z. We assume that

either m=2andn >3 or m >3andn > 2.

The following theorems are due to Bérczes, Evertse and Gyory (2014).

Theorem 2.4.1. Assume that f, ..., fyyandag, . . ., Gy, 5 have degree at most
d and logarithmic height at most h, where d > 1, h > 1. Then every solution
of equation (2.4.1)) has representatives .,y such that

s(T),8(7) < exp{m?(nd)=*°"n}. (24.2)

Combined with Proposition [2.1.1} this provides a method to determine ef-
fectively the solutions of (2.4.1), i.e., it provides an effective version of The-
orem [[.3.T| concerning hyperelliptic/superelliptic equations.

Our next result concerns the Schinzel-Tijdeman equation
F(z)=40y" in z,y€ A mE ZLss. (2.4.3)

Keeping the above notation, we have

Theorem 2.4.2. Assume that in (2.4.3) F' has degree n > 2 and non-zero
discriminant. Let z,y € A, m > 2 integer be a solution of (2.4.3)). Then with
the same notation as in Theorem|2.4.llwe have
m < exp{(nd)>P°"p}
ify € Q y # 0, and vy is not a root of unity, 2.4.4)
m < (nd)**°"ify ¢ Q. (2.4.5)
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2.5 The Catalan equation

As before, A is an integral domain of characteristic O that is finitely gener-
ated over Z, satisfying A = Z[ X, ..., X,|/Z, where Z = (f1,..., fu) with
f1,- .., fa given elements of Z[ X1, ..., X,]. Consider the Catalan equation

2™ —y"=1inz,y € A\{0}
and m,n € Z withm,n > 1 and mn > 4. (2.5.1)

In contrast with the other equations from this chapter, we cite here the
most important earlier results concerning equation (2.5.1). In the classical
case A = 7Z, Catalan (1844) conjectured that 32 — 23 = 1 is the only solution
of the equation in positive integers x,y, m,n with m,n > 1. In this case
Tijdeman (1976), using Baker’s method, gave an effectively computable, but
very large upper bound for the solutions of equation (2.5.1). Brindza, Gy&ry
and Tijdeman (1986) and Brindza (1987) generalized Tijdeman’s result for
the case when x, y are integers resp. S-integers of a given number field, and
Brindza (1993) further generalized this for the case of the restricted class of
finitely generated ground domains A considered in Gyory (1983,1984b).

Mihailescu (2004) used methods from pure algebraic number theory to
prove Catalan conjecture over Z.

Strengthening earlier results of Brindza (1987, 1993) on equation (2.5.1)),
Koymans (2016, 2017) proved the following theorem using the method of
Evertse and Gyory (2013).

Theorem 2.5.1. Assume that f,, ..., fa; have degree at most d and logarith-
mic height at mos h, where d > 1,h > 1. Let x,y, m,n be a solution of
(2.5.1) such that x,y are not roots of unity. Then

max(m,n) < expexpexp{(2d)*P°Mh} ifz,y € Q, (2.5.2)
max(m, n) < (2d)**°0ifr,y ¢ Q, (2.5.3)

It is easy to see that in Theorem [2.5.1] the conditions m,n > 1,mn > 4
are necessary.

By combining Theorem [2.5.1| with Theorem 2.4.1] it follows immediately
that equation has only finitely many solutions with z, y not roots of
unity and, combined with Proposition we obtain that from a given ideal
representation (f1,. .., fur), all solutions can be determined effectively.

In his master’s thesis, Koymans (2016) proved an analogue of Theorem

28



[2.5.T over finitely generated domains of positive characteristic.

2.6 Decomposable form equations

Let again A be an integral domain of characteristic 0 which is finitely gener-
ated over Z such that A =2 Z[X;,..., X,]/Z withZ = (f1, ..., fu) for some
given polynomials f1, ..., fas € Z[ X, ..., X,]|. We denote by K the quotient
field of A, and by K an algebraic closure of K.

Pick linear forms
li=ain X1+ +mX, € K[X1,..., X, (i=1,...,n) (2.6.1)

in m > 2 variables. We allow that some of these linear forms are equal. Let
F =1{,---¢, be their product, 6 € K *, and consider the decomposable form
equation

F(x)=0(x)--4y(x) =0 inx=(xq1,...,2,) € A™. (2.6.2)

We do not require that £ have its coefficients in K. Subject to certain con-
ditions on /4, ..., ¢, and x, we will formulate an effective finiteness result
on equation in a quantitative form. To this end, we introduce some
notation, and explain the conditions imposed on the /;.

Let us first introduce the A-module
Zarp={xe€A": l1(x) = =l,(x) =0} (2.6.3)

Clearly, if x is a solution of (2.6.2), then so is x + y for every y € Z4 p.
Hence the set of solutions of (2.6.2) falls apart into Z4 p-cosets x + Z4 r, E]
and we want to determine representatives for these cosets.

In case that rank {¢;,...,¢,} = m we have Z4 p = {0} and the Z, p-
cosets are just single solutions. Had we been interested in non-effective finite-
ness results only, the generalization to the case rank {¢y,...,¢,} < m and
Z4.r # {0} would not have been necessary, but for certain effective applica-
tions this turned out to be of importance.

Given x = (x1,...,z,) € A™, a representative for x is a tuple X =

'If M, My are modules over a ring R with M; C M., then by an M-coset in M,
we mean a set of the shape a + My = {a+z: © € M;} witha € Ma.
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(ZT1,...,Tm) With
T € Z[Xy, ..., X}, xi =xi(21,...,2,) fori=1,... ,m.
We define the size of this tuple by

s(X) :=max(s(z1),...,5(xm))

=max(1,deg 1, h(xy),...,degxm, h(zy)).

Slightly diverging from its usual meaning, by a representative for a Z4 p-
coset we shall mean a tuple X € Z[X;,..., X,|™ representing any element
from this coset. Thus, in order to effectively determine a full system of repre-
sentives for the Z4 p-cosets of solutions, it suffices to compute a number C'
such that each of these cosets has a representative X € Z[ X1, ..., X,]™ with
s(x) < C.

Next, we need some measures for elements of & . Let o € K. We denote
by deg o the degree of a over K. A tuple of representatives for « is a tuple
(go,---,9n), where n = degj «, and where go,...,9, € Z[Xq,...,X,],
go € Z, such that

255 2r) e 21,0y 2
91(z1 )X 1+m+9(1 )

X"+
90(217"'721”) 90(217"';27“)

is the monic minimal polynomial of o over K. If a € K, then a tuple of
representatives for « is up to sign a pair of representatives for «, as introduced
before. We say that (go, . . ., g, ) has degree at most d and logarithmic height
at most h, if each g; (: = 0, ..., n) has total degree at most d and logarithmic
height at most /.

In order to formulate our effective results, we adopt some terminology
from Gyory and Papp (1978) and Gy6ry (1981a, 1982a, 1983). Let L =
(44, ...,¢,) be the system of linear forms from (2.6.1). As said before, these
linear forms need not be pairwise distinct. We define the triangular graph
G(L) of L as follows:

G(L) has vertex system L;

¢; and ¢; with i # j are connected by an edge if either ¢;, ¢,
are linearly dependent over K or they are linearly independent ¢ (2.6.4)
over K and there is ¢ # i, j such that ¢;, ¢;, ¢, are linearly
dependent over K.
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Let Lq,...,L; denote the vertex systems of the connected components of
G(L). When k = 1, we say that £ or F is triangularly connected; see Gydry
and Papp (1978). For j = 1,..., k, denote by [L;] the K -vector space gener-
ated by the linear forms from £, and assume that

(L] O N [Le] 7 (0). (2.6.5)

This is in general a serious restriction, which is not satisfied by most systems
L. In fact, it is much stronger than the criterion from Theorem|[1.5.1
In what follows we want to consider solutions x € A™ of (2.6.2) such that

thereis £ € [£4] N --- N [Ly] with £(x) # 0. (2.6.6)

This is the set of solutions of (2.6.2) to which our effective method can be
applied. Here the linear form ¢ may vary with x. We should note here that
if x € A™ satisfies (2.6.6), then so does every element of the Z, p-coset
X+ Z AF-

In the case that £ is triangularly connected, i.e., k = 1, we have £, = L =
(01, ...,¢,) hence (2.6.5) is satisfied. Further, if § # 0 then every solution of

(2.6.2)) automatically satisfies (2.6.6)).

We are now ready to state our results. We first formulate a quantitative
result, and then a corollary giving an effective finiteness statement.

Theorem 2.6.1. Suppose the following:

- the given generators fi, ..., far of L have degree at most d and logarithmic
height at most h;

- § and the coefficients of {1, . . ., ,, all have tuples of representatives of degree
at most d and logarithmic height at most h;

- the coefficients of {1, . . ., L, all have degree at most v over K;

-[La] - L] # (0).
Then every Z 4 p-coset of x € A™ such that

F(x) =0, thereistl € [Li]N---N[Ly] with {(x) # 0 (2.6.7)
is represented by X € Z[X7, ..., X,|™ with
s(x) < exp ((2mn - V”m"d)eXpO(r)h). (2.6.8)

We deduce from this an effective finiteness result. Assume that A and its
quotient field K are given effectively. A finite extension G of K is said to be
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given effectively, if it is given in the form K [X|/(P), where P is an effectively
given irreducible monic polynomial in K [X]. We note that for a given polyno-
mial P € K[X] it can be decided effectively whether it is irreducible, see for
instance Theorem[6.2.3]in Section[6] We may write G = K () where 6 := X
(mod P). Thus, elements of G can be expressed uniquely as 7 a,6 with
ag, ...,aq-1 € K, where g denotes the degree of G' over K. We say that
an element of G is given/can be determined effectively if the corresponding
aop, . . ., aq—1 are given/can be determined effectively.

Corollary 2.6.2. There are only finitely many Z4 p-cosets of x € A™ with
(2.6.77). Moreover, if 6 and the coefficients of (1, ..., ¢, all belong to a finite
extension G of K and if A, K, G, 6 and the coefficients of {1, . .., {,, are given
effectively, then one can determine effectively a set, consisting of precisely one
representative X € 7| X1, ..., X, | for each of these cosets.

The essence of the proofs of Theorem and Corollary is that
thanks to the condition (2.6.6), equation (2.6.7)) can be reduced to a finite sys-
tem of unit equations in two unknowns, however with units from a subring
A’ D Aof G that is finitely generated over Z. Then Theorem[2.6.1]and Corol-
lary are deduced by applying Theorem with A’ instead of A. In
the course of the proof of Theorem q we use so-called 'degree-height es-
timates’ for elements of K, see Chapter|8| The proofs of Theorems and
Corollary [2.6.2] are given in Section[10.1]

In this generality Theorem [2.6.1] and Corollary [2.6.2] are new. The finite-
ness statement of Corollary [2.6.2) was first proved in Gydry (1982), but with
slightly stronger conditions instead of (2.6.3) and (2.6.6)): instead of
Gy0Gry assumed that X, € [£4] N --- N [L], and instead of (2.6.6) he as-
sumed that x,,, # 0; see also Evertse and Gy6ry (2015, Chapter 9).

Gyory (1983) established a quantitative result comparable to Theorem
[2.6.1] but only for a restricted class of finitely generated integral domains A;
see also Gydry (1984a). Over number fields, more precise quantitative ver-
sions were obtained in Gy6ry (1998) and Gy6ry and Yu (2006).

We now discuss some applications. Let F' € A[X, Y] be a non-zero binary
form and ¢ a non-zero element of A, and consider again the Thue equation

F(z,y) =0 in (z,y) € A% 2.3.1)

We can factorize F’ as

F ={;---{, with linear forms ¢; € K[X,Y].
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Assume that at least three among the linear forms ¢4, . . ., /,, are pairwise non-
proportional over K. Then it is easily verified that £ = ({1, ...,¢,) is trian-
gularly connected and that Z, r = {0}. Further, let 0 be a non-zero element
of A. Theorem [2.6.1] and Corollary imply the following variation on
Theorem [2.3.1] with worse bounds.

Corollary 2.6.3. Assume that the given generators f, ..., far of T have de-
gree at most d and logarithmic height at most h, and that ) and the coefficients
of F have representatives in [ X, . . ., X,.] of degree at most d and logarith-
mic height at most h, where d > 1 and h > 1.

Then each solution (z,y) € A? of R.3.1)) is represented by a pair (T,7)
with

FyeZXy,..., X.], s@),s@) <exp ((n”2d)eXpO(’")h>. (2.6.9)

Consequently, the solutions (x,y) € A? of [2.3.1) can be determined effec-
tively.

The next application is to a system of double Pell equations
NIT2 — Y2 = P12, s — 73:1:3 = [13 in (21,29, x3) € A3 (2.6.10)
where 1,72, 73, B1,2, 81,3 € A with
YY2Y361,261,3(B12 — Piz) # 0. (2.6.11)
From the two equations in (2.6.10) it follows that
72333 - 7333% = 51,3 - 51,2
and thus,
F(x1,x9,23) =, (2.6.12)
where

0= 51,251,3(51,3 - 51,2) (2~6~13)
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and

F= (”71X12 - 72X22)(71X12 - 73X§)(72X22 - 73X§)
= (V11X1 + V72Xo) (VX1 — V/72Xs)-
(VnXa + VX)) (VinXa — V13 Xe)
(Ve Xa + 13 X5) (VX — 13X3) (2.6.14)

with appropriate choices for the square roots. It is easy to verify that the linear
factors of I’ form a triangularly connected system and that Z, p = {0}. So
Theorem [2.6.1] can be applied. This leads to the following:

Corollary 2.6.4. Assume that the given generators f, ..., far of T have de-
gree at most d and logarithmic height at most h, and that y; (i = 0, 1,2), 31 o,
P13 have representatives in Z[ X1, . .., X,] of degree at most d and logarith-

mic height at most h, where d > 1, h > 1. Assume (@
Then each solution (1,12, x3) € A% of [2.6.10) is represented by a triple
(x1, T2, T3) with

7 e ZXy,.. ., X,], s(F) < exp ((2d)exp0<r>h) fori=1,2,3. (26.15)

Consequently, the solutions (z1,7s,13) € A3 of [2.6.10) can be determined
effectively.

2.7 Norm form equations

We keep the notation that A is an integral domain of characteristic 0 which is
finitely generated over Z such that A = Z[ X1, ..., X,.|/ZwithZ = (f1,..., fu)
for some given polynomials fi,..., fiy € Z[Xy,...,X,]. As before, we de-
note by K the quotient field of A, and by K an algebraic closure of K.

Let oy = 1,09,...,04, € K (m > 2) be linearly independent over K.
Consider the norm form equation

Ngrjk(aizy + -+ apty) =6 in (24,...,2,) € A™, 2.7.1)

where K/ = K(ay,...,q,,) and ¢ is a non-zero element of K. In Section
10.2] we deduce the following from Theorem and Corollary [2.6.2}

Theorem 2.7.1. Let f1, ..., far have degree at most d and logarithmic height
at most h, and let 9, a, ..., o, be represented by tuples of degree at most
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d and logarithmic height at most h. Suppose that [K' : K| = n > 3, that
Qaq, ..., Qpy are linearly independent over K and that o, is of degree > 3 over
K(aq,...,am_1). Then each solutionx = (x1,...,x,) € A™ of with
Ty # 0 is represented by X € Z[ Xy, ..., X,]™ with

s(x) < exp ((nm”Qd)eXpO(T)h).

Corollary 2.7.2. Suppose again that o, ..., o, are linearly independent
over K and that o, is of degree > 3 over K (o, ..., am_1). Then equation
has only finitely many solutions with x,, # 0. Moreover, if A, K, K’
and o, . . ., oy, and O are given effectively, then all solutions of with
Tm 7 0 can be determined effectively.

The norm form in (2.7.1]) can be expressed as
Niyi(@r Xy -+ nXon) = -,
. (i) (i) . (2.7.2)
withl; =0’ X5+ +am Xy, (i=1,...,m).

Let £L = (¢4,...,¢,), G(L) the triangular graph of £, and Ly, . .., L}, the ver-
tex systems of the connected components of £. The essential observation in
the deduction of Theorem[2.7.1and Corollary is that by the assumptions
on oy, ..., &, we have X,,, € [£1] N -+ N [L,), see Section [10.2] So the so-
lutions of with z,, # 0 satisfy (2.6.0). Further, letting F' denote the
decomposable form from (2.7.2), we have Z,4 p = {0} since o, ..., a,, are
linearly independent over K.

The finiteness statement of Corollary was proved by Gyory (1982) in
full generality. In Gydry (1983), he also established the effectivity statement
of this corollary, but only for a restricted class of integral domains A. In Gy&ry
(1983) it is pointed out that Corollary does not remain valid in general

if we lower the bound 3 concerning the degree of «,,, over K (ay, ..., Qy_1).
Further, under the assumptions of Corollary equation (2.7.1) may have
infinitely many solutions (x4, . .., z,,) with z,,, = 0.

The following result is an easy consequence of Corollary

Corollary 2.7.3. Suppose that in 2.7.0) «v;,1 is of degree > 3 over K (o, . . ., «;)
foriv =1,...,m — 1. Then (2.7.1) has only finitely many solutions. More-
over, if A, K, K', o, ..., «a,, and § are given effectively, then all solutions of

(2.7.1) can be determined effectively.
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2.8 Discriminant form equations and discriminant
equations

Let €2 be a finite étale K-algebra. We represent €2 in the form K[X]/(P)
where P € K[X] is monic and separable. We view K as a subfield of (2. The
degree [2 : K| := dimg Q is equal to deg P. We say that (2 is given effectively
if P is given effectively. The separability of P can be checked for instance by
determining the factorization of P into irreducible factors, see for instance
Theorem|[6.2.3] By the choice of our representation we have 2 = K], where
0 := X (mod P). Elements of (2 can be expressed uniquely as Z?:_Ol a;0"
with ag,...,a,—1 € K, where n = [Q : K]. We say that an element of (2
is given/can be determined effectively if ay, . . ., a,_1 are given/can be deter-
mined effectively. Denote by G the splitting field of P over K. Then there are
precisely n K-algebra homomorphisms from € to G, denoted by o — (9
fori =1,...,n, mapping # to the n distinct zeros of P in (G. One can verify
that if o € (), then

ac K ol =... =M, (2.8.1)

Assume that [ : K] = n > 2. Let M C  be a finitely generated
A-module, i.e., there are wy, .. .,w,, € M such that

M:{zm:biwi: bl,...,bmeA}.
=1

We do not require that M is free over A. We say that M is given effectively
if such wy, ..., w,, are given effectively. Further, we say that an element « of
M is given/can be determined effectively, if by, ... b, € A are given/can be
determined effectively such that o = " | biw;.

We consider the discriminant equation for elements of M

Do) = [] €9 -9y =dingeM, (2.8.2)

1<i<j<n

where 6 € K*.

Assertion implies that if £ is a solution of (2.8.2), then so is £ + 7
for every n € M N K. Hence the set of solutions of is a union of
MnNK-cosets E+ MNK :={{+n: ne MNK}. Our aim is to determine
a full system of representatives for these cosets.
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We can give an equivalent formulation of (2.8.2) in terms of discriminant
form equations. Choosing a set of A-module generators {wy, . . ., w, } for M
(this need not be an A-basis), we can express a solution £ € M of as
Yo wiw; with @, .. ., 2, € A. Thus, translates into the discriminant
form equation

m A 1\ 2
Dojr(wiw + -+ + Twy,) = H <Zxk(w,(j) —w,i”)) =0
1<i<j<n k=1

inx = (zy,...,x,) € A™,  (2.8.3)

which is a decomposable form equation. Let

Zap = {x:(azl,...,a:m)eAm: inwiEK}. (2.8.4)

=1

Then the set of solutions in A™ of is a union of Z4 p-cosets X+ Z4 p.
By a representative for a Z4 p-coset, we mean a tuple X € Z[X;,..., X,]™
that is a representative for an element of this coset.

In Section [I0.3] we deduce the following result from Theorem [2.6.1] The
essential observation is that Do/ (X wi + - - - + X;,wy,) is a decomposable
form whose linear factors form a triangularly connected system.

Theorem 2.8.1. Assume that fi,..., far have degree at most d and loga-
rithmic height at most h and that 6 and wi(j) (i=1,....,m, 7 =1,...,n)
have tuples of representatives of degree at most d and logarithmic height at
most h. Then every Z4 p-coset of solutions of (2.8.3)) has a representative
X € Z[Xy, ..., X, ]™ with

s(x) < exp ((nm”4d)eXpO(”)h).

Recall that a finitely generated A-module M C (2 is given effectively
once a finite set of A-module generators {w,...,w,} for M is given ef-
fectively. According to the definitions, determining a full system of repre-
sentatives for the M N K-cosets of solutions of means the same as
determining a full system of representatives for the Z4 p-cosets of (2.8.3).
This leads to the following consequence.

Corollary 2.8.2. Let 2 be a finite étale K -algebra with [Q) : K] > 2, M C Q
a finitely generated A-module and 6 € K*. Then equation (2.8.2) has only
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Sfinitely many MN K -cosets of solutions. Moreover, if A, (), 6 and M are given
effectively, then one can determine effectively a set, consisting of precisely one
element from each of these cosets.

We mention here that once M is given effectively and o € € is given
effectively, then it can be decided whether oo € M. Further, given o, o' € M
one can decide whether o — o’ € K, see Corollary

We consider the special case that M = O is an A-order in €, i.e., O is a
subring of €2 such that A C O C ), KO = Q and () is finitely generated as
an A-module.

By an A-coset we meanaset{ + A:={{+a: a € A}.

Corollary 2.8.3. Ler § € A\{0}, and let O be an A-order in ) such that the
quotient A-module

(ONK)/A is finite. (2.8.5)
Then the set of ¢ € O with

Dok (€) =6

is a union of finitely many A-cosets. Moreover, if A, (), 6 and O are given
effectively, then one can determine effectively a set, consisting of precisely
one element from each of these cosets.

Corollary [2.8.3]is an easy consequence of Corollary [2.8.2] It will be de-
duced in Section [I0.3] In the deduction of Corollary [2.8.3] we use Corollary
from Chapter 6] Since for this latter result we do not have a quantitative
version at our disposal, we were not able to deduce a quantitative version of
Corollary [2.8.3| similar to Theorem [2.8.1]

We mention here that if O is given effectively then it can be decided ef-
fectively whether it is an A-order, and whether it satisfies (2.8.5)), see Corol-
lary Further, for any two given £;,&; € O it can be decided whether
& — & € A, see Corollary and Theorem [6.3.2]

Corollary [2.8.2 has further consequences, among others for index form
equations; we refer to Gyory (1982) for ineffective finiteness results and Gyory
(1983,1984b) for effective results over a class of finitely generated domains
over Z.

We now consider another type of discriminant equation. Let A be as above
a finitely generated integral domain over Z of characteristic 0 and with quo-
tient field K, let n > 2 be an integer, 6 a non-zero element of A, and G a finite
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extension of K. We consider the discriminant equation for polynomials

D(f) =46 in monic polynomials f € A[X]
of degree n having all their zeros in G. (2.8.6)

As in Section two monic polynomials f, f* € A[X] are called strongly
A-equivalent if there is a € A such that f'(X) = f(X + a). We recall that
strongly A-equivalent polynomials have the same discriminant, and so the
solutions of equation (2.8.6) split into strong A-equivalence classes.

Assuming that A is effectively given in the above sense, we say that a
polynomial with coefficients in A or K is given/can be determined effectively
if its coefficients are given/can be determined effectively.

Denote by Ay the integral closure of A in K. The following theorem
is an effective version of Theorem In Evertse and Gy6ry (2017b) this
result was deduced directly from a general effective result on unit equations.
In Section [T0.3] we give another proof, taking Corollary [2.6.2] as a starting
point.

Theorem 2.8.4. Let n > 2 be an integer and A an integral domain of charac-
teristic 0, finitely generated over 7. with quotient field K such that the quotient
A-module

<%A N AK) JA s finite. (2.8.7)

Further, let G be a finite extension of K and 6 a non-zero element of A. Then
the set of monic polynomials f € A[X| with 2.8.6) is a union of finitely many
strong A-equivalence classes.

Moreover, for any effectively given n, A, G, as above, a set, consisting of
precisely one element from each of these classes can be determined effectively.

For any effectively given integral domain A of characteristic 0 which is
finitely generated over Z it can be decided effectively whether it satisfies
(2.8.7), see Corollary or Evertse and Gy&ry (2017b).

The proof of Theorem [2.8.4 uses both Corollary [2.6.2] and Theorem [6.3.6]
and Corollary [6.3.9] from Chapter [6] Since for the latter two results we do
not have quantitative versions at our disposal, we were not able to deduce a
quantitative version of Theorem [2.8.4| with estimates for the sizes of the coef-
ficients of a polynomial solution f of (2.8.6) from each strong A-equivalent
class.
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For integrally closed domains A, Theorem [2.8.4] gives the following result
of Evertse and Gyory (2017a). We note that for an effectively given domain A
of characteristic 0 which is finitely generated over Z it can be decided whether
it is integrally closed; see e.g. Theorem 10.7.17 in Evertse and Gydry (2017a)
and the references given there.

Corollary 2.8.5. Let n > 2 be an integer, A an integrally closed integral
domain of characteristic O which is finitely generated over 7 and G a finite
extension of the quotient field of A. Then the solutions of (2.8.0)) lie in finitely
many strong A-equivalence classes. If moreover A, G, ) are given effectively,
then a set, consisting of precisely one element from each of these classes can
be determined effectively.

The finiteness part of this corollary was proved in a more general, but
ineffective form in Gydry (1982), without fixing the degree of the polynomials
under consideration; see also Theorem [1.6.2] above. For a restricted class of
integral domains A containing transcendental elements, the effective part was
proved in Gyory (1984b).

2.9 Open problems

Let again A be a domain of characteristic 0 that is finitely generated over Z,
K its quotient field, and K an algebraic closure of K.

Let F' € A[X, Y] be a binary form of degree n having at least three pair-
wise non-proportional linear factors over K and let § € A\{0}. In Section
it was explained that the Thue-Mahler equation

F(x,y) € 64 in (x,y) € A? (2.9.1)

has at most finitely many A*-cosets of solutions. As was explained there, if
{v1,...,vs}is aset of generators for A*,andUf = {vi" --- 0" : mq,...,m, €
{0,...,n—1}}, every A*-coset of solutions of (2.9.1)) contains a pair (z,y) €
A? with

F(z,y) = duy for some u; € U.
By applying the known results on Thue equations to the latter, it follows that
(2.9.1) has only finitely many A*-cosets of solutions.

Unfortunately, as yet no method is known that on input an arbitrary do-
main A of characteristic 0 that is finitely generated over Z, computes a set
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of generators for A*. Consequently, it is therefore an open problem how to
determine effectively the A*-cosets of solutions of (2.9.1)), for arbitrary A.

It should be mentioned that for a restricted class of domains A it is pos-
sible to compute a set of generators for A* and thus, the A*-cosets of so-
lutions of (2.9.1)), for instance for localizations of polynomial rings A =
Os[ Xy, ..., Xy, 1/g], where Oy is the ring of S-integers in a number field and
g € Os[X1,...,X,]\{0}, see Evertse and Gydry (2017a, Lemma 10.6.2).

The same can be said about decomposable form equations in m > 3 un-
knowns

F(x) € A" inx e A™,

where F'is a decomposable form of degree n. The solutions of the latter equa-
tion can be divided into A*-cosets A*xg = {u - xo : u € A*}. Completely
similarly as for Thue-Mahler equations, one can reduce the above equation to
finitely many equations of the form

F(x) = du; withuy € U.

Again, for arbitrary A this reduction can not be made effective since we can-
not compute a set of generators for A*. The same applies to discriminant
equations for polynomials and integral elements,

Dok (€) € 6A* in€ € M, (2.9.2)
D(f) € 6A*, (2.9.3)

respectively, where the solutions of the latter equations are monic polynomials
having their zeros in a given finite extension G of K.

Lastly, we would like to discuss some open problems related to mono-
geneity of orders. Let A, K, K be as above, Q) a finite étale K -algebra with
[2: K] =n > 2,and O an A-order in (2 such that the quotient A-module
(O N K)/A is finite. Consider the ‘equation’

Al =0 in€eO0. (2.9.4)

We call two elements £ and &' of O A-equivalent if ¢ = ué + a for some
u € A* and @ € A. Clearly, the set of solutions of is a union of A-
equivalence classes. It is as yet an open problem to effectively determine
these for arbitrary finitely generated domains A. Below, we will discuss some
of the obstacles. For more details we refer to Evertse and Gyory (2017a,
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Chaps. 5,10).

First we observe that £ is a solution of (2.9.4) if and only if {1, &, ..., "1}
is an A-basis of O. So for to be solvable it is necessary that O be free.
Suppose this is the case, and let {wy, . ..,w, } be an A-basis for O. Define the
discriminant of this basis,

. 2
(5 = DQ/K(wl, . ,wn) = (det(W§]))i’j:1 77777 n) .

Recall that the discriminant of an A-basis of O is uniquely determined up to
multiplication with a factor from A* (see Evertse and Gyory (2017a, subsec-
tion 5.4.4). Thus, ¢ € O satisfies (2.8.2)) if and only if

Da/k (&) = Do (1,&,...,6"71) € §A. (2.9.5)

Similarly as mentioned above, from a set of generators for A* we can
compute a finite set &/ C A*, such that every element of A* can be expressed
as u -ug("_l) with u; € U, uy € A*. Then for every solution ¢ € O of (2.9.4),
hence (2.9.3)) there are u; € U, uy € A* such that ¢’ = u; '€ satisfies

By Corollary the solutions &' € O of (2.9.6) lie in finitely many A-
cosets. Hence the solutions of (2.9.4) lie in finitely many A-equivalence classes.

As yet we do not know how to solve the following problems for arbitrary
domains A finitely generated over Z with quotient field K of characteristic
0. The first problem is to decide whether a given A-order O in a given finite
étale K -algebra (2 is a free A-module and if so, to determine an A-basis for
it. The second problem, as mentioned above, is to compute a set of generators
for A*, needed to get the set U{.

These two problems can be solved, and thus, the A-equivalence classes
of solutions of (2.9.4) can be computed, for the class of domains A men-
tioned above, i.e., those of the shape Og[X7,...,,X,,g '], where Og is
the ring of S-integers in some number field and ¢ is a non-zero element of
Os[ X1, ..., X,], see Evertse and Gydry (2017a, Chap. 10).
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Chapter 3

A brief explanation of our effective
methods over finitely generated
domains

There are two effective methods for solving Diophantine equations over finitely
generated integral domains over Z of characteristic 0, which may contain both
algebraic and transcendental elements over QQ. The first one, reducing equa-
tions to the number field and function field cases by means of effective spe-
cializations, was introduced by Gydry (1983,1984b) for a restricted class of
finitely generated integral domains over Z of characteristic 0. This can be re-
garded as an effective version of Lang’s method (1960) mentioned in Section
Gyory’s method was later refined and extended by Evertse and Gydry
(2013) to arbitrary finitely generated integral domains of characteristic 0; see
also Bérczes, Evertse and GydOry (2014), Evertse and Gydry (2015) and Chap-
ters [7]and [9] of the present book.

Over number fields, the second effective method, reducing equations in
two unknowns to unit equations, was extended by Gy6ry to equations in an ar-
bitrary number of unknowns, including discriminant equations and important
classes of decomposable form equations; see e.g. Gy6ry (1973,1976,1980b)
and Gyory and Papp (1978). This was generalized in Gydry (1982) in an inef-
fective way, and in Evertse and Gy0ry (2017a,2017b) and Chapter 10| of this
book in an effective form to the case of arbitrary finitely generated integral
domains over Z of characteristic 0.

We note that both effective methods have quantitative versions as well
which provide effective bounds for the solutions of the equations under con-
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sideration.

In this chapter we briefly explain the two effective methods and illustrate
their applications to Diophantine equations. Detailed presentations, quantita-
tive versions and applications are given in Chapters 2] and [7] to [I0]

3.1 Sketch of the effective specialization method

First we briefly outline the first method of Gydry (1983,1984b) which enabled
him to obtain effective finiteness results for some important classes of Dio-
phantine equations over a class of finitely generated domains of characteristic
0. The core of the method is to reduce the equations under consideration to
equations of the same type over function fields and over number fields by
means of an effective specialization procedure, and then to apply the existing
effective results over number fields and over function fields. Gydry applied
his method to discriminant equations and decomposable form equations, in-
cluding Thue equations, index form equations and some norm form equations.
Later, this method was applied by Brindza (1989) and Végsé (1994) to hyper-
and superelliptic equations, and by Brindza (1993) to the Catalan equation
over the class of domains considered by Gydry.

Evertse and Gy6ry (2013) refined Gydry’s method and extended it to ar-
bitrary finitely generated domains. We now present their general method and
compare it with Gydry’s. For convenience, we use here the notation of Chap-
ters 7] to

Let

A=1Zz,. .., 2]

be a finitely generated integral domain of characteristic 0 with quotient field
K of characteristic 0. Denote by ¢ the transcendence degree of K. We con-
sider only the case that ¢ > 0 since otherwise, K is algebraic over (Q, and
no specialization argument is needed. We assume without loss of general-
ity that {z,..., z,} is a transcendence basis of K over Q. Since 21, ..., 2,
may be viewed as polynomial variables, we write henceforth X; for z;, for
1=1,...,q. Let

A[) = Z[Xh PN ,Xq], K() = Q(Xl, ce ,Xq).

Then K = Ky(%g+1, - -, %) is a finite extension of K. Given av € Ay, we
denote by dega, h(a) the total degree and logarithmic height of . Recall
that A is a unique factorization domain with unit group Aj = {%1}, hence
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any finite set ay, . .., a, of non-zero elements of Ay has an up to sign unique
greatest common divisor ged(ayq, . . ., a,) such that every element of Ay that
divides ay, ..., a, in fact divides their gcd.

We first describe the approach of Gy&ry (1983,1984b). Take w € A such
that K = Ky(w) and w has minimal polynomial F(X) = X? + F XP~1 +
-+ -+ Fp over K with coefficients in Ay. Forevery a € K there are up to sign
unique P, g, ..., Pyp_1,Qa € Ap such that gcd(Poyp, ..., Pap-1,Qa) = 1
and

D—1
a=0Q," Y Paju’. (3.1.1)
§=0

Now define the measures
deg a := max(deg P, . ..,deg Py p_1,deg Q,)

and
h(a) :=max(h(Pag), .-, h(Pap_1), M(Qa)).

Of course, there are only finitely many elements in K with bounded deg-value
and h-value and, if the bounds are given, the elements under consideration can
be effectively determined.

Next, let g be the product [];_ +1 @z of the denominators of 241, ..., 2
in their representations of the form (3.1.1)). Then g € Ay\{0}. Suppose that

max(deg Fi,...,deg Fp,degg) < do,
max(h(F1),...,h(Fp),h(g)) < ho.

Instead of the domain A, Gydry (1983, 1984b) considers the solutions of the
equations under consideration in the overring B of A defined by

AC B := Ag[w, g7

and gives explicit upper bounds for the deg-values and h-values of the so-
lutions, depending on dy, hy and on appropriate parameters of the equations.
This implies in an effective form the finiteness of the number of solutions of
the equations with coordinates in B. What remains is to select from these the
solutions with coordinates in A. Gydry was able to do this only if A is given
in a special manageable form. This is the case e.g. if A = Ay, A = B with
the above B or if A is an Aj-module with a given basis, say {z,+1, ..., 2}
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For arbitrary A, he could prove only the finiteness of the number of solutions.

We note that Gyory (1983,1984b) established effective results in the so-
called relative case as well, when A is a finitely generated domain over a field
of characteristic 0 instead of Z, and he gave explicit upper bounds for the
deg-values of the solutions.

We now outline the general effective method of Evertse and Gydry (2013)
which can be applied to the case of arbitrary finitely generated domains A
over Z. Further, we point out the refinements compared with Gy6ry’s method.

Evertse and Gydry (2013) use the representation for A = Z[zq,. .., 2]
that we introduced in Section [2.1} That is, let Z be the ideal

IT={fezXy,....,X,|: f(z1,...,2) =0}
Then Z is finitely generated, and so
AZZXy, ..., X)L, T=(f1,.--,fu)

for certain polynomials fi, ..., fy;. We call (f1,..., fu) an ideal represen-
tation for A and say that A is effectively given if such a representation is
given. Further, o € A is said to be effectively given/computable if a repre-
sentative of o in Z[ X, ..., X,], say @, is given/computable such that « =
a(z1,...,2-). For a € K, we call (a,b) a pair of representatives for « if
a,be Z[Xy,..., X,,b¢ Zand a = a(z,...,2.)/b(z1, ..., 2).

We collect here in simplified form those lemmas/propositions from Chap-
ter [/| which together constitute our general specialization method, and give a
brief explanation how these can be used in Chapter [J] to prove the effective
results formulated in Chapter 2] We assume again that z; = X; (i = 1,...,¢)
form a transcendence basis of K and keep the notation Ay = Z[ X1, ..., X,],
Ko = Q(Xy,...,X,). We recall that the notation O(r), introduced in Chapter
2] denotes any expression of the type ’effectively computable absolute con-
stant times 7°, where at each occurrence of O(r) the constant may be different.

The following lemma can be regarded as a modified and more explicit ver-
sion of Gy6ry’s result on the overring B of A. To allow for more flexibility in
applications, we have extended Gy6ry’s result a little bit further, and prescribe
that certain elements of K™ are units of B. Thus, let A be a possibly empty
finite subset of K™ and for a € A, let (a4, b,) be a pair of representatives for
o.
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Letd, > d > 1,hy > h > 1, and assume that

deg f; <d, h(f;) <hfori=1,..., M, (3.12)

deg a,, degb, < di, h(ay), h(b,) < hy for a € A. o

Lemma 3.1.1. There are w,g withw € A, g € Ag\{0} such that
ACB:=Afw,g7'], AC B,

such that w has minimal polynomial F(X) = XP + F XP~' + ... + Fp
over Ky of degree D < d"~? with

Fi € Ay, degF; < (24)°PO0) h(F) < (2d)**°h fori=1,...,D,
and such that
degg < (k+1)(2d1)eXPO(T), h(g) < (l{:+1)(2d1)e"po(r)h1 where k = | A.

Proof. This is a combination of Corollary 3.4 and Lemma 3.6 of Evertse and
Gy6ry (2013); see also Propositions[7.2.5|and[7.2.7 from Chapter[7] One has

to take g = H::g—i—l in : HaeA QO(QOLil' D

The next lemma is new in the method of Evertse and Gy6ry (2013). It
plays an important role in the extension of Gydry’s method to the case of
arbitrary finitely generated domains.

Lemma 3.1.2. Let o € A\{0}.
(i) Let & € Z[ X, ..., X,| be a representative for o.. Put

dy == max(d,deg @), hy := max(h, h(a)).

Then
deg o < (2dy)POM | R(a) < (2dy)POMhy.
(ii) Put - -
dy := max(d, deg o), hl := max(h, h(a)).
Then « has a representative o € Z[ X, ..., X,| such that

dega < (Qd/z)expo(rlog* r)hlz, h(a) < (2d’2)e"po(“°g* ”h’{“.
Proof. This is a combination of Lemmas 3.5 and 3.7 of Evertse and Gyory
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(2013); see also Lemmas [7.2.6] and [7.3.1] in Chapter [7/| The proofs of these
lemmas depend heavily on work of Aschenbrenner (2004). [

Both Gy6ry (1983,1984b) and Evertse and Gyéry (2013) embed the Dio-
phantine equations under consideration into appropriate function fields in a
fixed algebraic closure K of Ky. The next lemma relates d_ega to the func-
tion field height of « in such a function field. Let a + o) (j = 1,...,D)
denote the K-isomorphic embeddings of K in Ky, j = 1,...,D. Fori =
1,...,q, letk; be the algebraic closure of Q(Xy,..., X; 1, Xi11,...,X,) in
Ko, and let L; = k;(X;,w®, ... wP)). Thus K may be viewed as a subfield
of Ly, ..., L, We recall that the height of o € K relative to L;/k; is defined

Hp (a) = Z max(0, —v(«)),

vEMLi

where M, denotes the set of normalized discrete valuations on L; that are
trivial on k;. Put A; := [L; : k;(X;)].

A slightly different version of the following lemma was implicitly proved
in Gydry (1983,1984b) with dependence on dy, h instead of d, h. We recall

that d, h are given by (3.1.2).
Lemma 3.1.3. Let o« € K*. Then

deg o < (2d)*PO0) 4. d" max A7 Hp, (o))
Z?]

and

max AZ_IHLl(O‘(j)) < 2d" d_ega + (Qd)expO(r)7
2y

where the maxima are taken overi=1,...,q, 5 =1,...,D.

Proof. The first assertion is a consequence of Lemma 4.4 of Evertse and
Gy6ry (2013) and Lemma [3.1.1] above. The second assertion is Lemma 4.4
of Bérczes, Evertse and Gydry (2014); see also Lemmas [7.3.3] and [7.3.4] in
Chapter/[7] O

The main idea of the specialization method is to construct ring homomor-
phisms from an overring of A to Q, with which one can reduce the equations
under consideration over A to the number field case. We use a refined version,
due to Evertse and Gyd6ry (2013), of the ring homomorphisms from Gyd&ry
(1983,1984b). Take the overring B from Lemma [3.1.1] Define

T :=ArFp-y,
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where Ax denotes the discriminant of F. Clearly 7 € A\{0} and, by
Lemma [3.1.1] the additivity of the total degree and the ’almost additivity’
of the logarithmic height for products of polynomials we have

degT S (k + 1)(2d1)exp0(7‘)7 h(T) S (k + 1)(2d1>exp0(r)h17

where d;, h; are given by (3.1.2).

Any u = (uq,...,u,) € Z9 gives rise to a ring homomorphism ¢y :
Ay = Z|X4,...,X,] — Z by substituting u; for X; fori = 1,...,q. We
write a(u) = py(a) for @ € Ay. The map ¢, can be extended to B in the
following way. Choose u € Z? such that

T(u) # 0.

Let 7y == XP + Fi(u)XP~' + --- + Fp(u). By our choice of u, the
polynomial F;, has non-zero discriminant, hence it has D distinct zeros, say
wi(n),...,wp(u) € Q, which are all non-zero since Fp(u) # 0. Further,
g(u) # 0. Hence each substitution

Xy ug, .o, Xy ug, w—wi(u), (j=1,...,D)

defines a ring homomorphism ¢, ; : B — Q. We write (1) := ¢, j(«) for
aeB,j=1,...,D.Itfollows from o;; € B* that

o j(w)#0fori=1,....k j=1,...,D. (3.1.3)
The image ¢, ;j(B) of B is contained in the algebraic number field K, ; :=
Q(wj(u)) with [Ky;: Q] < D < d™9.

As usual, we denote by h(£) the absolute logarithmic height of ¢ € Q.
For u = (uy,...,u,) € Z%, we write |u| = max(|ui|,. .., |u,|). An earlier
version of the lemma below was proved in Gy6ry (1983,1984b) with different
bounds, which depend on dy, hg instead of d, h.

Lemma 3.1.4. Let d, h,dy, hy be given by (3.1.2). Then for « € B\{0} we
have the following:
(i) Letu € Z4 with T (u) # 0and let j € {1,...,D}. Then

h(o;(u)) < h(a) 4 (2d)>PO) (h+ (deg o + 1) log max(1, |ul)).
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(ii) There existsu € 79, j € {1,..., D} such that

lu| < max(dega, (k + 1)(2d,)*P°M), T(u) # 0,
h(a) < (2d1)* PO ((k + 1+ deg @)™ (hy + h(ay(w))).

Proof. This is a modification of Lemmas 5.6 and 5.7 from Evertse and Gy&ry
(2013); see also Lemmas [7.4.6|and [7.4.7]in Chapter [7| ]

3.2 Illustration of the application of the effective
specialization method to Diophantine equa-
tions

We briefly illustrate how to apply the specialization method to Diophantine
equations over finitely generated domains. As an example, consider the Thue
equation

F(z,y) =4 in x,y € A, (3.2.1)

where I is a binary form of degree > 3 in A[X, Y| with non-zero discriminant
and where 6 € A\{0}.

Step 1. Let z,y € A be a solution of (3.2.1). Having upper bounds for the
degrees and heights of representatives of ¢ and the coefficients of F', Lemma
gives effective upper bounds for the deg-values and h-values of ¢ and
the coefficients of /. Then, by means of Lemma[3.1.3]one gets effective upper
bounds for the H,,-values of the conjugates of § and the coefficients of F’ over
K. Applying effective results of Schmidt (1978), Mason (1984) or Theorem
[5.4.1| from Chapter [5] on Thue equations over function fields, one can derive
effective upper bounds for Hy, (:L*(J)) Hy,(yY)) for all 4, j and subsequently,
effective upper bounds for deg z, deg v from Lemma

Step 2. Next, let the set A from Lemma[3.1.T|consist of ¢ and the discriminant
of I. Choose u € Z7 such that |u| < max(d, (2d;)*P°")), T(u) # 0, and
subject to these conditions, H := max(h(z;(u)), h(y;(u))) is maximal; here
d denotes the maximum of the deg-values of z,y, § and the coefficients of F.
Let F}, ; be the binary form obtained by applying ¢, ; to the coefficients of
F. Tt follows from (3.1.3) and from our choice of A that §;(u) # 0 and the
discriminant of F, ; is also different from zero.
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Step 3. Clearly
Fuj(z;(u), y;(u) = 6;(u).

We can now apply the explicit result of Gyéry and Yu (2006) on Thue equa-
tions, see also Theor in Chapter []to obtain an effective upper bound

for H. Then Lemma [3.1.4] (ii) gives an effective upper bound for h(z), h(y).
Finally, Lemma [3.1.2] yields an effective upper bound C' for the degrees and
heights, i.e. for the sizes of certain representatives x, i of x, y.

Step 4. This last step makes it possible to effectively determine all the solu-
tions of equation (3.2.1)). Adapting the proof of Proposition [2.1.T|from Chap-
ter [2] to equation (3.2.1), we can enumerate all pairs z, § from Z[ X7, ..., X,]
of size at most C'. Using an ideal membership algorithm for Z[ X}, ..., X,],
see Section we can check for each of these pairs 7, whether F (Z,79) —
6 € Z, where F' denotes a binary form with coefficients in Z[ X, ..., X,] that
represents the corresponding coefficients of /'. Then we can make a list of all
pairs passing this test. This list contains at least one representative for each
solution of (3.2.1). Subsequently, we can check, for any two pairs Z1, ; and
Z9, Yo from this list whether they represent the same solution of by
checking if 71 — 25,91 — yo € Z. If this is the case, we remove one of these
pairs from our list. This finally results in a list with precisely one representa-
tive for each solution.

Remark. The above procedure applies also to unit equations, hyper- and su-
perelliptic equations, see Chapter [9] as well as to discriminant equations and
decomposable form equations, including discriminant form equations, index
form equations and some norm form equations, cf. Gy6ry (1983,1984b), be-
cause there are effective function field and number field results for these equa-
tions. As for unit equations ax + by = cin x,y € A* one may apply the
above method to systems of equations ax + by = ¢,z -2’ = 1L,y-y =1
inx,y,x',y € A. Then, in Step 4 above, the general version of Proposition
[2.1.T| concerning systems of equations must be used.
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3.3 Sketch of the method reducing equations to
unit equations

Lang (1960) was the first to emphasize the importance of unit equations of
the form

ar+by=1inz,y € A* (3.3.1)

where A is a finitely generated integral domain over Z, and a,b are non-
zero elements of the quotient field K of A. Generalizing the results of Siegel
(1921) and others obtained over number fields, he proved that equation (3.3.1])
has only finitely many solutions. These results imply the finiteness of the num-
ber of solutions of some other classical equations in two unknowns; see e.g.
Lang (1962).

In the number field case when K is a number field and A the ring of inte-
gers or aring of S-integers of K, Gydry (1974, 1979) gave explicit bounds for
the solutions of (3.3.1). He applied his results to get the first effective bounds
for the solutions of polynomial Diophantine equations in an arbitrary number
of unknowns, including discriminant equations and a wide class of decompos-
able form equations; see e.g. Gyory (1974,1980a,b), Gydry and Papp (1978).
For ineffective generalizations for the case of arbitrary finitely generated do-
mains over Z, see Gyory (1982).

Lang’s ineffective finiteness theorem on equation (3.3.1)) was made effec-
tive in quantitative form in Evertse and Gy6ry (2013); see also Theorem [2.2.1]
and Corollary [2.2.2] It is applied in an effective way to discriminant equations
in Evertse and Gy6ry (2017a, 2017b), and to a wider class of decomposable
form equations in quantitative form, in Chapter|10|of the present book.

In this section we briefly outline the method of reducing the above-ment-
ioned equations to unit equations. In fact the equations are reduced to so-
called connected systems of unit equations. We illustrate in some special cases
and in simplified form how to apply the effective theorem of Evertse and
Gy6ry (2013) on equation (3.3.1) to decomposable form equations and dis-
criminant equations via systems of unit equations. The general theorems con-
cerning decomposable form equations and discriminant equations and their
proofs can be found in Chapter [2| and Chapter |10 respectively. As will be
pointed out in Subsection the proofs of the general, quantitative ver-
sions concerning decomposable form equations are more complicated and
need several further tools from Chapter 8]
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3.3.1 Effective finiteness result for systems of unit equations

Let A = Z[z,. ..,z be a finitely generated integral domain with A O Z,
r > (0 and with quotient field K. Let n > 3 be an integer, and let 1, ..., I; be
subsets of {1,2,...,n} with

2§|I]|§3f0rj21,,/{7, [1UU[]€:{1,,?”L},

where |S| denotes the cardinality of a set S. Many Diophantine problems can
be reduced to systems of unit equations of the form

Z /\171'51' = 0, ce ,Z /\kﬂ& =0 in (51, ce ,6n> c (A*>n, (332)

i€l 1€y,

where the coefficients A;; are non-zero elements of K. For £ = 1, this is a
homogeneous unit equation in at most three unknowns.

Denote by G the graph whose vertex set is {1,...,n} and whose edges
are the pairs {7, 7'} belonging to the same set /;, for some j with 1 < j < k.
The system of unit equations (3.3.2)) is said to be connected if the graph G is
connected.

Over number fields resp. over finitely generated domains, various versions
of the theorem below were explicitly or implicitly used, mostly in quantitative
form, in papers of Gydry, including Gy6ry (1976,1980b,1982,1983,1984b,1990),
and Gy6ry and Papp (1978). Theorem [3.3.1] is in fact the core of Gy&ry’s
approach reducing certain important classes of equations to systems of unit
equations in two unknowns and then, over number fields, applying effective
results concerning unit equations.

From Corollary 2.2.2] due to Evertse and Gy6ry (2013), we deduce the
following.

Theorem 3.3.1. Suppose that the system of equations (3.3.2) is connected.
Then up to a proportional factor from A*, (3.3.2) has only finitely many so-
lutions. Further, if A and the coefficients \;; in (3.3.2) are given effectively,
then all solutions can be determined effectively.

The finiteness assertion is a special case of Theorem 4 of Gyd&ry (1990)
which holds in the more general form when in (3.3.2) 2 < |/;| < n holds for
j = 1,...,k, and only those solutions (d1,...,d,) are considered for which
the equations in have no proper vanishing subsums. Obviously, this
assumption is necessary for the finiteness. Over finitely generated domains,
the second assertion of Theorem 3.3.1]is new.
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We note that a quantitative variant of Theorem [3.3.1] can be obtained by
using Theorem [2.2.T]instead of Corollary 2.2.2]

Proof of Theorem[3.3.1|(sketch). Let (61, ...,0,) be a solution of equation
(3.3.2). We show that foreach i, € {1,2,...,n}, d;/ can take only finitely
many values from A* and, if A and the ); ; are effectively given, all these val-
ues can be effectively determined. This immediately implies Theorem[3.3.1]

By assumption, system (3.3.2)) is connected and [;U.. .Ul = {1,...,n}.
Hence it is easy to see that there are j;, ..., jyin {1, ..., k} with the following
three properties:

- ]jlu...UIjgz{l,...,n};

- fort =1,..., /¢ the system of equations
Z Ajridi =0, Z Ajidi =0 (3.3.3)
i€lj, =

to be solved in §; € A* fori € I;, U...U I, is connected;

-fort =1,....0 -1, [;

i+, has at least one element not contained in
L,U...UL,.

Then for ¢t = 1,...,¢ — 1, system (3.3.3) and the j;1-th equation have a
common unknown.

For t = 1, our claim is a consequence of Corollary 2.2.2] Then we can
proceed by induction on ¢, and our theorem follows. O]

In the next two subsections, we illustrate how to apply Theorem [3.3.1]to
decomposable form equations and discriminant equations. For convenience,
we prove our effective finiteness results in simplified, qualitative form. The
precise general, quantitative statements and their proofs can be found in Chap-
ters [2]and [10] respectively.

3.3.2 Reduction of decomposable form equations to unit equa-
tions

Consider now the decomposable form equation

F(xl,...,:zjm):5inx1,...,xm€A, (334)
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where 6 € A\{0}, and F is a decomposable form of degree n > 3 with
coefficients in A which factorizes into linear factors, say

gi:Oéi71X1+"'+Oéi7me (Z: 1,...,71).

Put £ = {{y,...,¢,}. Suppose that rank £ = m and that £ contains at least
three pairwise linearly independent linear forms.
For simplicity, we assume that

0 € A, the coefficients of {1, . .., {, all belong to A. (3.3.5)

Denote by G(L) the graph with vertex system £ in which ¢; and ¢; are
connected by an edge if ¢;, {; are linearly dependent over K or they are lin-
early independent and there is a ¢ ¢ {7, j} such that \;¢; + A\;¢; + A\, 0, = 0
for some non-zero A\;, \j, A\, € K.

The following proposition can be deduced from Theorem [3.3.1]

Proposition 3.3.2. Suppose that G(L) is connected. Then, under the assump-
tions (3.3.3), equation (3.3.4) has only finitely many solutions. Moreover, if
A, § and the coefficients o ; are effectively given, all solutions of can
be effectively determined.

This is a special case of Corollary[2.6.2]on decomposable form equations.

In the proof sketch of Proposition[3.3.2) given below, we combine the main
arguments of Gy6ry and Papp (1978) over number fields with some effective
results from Chapter 6] over finitely generated domains.

Proof (sketch). Letx = (z1,...,x,) € A™ be a solution of equation (3.3.4).
It follows from that /;(x) is a unit in A, say /;(x) = d;,1 = 1,...,n.
By assumption the graph G(L£) is connected. Consider all pairs ¢, j for which
¢;,0; are connected by an edge in G(L). Then for each such 7, j we have

/\1(51 + )\jéj =0 or )\161 + )\jdj + )\qéq =0 (336)
with non-zero elements \;, A\; A\, of K. Here we may assume that \;, \;, \; €
A\{0}.

Since G(L) is connected, the system of unit equations (3.3.6)) is also con-

nected. By applying Theorem [3.3.1]to this system of equations we get

6 =¢d, fori=1,...,n,
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where ¢ € A* is still an unknown and ¢; can take only finitely many values
fori = 1,...,n. But it follows from (3.3.4) that c™ = §/4] .../, whence ¢,
and hence 9; can take only finitely many values for each i. Finally, in view of
the assumption rank £ = m, from the systems of equations

we obtain the finiteness of the number of solutions x.

Now assume that A, ¢ and the coefficients «;; are effectively given. Then
appropriate values for A\;, A\; and )\, can be determined effectively from the
coefficients of ¢;,¢; and ¢,. By Theorem d1,...,0! can be computed
effectively. As was seen above, ¢ is a zero of the polynomial X™ —4/d7...4.,.
Hence it can be determined by using Theorem [6.2.3] Further, from (3.3.7) we
can determine x € K" for each possible value of 41, ..., d,. Finally, it can
be decided by Theorem @ whether the x so obtained is an element of A",
and can be checked if x = (z1, ..., z,,) is a solution of (3.3.4). O

3.3.3 Quantitative version

As before, let A = Z[z,..., 2] be an integral domain of characteristic 0,
7 the ideal of polynomials in Z[ X}, ..., X,| vanishing at (z1,. .., z.), K the
quotient field of A, and K an algebraic closure of K.

In the previous subsection we considered the decomposable form equation
(3.3.4) over A. For simplicity, we assumed that (3.3.3) holds, i.e., that 6 € A*
and that the coefficients o ; of the linear factors of F' are elements of A. Then
leads to a system of unit equations over A. However, in our general
Theorem [2.6.1]and Corollary [2.6.2]this is not the case, the coefficients «; ; of
the linear factors belong to a finite extension G of K. In this case the equation
(3.3.4) can be reduced to a finite system of unit equations in two unknowns,
but with units from a subring A” O A of G that is finitely generated over Z.
Then Theorem can be deduced by using Theorem with A’ instead
of A. To do so, in the proof of Theorem we use so-called ‘degree-height
estimates’ for the elements of K.

As an analogue of the naive height (height of the minimal polynomial
over Z) of an algebraic number, we introduce in Chapter 8| the notion of
the *degree-height estimate’ for the elements of K. Given a monic polyno-
mial P € K[X], we call (po,...,p,) a tuple of representatives for P if
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Po,---,Pn GZ[Xl,'--,Xr],PO ¢Iand

P(X) :Xn+p1(217“'7zT)Xn—1_i_'.._i_pn(zlv"'?'z'r‘)'
pO(Zh"'azr) pO(Zla'”)Z'I‘)
We write
P < (d*,h")

if P has a tuple of representatives (py, ..., p,) with total degree degp; <
d* and logarithmic height h(p;) < h* fori = 0,...,n, and call (d*,h*) a
degree-height estimate for P. If o« € K and P, denotes the monic minimal
polynomial of a over K, we define a tuple of representatives for « to be a
tuple of representatives for F,. We write

a =< (d*,h") it P, < (d",h")

and call (d*, h*) a degree-height estimate for .

In Chapter 8] whose results are new, we give a degree-height estimate for
3 € K in terms of degree-height estimates for oy, . . ., o, € K, if B is related
to the o; by P(B, a1, ..., ay,) = 0 for some given P € Z[ X, X1,..., Xn].
Such estimates can be used in the proof of Theorem [2.6.1] to construct in an
effective way a finitely generated domain A” O A in G and certain scalar
multiples ¢ of ¢; for i = 1,...,n such that ¢|(x),..., ¢ (x) are units of A’
for any solution x of (3.3.4). Then one can follow a quantitative version of
the arguments of the proof of Proposition [3.3.2] above and can use Theorem
with A’ instead of A as well as some estimates from Chapter [§]to prove
Theorem in the case when G (L) is connected. In the general case when
G(L) is not connected, some further argument is needed from Step 4 of the
proof of Theorem[2.6.1]

3.3.4 Reduction of discriminant equations to unit equations

In the remaining part of this chapter, let again A be a finitely generated inte-
gral domain over Z. Let n > 2 be an integer, 6 € A\{0} and consider the
discriminant equation

D(f) = 6 in monic polynomials f € A[X] of degree n. (3.3.8)
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We recall that the monic polynomials f, f' € A[X] are called strongly A-
equivalent if f'(X) = f(X + a) for some a € A. Then f and f’ have the
same degree and same discriminant.

For simplicity, here we restrict ourselves to the special situation when

0 € A*, Alis integrally closed and all zeros of f belong to (3.3.9)
the quotient field K of A (and hence to A). e

We deduce from Theorem the following proposition.

Proposition 3.3.3. Under the assumptions (3.3.9), the solutions of equations
lie in finitely many strong A-equivalence classes of solutions. More-
over, if A and § are effectively given, a full set of representatives of these
equivalence classes can be effectively determined.

This is a special case of Corollary

The first proof of Proposition[3.3.3] (reducing directly to unit equations; sketch)
Let A, 0 be as above and let f € A[X] be amonic polynomial of degree n > 2
with zeros ay, . . ., v, and with the properties (3.3.8)), (3.3.9). Then we have

D(f)= ] (w—a;)?=6€A, (3.3.10)
1<i<j<n
where o, . .., «, are the zeros of f in A. This implies that

0;j == 0a; —ay € A" foreachd, jwith1 <i < j <n.
First suppose that n > 3. Consider the system of unit equations
0ij + 0jq + 0gi = 010 0; 5,054,094 € A

for distinct 4,j,q € {1,...,n}. We show that this system of equations is
connected. Indeed, for 0, ;, d; -, with (7, ) # (i',7') and ¢ # 7, i # 7', we
have
(Sm‘ + 5j,z" + 51‘/71‘ =0, (SN‘/ + 61",]" + (Sj/,j =0
if / # 7, and
5i,j + 5@'/,]" + (sj’,i - O
if i’ = j. Hence by Theorem we get

d;j = €0;; for any distinct , j (3.3.11)
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with a common factor e € A* and with §; ; € A* which may take only finitely
many values. This is obviously true for n = 2 as well. Furthermore, if A
and ¢ are effectively given, by Theorem the 9; ; can also be effectively
determined.

Now (3.3.10) and (3.3.11)) give
e V=5 [ /48,

1<i<j<n

This implies that there are only finitely many €,9; ; € A* and polynomials
F(X) =1I-,(X —d;1) € A[X] under consideration. Further, if A and § are
effectively given, then using Theorem we can effectively determine the
zeros in A of the polynomials X"~ — ¢ for all 6 := 6 [],; ., (1/6 ;)
in question. Consequently, all ¢, ¢; ; and f’(X') can be effectively determined.
But f'(X) = f(X 4+ aq), i.e. [ is strongly A-equivalent to f’. Finally, from
among the f’ one can easily select a maximal set of pairwise strongly A-
inequivalent polynomials f satisfying and (3.3.9). O

Proposition [3.3.3] can also be deduced from Proposition [3.3.2] on decom-
posable form equations, following the arguments of the proof of Theorem
However, we recall that the proof of Proposition is also based on
effective results on unit equations.

The second proof of Proposition (reducing to decomposable form equa-
tions; sketch) Let again A, § be as above, and let f € A[X] be a monic poly-
nomial of degree n > 2 with zeros a4, . . ., «,, and with the properties (3.3.8)
and (3.3.9). Then we have again (3.3.10). Writing now x; := «; — «y for
i =2,...,n,we have x; € A for each i. Putting

F(Xa,... . Xp)=Xy... X, ] (Xi—X)),

2<i<j<n
(3.3.10) implies
F(xg,...,x,) = 0 in z9,...,2, € A, (3.3.12)

where 62 = § and, if is solvable, 6 € A* must hold. The decom-
posable form F is of degree n(n — 1)/2 and it is easily seen that for n > 3,
it satisfies the assumptions of Proposition [3.3.2] Hence by Proposition [3.3.2]
the equation (3.3.12)) has only finitely many solutions (zo, ..., x,). Further,
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if A and ¢ are effectively given, then by Theorem the quantity d, can
also be effectively determined and Proposition [3.3.2] gives that all solutions
(xg,...,,) can be effectively found. For n = 2 the same assertion holds
because in this case 7o = +0d,. Now we can argue as in the above proof to
show that f'(X) = f(X 4+ «1) is strongly A-equivalent to f and is effec-
tively computable. Finally, our proof can be completed as above in the first
proof. ]

3.4 Comparison of our two effective methods

Comparing our effective methods over finitely generated domains over Z, it
is easy to observe that the "unit equation’ method, reducing equations to ap-
propriate systems of unit equations, is technically less complicated, at least
in the qualitative case. The other ’effective specialization” method, involving
effective specializations, is more complicated to apply. To some classes of
equations, for example to Thue equations, discriminant equations and decom-
posable form equations, both methods can be applied, while in case of unit
equations, hyper- and superelliptic equations, the Schinzel-Tijdeman equation
and the Catalan equation only the ’effective specialization’ method applies.

It is interesting to note that over number fields, the superelliptic equations
can be reduced to systems of unit equations via Thue equations. However,
this reduction uses Lemma.5.4]below (which in turn uses estimates for class
numbers, regulators and fundamental units) for which there is no analogue
over arbitrary finitely generated domains. Hence the reduction of superelliptic
equations to unit equations cannot be extended to arbitrary finitely generated
domains.

To illustrate both methods, we used above the ’effective specialization’
method for Thue equations and the ’unit equation’ method for decomposable
form equations and discriminant equations.
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Chapter 4

Effective results over number
fields

In our first general effective method, equations over finitely generated do-
mains are reduced to equations of the same type over number fields and over
function fields. Then the best known or best applicable effective results over
number fields / function fields can be applied to bound the solutions of the
initial equations over finitely generated domains.

Our second effective method reduces, if possible, equations to unit equa-
tions in two unknowns. Such equations are e.g. Thue equations, discriminant
equations and certain other decomposable form equations. Then using explicit
bounds for unit equations, one can derive explicit bounds for the solutions of
the initial equations, as well.

In Chapter[9] we apply our first method to unit equations in two unknowns,
Thue equations, hyper- and superelliptic equations, the Schinzel-Tijdeman
equation and the Catalan-equation over finitely generated domains. The sec-
ond method will be extended in Chapter [[0]from the number field case to the
finitely generated situation, reducing decomposable form equations and dis-
criminant equations to unit equations in two unknowns over finitely generated
domains. We note that in the general case the results concerning decompos-
able form equations are new.

In Sections[d.3|to 6| of the present chapter we present the best applicable
explicit bounds for the solutions of those equations over number fields which
are considered in Chapter[9] Although in Chapter [I0] we shall not need equa-
tions over number fields, for convenience of reader, in Sections 4.7| and
we have included the best explicit results for decomposable form equations
and discriminant form equations as well over number fields.

61



To avoid long and complicated computations but emphasize the role of the
ingredients, we shall sketch the proofs of less precise versions of the presented
results over number fields.

4.1 Notation and preliminaries

First we introduce some notation and recall some basic facts on number fields.
For further details we refer e.g. to Evertse and Gy&ry (2015, Chapter 1).

Let L be an algebraic number field. Denote by d, O, M, Dy, hy,r and
Ry its degree, ring of integers, set of places, discriminant, class number, unit
rank and regulator, respectively. The set M, consists of real infinite places,
these are the embeddings o : L — R, complex infinite places, these are the
pairs of conjugate complex embeddings {c,7 : L — C}, and finite places,
these are the prime ideals of Q. We denote by S, the set of all infinite places,
i.e., both real and complex, of L. To every v € M we associate a normalized
absolute value | - |, such that for « € L we have

lafy = |o(a)] if v = o is real;
lal, = |o(a)|* = |7(a)]*  ifv={0,7}is complex;
], := N (p)~orde(e) if v = p is a prime ideal of Or,.

Here N(p) := |OL/p| denotes the absolute norm of p, and ord,(c) denotes
the exponent of p in the unique prime ideal factorization of [¢] (i.e., the frac-
tional ideal generated by ), with ord,(0) = co. The absolute values defined
above satisfy the product formula

H lal, =1 for «ae€ L"
VEM,

If M 1is a finite extension of L and Vv are places of M, L, respectively,
we say that V' lies above v or v below V, notation V'|v, if the restriction of |- |y
to L is a power of | - |,. In case of finite places V, v this means that V' = ‘3,
v = p are prime ideals in M, L, respectively with 3 D p.

Given v € M, we denote by L, the completion of L at v and by L, an
algebraic closure of L,. The absolute value | - |, has a unique extension to L,
that we denote also by | - |,.. If v is real, then L, = C, and | - |,, is the ordinary
absolute value on C; thus it satisfies the triangle inequality. If v is complex

then | - |, is the square of the ordinary absolute value on C and thus, | - ks
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satisfies the triangle inequality. If v is finite then | - |, satisfies the ultrametric
inequality. Summarizing, for o, 5 € L, we have

la+ Bl < |al, + 8o if v is real,

|04+5|11)/2 < |Oz|i/2+ |B|i/2 if v is complex, (4.1.1)
lo + B, < max(|aly, |Bl,) if v is finite.

From this general fact we deduce the following useful inequality. We define
the quantities s(v) (v €€ M) as follows:

1 if visreal,
s(v):= ¢ 2 ifwviscomplex, (4.1.2)
0 if v is finite.

Lemma 4.1.1. Let v be a place of L, m a positive integer, and o € L, such
that |al, < (2m)~*). Then

(1 +a)™ = 1], < (2m)*“]al..

Proof. Assume without loss of generality that o # 0. Then

ai= B S (ot

k=1

If v is finite then by the ultrametric inequality, |A|, < 1. Assume that v is
infinite. Then | - |'/*(*) is the ordinary absolute value on C and thus, by the
triangle inequality,

m

’A|1/sv Z( ) kl/sv)<zmk’&|k 1/sv)_2m.

k=1 k=1

The lemma follows. ]

Let @ € Q and choose a number field L such that & € L. The absolute
multiplicative height of « is defined by

(o)1= ] max(1,[al,) ),
vEM,
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while its absolute logarithmic height or briefly height is given by

1
ha) :=log H(a) = T Z log max(1, |al,).
VEM,
These notions are independent of the choice of L.

The denominator of o € @*, denoted by den «, is defined as the smallest
positive rational integer dy for which dya is an algebraic integer.

The logarithmic height has the following important properties:

(

h(a - ozk) < ZZ Lh(ag) foray,...,an € Q;
hag+ -+ ax) <logk + Zle h(coy) foray,...,a; € Q;
h(a™) = |m|h(e) fora e Q,m e Z;
h(¢a) = h(a) for a € Q and ¢ a root of unity;
h(a) > logdena fora € Q.
( deg o

(4.1.3)
Further, we need the following more advanced result.

Lemma 4.1.2. Let « be an algebraic number of degree d > 1 which is not
equal to O or to a root of unity. Then

Jlog2 ifd=1,
h(a) > m(d) == { 2/d(log 3d)3 ifd > 2.

Proof. See Voutier (1996). Asymptotically, this lower bound is not the most
optimal but it is most convenient for our purposes. See, e.g. Dobrowolski
(1979) for an estimate which is still the best in terms of d. [

For a numbg field L and v € M, the v-adic norm of a vector x =
(x1,...,2,) € L, is defined by

x|, = max(|x1|v, ..., |Tnlo)-

Let x = (x1,...,%,) € Q" and choose an algebraic number field L such
that x € L". Then the multiplicative height and homogeneous multiplicative
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height of x are defined by

1/d 1/d
H(x) := ( 11 maX(1,|x|U)> , H™™(x) == ( 11 |x|v> :

vEM,

respectively, where d = [L : Q]. As in the case n = 1 above, these heights
are independent of the choice of L. We define the corresponding logarithmic
heights by

h(x) :=log H(x), h"™™(x):=log H™"(x),

respectively. For instance,

hix) = logmax([z . ... [al), A" (x) = log (mgxé’("w)”)
forx = (xy,...,2,) € Z"\{0}. (4.1.4)

From the definitions it is clear that

max h(z;) < h(x) < Z h(z;) forx = (zy,...,2,) €Q". (4.1.5)
i=1

1<i<n
Further,
A (A\x) = (%) forx € Q, A e Q. (4.1.6)

This is shown by applying the product formula with any number field L con-
taining A\ and the coordinates of x.
Let again L be a number field. For a polynomial P € L[X;, ..., X,] and
for v € M, we define
1P, = [xpl.,

where xp is a vector consisting of the non-zero coefficients of P. We will
need the following estimate.

Lemmad4.1.3. Let P, ..., P, € L[Xy,...,X,] be polynomials in n variables
and P := P, - - - P, their product. Suppose that the partial degrees of P have
sum at most D. If v € M|, we have

q q
27 O TT|Pyly < | Pl < 27O [T 1Py if v is infinite,

j=1 j=1
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where s(v) = 1if v is real and s(v) = 2 if v is complex, while

q
|P|y, = H |P;|, if v is finite.

j=1
Proof. See Bombieri and Gubler (2006), Lemmas 1.6.11 and 1.6.3. ]
We deduce some consequences. For a polynomial P € Q[ X1, ..., X,] we

define
h(P) := h(xp), h"™™(P):= A" (xp).

Corollary 4.1.4. Let P,,..., P, @[Xl, ..., X,] be non-zero polynomials
and P := P, - - - P, their product. Suppose that the partial degrees of P have
sum at most D. Then

By = 3 Ahen(py)

j=1

< Dlog?2.

Proof. Pick a number field L containing the coefficients of P, ..., P,, take
the logarithms of the inequalities and identity from Lemma [4.1.3] and sum
overv € M. O

Corollary 4.1.5. Let P(X) = (X —ay)--- (X — o) € Q[X]. Then

[A(P) =) h(ay)| < nlog2.

i=1
Proof. Immediate consequence of Corollary #.1.4] O

We have the following estimate for the inhomogeneous heights of polyno-
mials with rational integer coefficients.

Corollary 4.1.6. Let P,,..., P, € Z[X,,...,X,| and P := P, --- P, their
product. Suppose that the partial degrees of P have sum at most D. Then

h(P)— S H(P)| < Dlog2.

Proof. Use that h(Q) = log |Q|~ if @ is a polynomial with coefficients in Z
and apply Lemmafd.1.3] O
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In addition to the above, we will frequently use the following simple esti-
mates for heights and lengths of polynomials with integer coefficients. Given
a polynomial () with integer coefficients, its height H () is the maximum of
the absolute values of its coefficients, while its length L(()) is the sum of the
absolute values of its coefficients. Denote by n(()) the number of non-zero
coefficients of ). Then for Q € Z[ X}, ..., X,,] we have

H(Q) < LQ) < n(QHQ) < (“¥CT) H(Q) < 29+ H(Q)
4.1.7)

where as usual we denote by deg () the total degree of (). Further, for )1, Q)2 €
Z[X, ..., X,,] we have

L(Q1+ Q2) < L(Q1) + L(Q2), L(Q1Q2) < L(Q1)L(Q-) (4.1.8)

(see e.g., Waldschmidt (2000, p. 76)). From these inequalities we deduce the
following:

Lemma 4.1.7. Let P\, ..., P, € Z|X,...,X,] and F € Z[Xy,...,X,] be
non-zero polynomials. Then for the composed polynomial G := F(Py, ..., P))
we have

deg G < deg F' - max deg P;,

1<i<q

£(@) < L(F) (max 1)

1<i<q

deg I
H(G) < n(F)H(F)( max n(P)H(P)) .
g
Proof. The estimate for deg G is obvious. The estimate for L(G) follows di-
rectly from (4.1.8), and then the estimate for H (G) follows from (4.1.7). [

As above, L is an algebraic number field of degree d. Let S be a finite set
of places of L which contains the set S, of infinite places. Denote by s the
cardinality of S. We have d < 2s. Recall that the ring of S-integers Og is
defined as

Os={a€L:|a,<1 for ve M\S}

For S = S, this is just the ring of integers Oy, in L. Denote by O] and,
more generally, by OF the unit groups of O and Og, respectively. By the
Dirichlet-Chevalley-Weil S-unit theorem, that is, the extension to S-units of
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Dirichlet’s unit theorem, the group OF has rank s — 1. This means that there
are €1,...,c5_1 € OF such that every € € OF can be expressed uniquely as

_ b1 b5,1
574“61 ...88—17

where ( is a root of unity in L and by, ..., bs_; are rational integers. Such a
system {e1,...,e5 1} is called a fundamental system of S-units and for S =
Soo, & fundamental system of units in L. Notice that rank O] =r1+7ro—1 =:
r, where 7; is the number of real places, and 7, the number of complex places
of L.

Pick s — 1 places vy,...,vs_1 from S, i.e., we omit one place. The S-
regulator is defined by

77777

This quantity is non-zero, and independent of the choice of 4, ...,c,_; and
of the choice vy,...,vs_; from S. In the case that S = S, the S-regulator
Rg is equal to the regulator R, of L.

If S contains finite places, i.e., prime ideals of O, we denote by p1, ..., p;
the prime ideals in S, and we put

PS = maX(N<P1)7 ce 7N(pt))7 QS = N(pl o pt) if § 2 SOO’

Psao = 1, st = 1.
4.1.9)
The S-regulator Rg and the regulator R, are related by
t
Rg = hsRy, | [ log N(p:), (4.1.10)
i=1
where hg is a (positive) divisor of the class number /. We have

hiRy, < |Dp|Y?(log* |Dy|)* 1, (4.1.11)

see Louboutin (2000) and Gyéry and Yu (2006), while on the other hand,

Ry, > 0.2052, (4.1.12)
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see Friedman (1989). From (.1.10) and @.1.T1)) we infer
Rs < |D|V*(log™ | D) (log Ps)', (4.1.13)

while in the opposite direction we have, by (@.1.10) and (4.1.12)),

o ) (log2)(log3)** if K=Q,s=1[5>3,
1 0.2052(log2)*2 if K #Q, s> 3.

For o € L*, the fractional ideal [«] generated by « can be written uniquely
as a product of two fractional ideals a; - as, where a; 1s composed of py, ..., p;
and a, is composed solely of prime ideals different from py, ..., p;. The S-
norm of « is now defined as Ng(a) := N(ay). Another expression for the

S-norm is
Ns(a) =[] lal..
ves
Combining this with h(a) = d 'Y slogmax(1,|al,) for @ € Og, we
derive the very useful inequality

log Ng(a) < dh(a) < smagclog ||, fora € Og\{0}. (4.1.14)
vE

In case that « is an S-unit we obtain, by applying {.1.14) to a1,

miglog laf, < —gh(a) for o € O5. (4.1.15)
ve

In many of our estimates we need an effective version of the Dirichlet-
Chevalley-Weil S-unit theorem. We state a suitable version below. Let again
L be a number field of degree d and denote by r the rank of Oj . Further, let
as before S be a finite set of places of L containing the infinite places and s
the cardinality of S. Define the constants

((s =1

1= for s > 2,
D)5 =2
¢ = 1160 >2)3 °7 % log'd fors >3,
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and

(s — 1))

fi >2,d=1
) 2572]og?2 ors =2 ’
R IRCE I
e (log(3d))* fors>2,d>2,
0 forr =0,
cy =4 1/d forr=1,
29¢ - rlry/r — 1 -logd forr > 2.
Proposition 4.1.8. There exists a fundamental system {e1,...,cs 1} of S-

units in L such that

s—1

(i) [[1(e:) < erRs,

=1

(i) max h(g;) < ceRs if s>3,

1<i<s—1

(iii) if v1,...,vs_1 are any distinct places from S, then the absolute values
of the entries of the inverse matrix of (1og |€i|y, )i j=1,....s—1 do not exceed
C3.

Proof. (i) and (ii1) were proved in Bugeaud and Gyory (1996a,1996b). The
inequality (ii) is an improvement, at least in terms of s, of the corresponding
statements of Bugeaud and Gydry (1996a,1996b) and Bugeaud (1998). The
main tool in the proof of (1) and (ii1) is Minkowski’s theorem on the successive
minima of symmetric convex bodies from the geometry of numbers. Assertion
(ii) was proved by combining (i) with a similar type of result as Lemma.1.2]
See also Evertse and Gyory (2015), Prop. 4.3.9 for a proof of (i),(ii),(iii). [

We shall also need the following lemma.

Proposition 4.1.9. For every non-zero o € Og and for every integer n > 1
there exists an € € O such that

h
h(e"a) < =log Ng(a) +n (C4RL + ~ZLlog Qg) :

d

ISHN

Proof. See e.g. Gydry and Yu (2006), Lemma 3 or Evertse and Gy6ry (2015),
Proposition 4.3.12. The basic idea is as follows. The vectors (log "], )ves
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(¢ € O%) form a full lattice in the vector space of (z,,),cs € R* with ) .z, =
0, hence every point from this vector space is within bounded distance from
a point from this lattice. The lemma follows from an explicit bound for this
distance. O

We finish this section with some estimates for discriminants. As before,
we denote by Dy, the discriminant of a number field L.

Lemma 4.1.10. Suppose that L is the compositum of the algebraic number
fields Ly,. ... Ly. Then Dy, divides D™ ... DY) in 7.

Proof. See Stark (1974). [

Lemma 4.1.11. Let L be a number field of degree d, let G € L[X] be a
polynomial without multiple zeros which factorizes over an extension of L as
ag(X — ) -+ (X —0,), and let M := L(V4,...,0) with1 < k < n. Then

for the discriminant of M we have the estimate
D] < (ne @) Dy
In the case that k = 1 we have the sharper estimate
|DM| < n(?n—l)de(an—Q)h(G’)|DL|n.
Proof. This is Lemma 4.1 of Bérczes, Evertse and Gyory (2013). [

Throughout our work we shall use A <, .
that | A| is less than ¢ times B, where c is an effectively computable positive
number, depending only on a, b, ..., which may be different at each occur-
rence of the symbol <. Further, we define

Bor B >, . Atodenote

geoe

log™ u := max{1,logu} for wu >0, log"0:=1.

4.2 Effective estimates for linear forms in loga-
rithms
In this section we present some results from Baker’s effective theory of log-

arithmic forms that are used in Section to We formulate, without
proof, some consequences of the best known effective estimates for linear
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forms in logarithms, due to Matveev (2000) in the complex case and Yu (2007)
in the p-adic case.

We first give a brief introduction. For the moment, @ denotes the al_gebraic
closure of QQ in C, and algebraic numbers are supposed to belong to Q. Here
and below log denotes any fixed determination of the logarithm.

Gel’fond (1934) and Schneider (1934) proved independently of each other
that if « and [ are algebraic numbers such that o # 0,1 and f is not ratio-
nal, then o’ := exp(Bloga) is transcendental for any choice of log . An
equivalent formulation of the Gel fond-Schneider theorem is that if oy, oy
are non-zero algebraic numbers such that log a; and log a are linearly in-
dependent over Q for any choice of the logarithms, then they are linearly
independent over Q. Gel’fond (1935) gave a non-trivial effective lower bound
for |31 log iy + B2 log aa|, where (1, 5> denote algebraic numbers, not both
0, and oy, oy denote algebraic numbers different from 0 and 1 such that
log a1 / log v is not rational.

In his celebrated series of papers, Baker (1966,1967a,1967b,1968a) made
a significant breakthrough by generalizing the Gel’fond-Schneider theorem
to arbitrarily many logarithms. Baker (1966,1967b) proved that if oy, ..., o,
denote non-zero algebraic numbers such that log aq, ..., log «,, are linearly
independent over Q, then 1,log aq, ..., log «,, are linearly independent over
@. Further, Baker (1967a,1967b,1968a) gave non-trivial lower bounds for
|01 log cvy +- - -+ 5, log v, |, where vy, . . ., v, are non-zero algebraic numbers
such that log aq, . . ., log v, are linearly independent over Q and 4, ..., 3,
are algebraic numbers, not all 0.

Baker’s general effective estimates led to significant applications in num-
ber theory. Later, many improvements, generalizations and applications were
established by Baker and others. For comprehensive accounts of Baker’s the-
ory, analogues for p-adic and elliptic logarithms and algebraic groups and ex-
tensive bibliographies, the reader can consult Baker (1975,1988), Baker and
Masser (1977), Lang (1978), Feldman and Nesterenko (1998), Waldschmidt
(2000), Wiistholz (2002), Baker and Wiistholz (2007) and Bugeaud (2018).

For applications to Diophantine equations, the effective estimates of Baker
(1968a,1968b) in which 1, ..., 3, are rational integers proved to be particu-
larly useful. Using his estimates in this special case, Baker (1968b,1968¢,1969)
gave the first explicit upper bounds for the solutions of Thue equations, Mordell
equations and super- and hyperelliptic equations over Z. For further applica-
tions of Baker’s theory to Diophantine problems, we refer to Baker (1975),
Gyory (1980b,2002), Sprindzuk (1982,1993), Shorey and Tijdeman (1986),
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Bilu (1995), Smart (1998), Evertse and Gydry (2015,2017a), Bugeaud (2018),
and to the references given there.

Since the 1990’s, some other effective methods have also been developed
for Diophantine equations by various authors, including Bombieri (1993),
Bombieri and Cohen (1997,2003), Bugeaud (1998), Bennett and Skinner (2004),
Siksek (2013), Murty and Pasten (2013), Pasten (2017), von Kénel (2014),
von Kinel and Matschke (2016), Kim (2017), Poonen (2019), Le Fourn (2019),
Gyory (2019), Triantafillou (2020) and Freitas, Kraus and Siksek (2020a,b).
See also Evertse and Gydry (2015, Sect.4.5). However, at present Baker’s
theory is the most suitable to derive effective bounds for the solutions of our
equations over number fields.

We now state some consequences of the best known results, due to Matveev
(2000) and Yu (2007), from Baker’s theory. These are the main tools in the
next sections, in the proofs for unit equations, hyper- and superelliptic equa-
tions and the Catalan equation. We note that in the complex case Matveev
(2000) gives lower bounds for linear forms in logarithms. For applications, it
will be more convenient to consider some consequences concerning

A=al .ol —1

n

where a, . . ., ay, (n (> 2) are non-zero algebraic numbers and where by, . .., b,
are rational integers, not all zero.

Throughout this section, L is a number field containing o, . . ., v, and d
denotes the degree of L. Set

B* :=max{|b], ..., |b.|}
and let Ay, ..., A, be reals with
A; > max{dh(a;), 7}, i=1,... n

We state two propositions that are consequences of results of Matveev (2000).

Proposition 4.2.1. Suppose A # 0, b, = +1 and B satisfies
B > max{B*,2eA, max(nw/V2, A, ..., A1)}

Then
log |A| > —c5(n,d)A; - - - A, log(B/(V24,))
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where
¢s(n,d) = min{1.451(30v/2)"*(n + 1)>°, 725°+271 42 log ed).

Proof. This is Proposition 4 in Gy6ry and Yu (2006). It is an easy conse-
quence of Corollary 2.3 of Matveev (2000). [

We put y := 1if L isreal and y := 2 otherwise. Let now
Al =dh(ey)+ 7w, i=1,...,n.
Proposition 4.2.2. Suppose that A # 0, and that B’ satisfies
B’ > max{1, max(|b;|A;/Al;1 <i<mn)}.
Then we have
log |A| > —c(n,d)A] --- Al log(e(n + 1)B’),

where

1 /1 X
ce(n,d) = 27 min {— (Ee(n + 1)) 30" (n 4+ 1), 26"+26} d?log(ed).
X

Proof. This is Lemma 3.6 in Koymans (2017). It is easily deduced from
Corollary 2.3 of Matveev (2000). [

Consider again A defined as above. Let B and B,, be real numbers satis-

fying
B > max{|bi1|,...,|bn|}, B> B, > |byl.

Denote by p a prime ideal in Oy, lying above the prime number p and by e,
and f, the ramification index and residue class degree of p, respectively. Thus

N(p) = ph.
The following result is due to Yu (2007).

Proposition 4.2.3. Assume that ord,b, < ordyb; fori =1,...,n, and set
A? = max{h(e;),1/(16e*d*)}, i=1,...,n.
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If A # 0, then for any real 6 with 0 < § < 1/2 we have

ord,A < ¢z(n, d)egA)»2 max {A'I’ -+ A log M, 5—8} )

(log N (p Bucs(n, d)
where
cr(n,d) = (16ed)* "+ Hn3/? 1og(2nd) log(2d),
cs(n, d) = (2d)*"** log(2d) log®(3d)
and
M = (Bn/0)co(n, d)N (p)" AT - AT,
with

co(n, d) = 2eMTDEE3) g3 160(24).

Proof. This is the second consequence of the Main Theorem in Yu (2007).
[

As before, L denotes a number field of degree d and M its set of places,
aq, ..., a, are n(> 2) non-zero elements of L, and by, ..., b, rational inte-
gers, not all zero. Let A be defined again as above, and put

Q= Hmax{h(ai),m(d)}v
B :=max{3,|bi,. .., |ba|}

where m(d) is the lower bound from Lemma [4.1.2] For a place v € M, we
write

‘ 2 if v is infinite,
(v) = N(p) if v = pis finite.

The following proposition is in fact a combination of some inequalities of
Matveev (2000) and Yu (2007).

Proposition 4.2.4. Suppose that A # 0. Then for v € My we have

N(v)

IOg ’A|U > —Clo(n, d)m

Qlog B,
where cio(n, d) = 12(16ed)*"2(log* d)>.
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Proof. This is Proposition 3.10 in Bérczes, Evertse and Gy6ry (2013). For v
infinite, it is deduced from Corollary 2.3 of Matveev (2000), while for v finite,
from the first consequence of the Main Theorem on p. 190 of Yu (2007). We
have used Lemma to incorporate the small values of B. O

4.3 S-unit equations

Keeping the notation introduced in Section[d.1] L is a number field, S a finite
set of places of L containing the infinite places, Og the ring of S-integers of
L and Of the unit group of Og, that is the group of S-units in L.

Let o and (3 be non-zero elements of L with

max{h(a), h(8)} < .

where, for technical reasons, we assume that H > max(1, 7/d). Consider the
S-unit equation

ar+py=1 in z,ye O (4.3.1)

For S = S, this is called a(n ordinary) unit equation.

The first effective finiteness theorems for equation (4.3.1) were proved
for S = S by Gy6ry (1973,1974), and for general S by Gyéry (1979) and
independently, in a less precise form, by Kotov and Trelina (1979). In the
proofs, Baker’s theory of logarithmic forms was used. The results in Gyory
(1974,1979) and Kotov and Trelina (1979) are quantitative, providing explicit
upper bounds for the heights of the solutions x, y of (4.3.1).

In Chapter 0] we shall use the following theorem, due to Gydry and Yu
(2006). Here, d denotes the degree of L, s denotes the cardinality of .S, P =
max(1, N(p1),..., N(p:)) where py, ..., p; are the prime ideals in S, and Rg
denotes the S-regulator.

Theorem 4.3.1. All solutions x,y of equation (4.3.1)) satisfy
max{h(z),h(y)} < c11PsRg(1 + (log” Rg)/log" Ps)H,

where
c11 = 825+3.5 X 275+27(log 28)d2(s+1) (log* (2d))3

In the proof of Theorem [4.3.1] the main tools are Propositions 4.2.1, 4.2.3|
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(logarithmic forms estimates) and a variation on Proposition [4.1.8] (the effec-
tive S-unit theorem).

Combining the method of proof with his new approach, Le Fourn (2019)
has recently improved Theorem with Ps replaced by P¢ which denotes
the third largest norm of prime ideals from S. For a further improvement, see
Gyory (2019). However, these improvements would not give better bounds in
Chapter 9]

To avoid long and complicated computations but emphasize the role of the
main tools, we shall sketch the proof of the following less precise version of

Theorem [4.3.11
Let x,y be a solution of equation (4.3.1). Then

max{h(z),h(y)} <. H. (4.3.2)

Here and below the positive constants implied by <, g depend only on L and
S and are effectively computable.

For a complete proof of Theorem 4.3.1] the reader can consult Gydry and
Yu (2006).

Sketch of the proof of (4.3.2). Let x,y be a solution of (4.3.1). We may as-

sume that h(x) > h(y). Further, the case s = 1 being trivial, we assume that
s> 2.

Let {¢1,...,e5_1} be a fundamental system of S-units with the properties
specified in Proposition 4.1.8] Then y can be written in the form

y =g, (4.3.3)
where ( is a root of unity in L and by, ..., bs_; are rational integers. Set
B :=max{3, |b1],...,|bs|}

and let vy, . . ., v, be distinct places from S. Then it follows from (4.3.3) that

s—1
log |y], = Zbi log |gilv;, j=1,...,8 =1
i=1

Together with Cramer’s rule and (iii) of Proposition {4.1.§]this implies that

B <r,8 h(y) <8 B. 4.3.4)
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Set gy = (B,b, = 1 and

_ bl b5,1 b
AN=el'- e ar — 1.

Let v € S for which |z, is minimal. Then, using (.3.1) and {@.1.13), we
deduce that

log|Al, = loglaz|, < —%h(z) + dH. 4.3.5)
First assume that v is infinite. We may assume that
B >c(L,S)H

with an appropriate, effectively computable positive number ¢(L, S) depend-
ing only on L and S, since otherwise (4.3.1]) and (4.3.4) would give immedi-

ately (@.3.2). Applying Proposition to log |Al, and using Lemma[4.1.8]
#@.3.4) and h(x) > h(y), we infer that

o (a1 (1))

Together with (4.3.5) this gives (4.3.2).
Next assume that v is finite and corresponds to the prime ideal p. Then it
follows that

log |ax|, = —(ord,A) log N (p). (4.3.6)
We apply now Proposition4.2.3|to ord, A with the choice § = C(LZ’S) . % < %
Then, using Proposition 4.1.8] inequality (#.3.4) and h(y) < h(x), we get

h
ord,A < ¢ Hlog <%)> .

Together with (4.3.5)) and (4.3.6) this gives (¢.3.2). O

The following consequence of Theorem[.3.1] due to Gydry and Yu (2006),
will be very useful.

Corollary 4.3.2. Let a1, s, oz be non-zero elements in L with logarithmic

78



heights at most H(> 2). Then for every solution x1, x5, x3 of

Q121 + QoTs + agrz =0
inxp € Os\{0} with Ng(xy) < N fork=1,2,3 4.3.7)

there is an € € O such that

max h(exy) < 2.001¢11 PsRs(1 + (log” Rg)/(log™ Ps))N

1<k<3

where

h 1
N:c4RL+7L10gQS+H+C—ZlogN

with the constants c11 from Theorem.3.1\and c, from Proposition|4.1.9

We prove a weaker version of Corollary 4.3.2] that is, we show that for
every solution (x1,x9, x3) of @.3.7), there is € € OF such that

max h(exy) <, max(H,log N). (4.3.8)

1<k<3

Proof of @.3.8). Put H* := max(H,log N). Pick a solution (z1,x9,x3) of
(@.37). By Proposition 4.1.9| for & = 1,2,3 there are pu, € Og\{0} with
h(ur) < s log N and ¢, € OF, such that x), = pyex. This gives

Q1€ + Qapiags + azpzez = 0,

or equivalently,

€1 9p) ol Q1
By — + /3 - — =1 where /3 = 1= By = — .
1 €3 2 €3 1 asps’ 2 g3

By the height properties (4.1.3) we have h(f51), h(52) <rs H*, and so, by
@3.2),

h(e1/es), h(ez/es) s H*.

Now taking ¢ := £, ' and invoking the height properties (#.1.3), we readily

obtain (4.3.8). O
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4.4 Thue equations

As before, L is a number field and S a finite set of places of L, containing all
infinite places. Let F'(X,Y) € L[X, Y] be a binary form of degree n > 3 with
at least three pairwise non-proportional linear factors over L, a fixed algebraic
closure of L. Further, let § be a non-zero element of L and consider the Thue
equation over Og,

F(z,y)=¢ in =x,y € Og. 4.4.1)

For a polynomial P with algebraic coefficients, we denote by h(P) the
maximum of the absolute logarithmic heights of its coefficients.

In the classical case L = Q, Og = Z, the first effective upper bound for
the heights of the solutions of equation (4.4.1)) was given by Baker (1968b),
using one of his effective estimates concerning linear forms in logarithms.
Later, Baker’s effective result has been improved and generalized by sev-
eral people; for references, see e.g. Shorey and Tijdeman (1986), Sprindzuk
(1993), Gyory (2002), Evertse and Gy6ry (2015) and Bugeaud (2018).

For convenience, choose L such that F' factors into linear forms over L.
Then the best known bound to date for the solutions of equation (#.4.T)) is
due to Gydry and Yu (2006). As before, d denotes the degree of L, while s
denotes the cardinality of S, the quantities Ps, Qs are defined by (.1.9), and
Rg denotes the S-regulator.

Theorem 4.4.1. Assume that F' splits into linear factors over L. Then all

solutions x,y of equation (4.4.1)) satisfy
max{h(z), h(y)}

log™ R
§012PSRS<1+ 08 S><

h
98 T8 (R 4+ X log Qs + 2ndH, + HQ),
log™ Pg

d

where

Hy :=max(1,h(F)), Hy;=max(1,h(d)),
Clo 1= 250n6$28+3.5 R 27S+29(10g 28)d25+4(10g*(2d))3

and cy is the constant from Proposition ie.,

ct=0if r=0, 1/dif r=1, 29e-rlrvr—1-logdif r > 2.
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This is Corollary 3 of Gy6ry and Yu (2006). It is a special case of Theorem
3 of Gy6ry and Yu (2006) concerning decomposable form equations.

In terms of S, a better bound has been recently obtained in Gyory (2019),
replacing Ps by P{; see the remark after Theorem However, this im-
provement would not lead to a better bound in Chapter 9]

We shall outline a proof of the following less precise version of Theorem
4.4.1] under the same assumptions as in Theorem {.4.1}

All solutions x,y of equation (4.4.1)) satisfy

max{h(z), h(y)} <n.r.s max(Hy, Hs). (4.4.2)

We recall that here and below, constants implied by <, ,, are positive
and effectively computable, and depend only on the parameters aq, ..., a, in
the subscript.

Sketch of the proof of (4.4.2)). We start with some remarks. There is an a € Z
with 1 < a < n such that F'(1,a) # 0. Consider the binary form G(X,Y) :=
F(X,aX +Y) in which the coefficient of X™ is F'(1,0) # 0 and the heights
of the coefficients of GG are at most <,, H;. Denote by g, the product of the
denominators of the coefficients of G. Then we can write

GG(X,Y) = aoX" + a; X" Y + -+ a,Y"
=a(X —1Y) - (X —a,Y),

where ay, ..., a, are already integers in L with heights <, 4 H,. Further,
at least three from among oy, ..., a,, say a1, as, ag, are pairwise distinct.
Let x, y be a solution of (4.4.1)). Then

¥ =apr, Yy =—ax+y (4.4.3)
is a solution of the equation
(@ —aly)-- (2 —aly) =17, (4.4.4)
where ¢’ = goag‘_ld € Og and o, = agoy; fori = 1,...,n. We have

()" 4+ arap(a})" + -+ anal ™ =0
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which implies that ] is an integer in L and h(«}) <, 4 H; for each . Further,
h(6') g max(Hy, Hy). 4.4.5)

Putting §; = 2’ — oy, we have ¢, € Og\{0}. It follows from (4.4.4)) that ¢,
divides ¢’ in Og. Therefore

log Ns(87) < log Ng(0') <, g max(Hy, Hs).

The linear forms X —a/Y" are pairwise non-proportional for i = 1, 2, 3. Hence
there are non-zero integers o, g, a3 in L such that

(116/1 + 05255 + @35:; =0

and h(o;) <, q Hy fori = 1,2, 3. Then, by (4.3.8), which was proved in the
previous section, there is an € € OF such that

h(ed)) <n1.s max(Hy, Hy) for i=1,2,3.

But then from
(ex!) — di(ey)) =ed, i=1,2

it follows that h(ex’), h(cy') <, s max(Hy, Hy) and thus h(2'/y') <15
max(H,, Hy). Using this together with (4.4.4), #.4.5) we obtain h(2), h(y') <15
max(Hy, Hs), and finally, a combination with gives ({.4.2). O

4.5 Hyper- and superelliptic equations, the Schinzel-
Tijdeman equation

Again, S is a finite set of places of a number field L, containing all infinite
places. Let

f(X)=ap X" +a X" ' 4+ - +a, € Og[X]

be a polynomial of degree n > 2 with non-zero discriminant, § € Og\{0},
m > 2 an integer, and consider the hyperelliptic equation

f(z)=6y* in z,y € Og, 4.5.1)
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where n > 3, and the superelliptic equation
f(z) =90y™ in z,y € Og, (4.5.2)

where n > 2 and m > 3.

For L = Q, S = S, the first explicit upper bounds for the solutions
of (@.5.1) and (4.5.2) were obtained by Baker (1968b,1968¢,1969). Over Z,
Schinzel and Tijdeman (1976) were the first to consider equation #.5.2) in
the more general situation when also the exponent m is unknown, and they
gave an effective upper bound for m. Quantitative improvements and general-
izations were later obtained by many authors, including Brindza (1984), who
gave an effective upper bound for the solutions z, y of (4.5.1)) and @.5.2) un-
der the most general condition, where f is allowed to have multiple roots. For
further references, see Shorey and Tijdeman (1986), Sprindzuk (1993), Gy&ry
(2002), Evertse and Gydry (2015) and Bugeaud (2018).

The following best known explicit results are due to Bérczes, Evertse and
Gyory (2013). As before, d denotes the degree of L, s the cardinality of S,
and the quantities Ps, Qg are defined by (4.1.9). Further, we put

~ 1
h= > logmax(1, (8], |aclv, - - -, |anly). (4.5.3)
vEM],

Theorem 4.5.1. All solutions x,y of equation (4.5.1)) satisfy

h(z), h(y) < 1| Dp [P Q¥ e20mdh,

where c13 = (4ns)?2n's,

Theorem 4.5.2. All solutions x,y of equation (4.5.2)) satisfy

h(x), h(y) < caa| Dy Qi esm*nidh.

14m3n3s

where c¢14 = (6n.s)

Finally, consider the Schinzel-Tijdeman equation
flz)=0y" in z,y€Os, mE Ly (4.5.4)

where m > 2 is also unknown.
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Theorem 4.5.3. All solutions of (.5.4) such that y # 0 and y is not a root of
unity satisfy ~

m < Cl5|DL‘6nP§aQellndh’
where ci5 = (10n2s)10ms,

The above theorems are Theorems 2.1, 2.2 and 2.3 in Bérczes, Evertse and
Gyory (2013).

Let f(X) be as in Theorem (when n > 3) or in Theorem (when
n > 2) with non-zero discriminant, and G the splitting field of f over L. Then

f(X)=ay(X —ay) (X —a,) with «,...,a, € G.

Let M; = L(«;) and denote by T; the set of places of M; lying above the
places of S and by O, the ring of 7}-integers in M;, 7 =1,...,n.
We state without proof the following crucial lemma.

Lemma4.5.4. Let x,y € Og be a solution of (.5.1) (when m = 2) or 4.5.2))
(when m > 3) withy # 0. Then for i = 1,... n there are ~;, &; with

T — Oy = ’nglma & S OTN Yi € M:

and

7 1
h(’yz) < 616€2ndh|DL’n (SO(dn)d"H + E IOg QS) s
where c1g = m(n3d)™.

For a proof, see (ii) in Lemma 4.2 of Bérczes, Evertse and Gy6ry (2013).
The first version of this lemma in a less general and ineffective form was
proved by Siegel (1926), and in a less general but effective form by Baker
(1969). The proof uses the ideal factorization of [z — «;] in Or,, estimates for
the class number of }/; and an analogue of Proposition 4.1.9|for Oy, .

Below we sketch proofs of less explicit versions of Theorems§.5.1, [4.5.2]
We first prove the following weaker version of Lemma[4.5.4}

Let x,y € Og be as in the statement of Lemmal.5.4) Thenfori =1,...,n
there are vy;, & with

r—oa; =%E", &€ Orn. vie M, h(v;) <nrnsm-c(n, d)ﬁ. (4.5.5)
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Here and in the remainder of this section, ¢(n, d) will denote effectively com-
putable numbers exceeding 1 that depend only on n and d, and that may be
different at each occurrence.

Proof. Tt suffices to prove for i = 1. We write M, T for My, T;. We
denote by [, ..., ;] the fractional ideal of O generated by 51,...,0, €
M.Let g(X) = (X —apas) - - - (X —apa,) = af f(X/ag) /(X —apaq). Then
g € Or[X]. We first prove that there are ideals €, 2( of Or such that

lag(z — )] = €A™, € D [(daog(agen))™ ). (4.5.6)
First observe that there is € Or[X] such that
9(X) = g(agan) = (X — agar)h(X).
Substituting agz for X we infer
glapon) € [ap(z — aq), g(apr)). (4.5.7)
Further,
agoy™ = ap(x — aq)g(apx). (4.5.8)

For a prime ideal 3 of O (or equivalently, a prime ideal of Ok outside T'),
denote by ordy (/) the exponent of 3 in the prime ideal factorization of [5].
For every prime ideal of Or, write ordsy(ao(z — aq)) = vy + mwy with vy,
wy non-negative integers and 0 < vy < m — 1. The above two relations
imply that vy = O for those prime ideals B that do not divide dagg(apo).
Now clearly, (4.5.6) holds with

e= [ ®»  wa=]]p
B

Bldaog(aoc)

We now proceed to prove #.5.5). An ideal B of Or can be expressed
uniquely as B*Or, where 8* is an ideal of Ok composed of prime ideals
outside 7. We define N7B := |Ox /B*|. For instance by Lang (1994, pp.
119,120), there is non-zero & € A* with [Ny g(€)| < |Dar|*/?|Ox /2*|. This
translates into Ny (&) < |Dy|Y2Nr2, ie., [€] = B2 where B is an ideal
of Op with NpB < |Dj,|*/2. Similarly, there exists v € L with [y] = D¢,
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where D is an ideal of O with N;® < |D)|'/2. As a consequence, we have
Y em
ap(r —a) = ?5 ,

where v,v" € Or, and
] =2B™.
Using (4.5.6) and the choice of B, D, we get

Nr(v) < [Du|"2Nr(Saog(agan))™ ", Np(y') < |Dag| D72,

By Lemma{.1.11|we have | Dy,| <, ¢(n, d)ﬁ. Combined with (4.1.3)), @.1.14),
this shows

Nz (%), Nr(7) s c(n, d)™.

By @.1.11) we have Ry, <1, ¢(n, d)ﬁ. Using this together with Proposition
4.1.9) we infer that there are 7'-units 7,7’ € O such that

h(yn™), h(y'1'™) <n.r.s m - c(n, d)".

Putting X 1 X 1
— /— /I—1\m /o —
Yi=ag YT (m )™, =0,

>)

we obtain x — ag = £}, where 1 € M* with h(y1) <, 1,8 m - c(n,d)
and &; € Or. This proves (@.5.5)).

[

We now sketch the proof of the following weaker version of Theorem
4.5.2]

All solutions x,y € Og of A.5.2) with y # 0 satisfy
max{h(z), h(y)} Cmnr.s c(n,d)™". (4.5.9)

Sketch of the proof of (4.5.9). Let m > 3 and let z,y € Og be a solution of
f(z) = dy™ with y # 0. Then we have x — «; = ;& with ;, &; as in (@.3.5)),
i=1,...,n.Let N = Loy, aq, R/71/72,0), Where ¢ is a primitive m-th
root of unity. Let 7" be the set of places of NV, lying above the places from S,
and Or the ring of T-integers in V.

Then

N = 12y = —an,  &1,& € Or. (4.5.10)
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The left-hand side is a binary form in &, & with non-zero discriminant which
splits into linear factors over N. We are going to apply Theorem 4.4.1] with
N, T instead of L, S. Notice that [N : L] < m?n?. A repeated application of
Lemma4.1.11] gives a discriminant estimate

IDy| <mmr.s c(n,d)™"

and together with (4.1.11])), (@.1.13), this implies the estimates

hN7 RT <<m,n,L,S C(TL, d)m2h.

By applying Theorem [4.4.T|to (4.5.10) and inserting these bounds, we get

h(&1) Cmmrs c(n, d)™ " max(Hy, Hy), 4.5.11)
where
Hy = max{1,h(11),h(72)}, Hs:=max{l, h(az —ai)}.
Further, we have H, <, h and by @.5.3),
Hy <mnrs c(n,d). (4.5.12)
Using
h(z) <log2+h(an)+h(y)+mh(&),  hly) <m™ (h(8)+h(f)+nh(z))

and combining these with {#.5.T1)) and (#.5.12)), inequality (4.5.9) follows.
0

In the proof of Theorem {.5.1| we shall use the following.

Lemma 4.5.5. Let 71, 72,73, 812, B13 be non-zero elements of L such that

Bia # Bz, V'l Vm/ €L,

h(vi) < Hy for i=1,2,3, h(fi2),h(fi3) < Ho.
Then for the solutions 1, x4, x3 of the system of equations

Y177 — Yoy = Bra, N — 375 = Pz in 11,79,73 € O5  (4.5.13)
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we have

max h(z;)
1<i<3
log* R h
<ernPsRs (14225 (R, + “log Qs + dHy + Hy | (4.5.14)
log™ Ps d
where c1p = §25H4275+60 g2s+d+2,

Proof. This is Proposition 3.12 of Bérczes, Evertse and Gyory (2013). The
idea of the proof is to reduce (4.5.13) to the decomposable form equation

F(ZL’I,IQ,JI3> = (5 in T1,T9,T3 c Os,

where

0 = PB1af13faz  With  [az = S13 — P2

and

1<i<j<3

Here F' is a decomposable form of degree 6 with splitting field L, whose linear
factors form a triangularly connected system; see Section[2.6] To this equation
one can apply Theorem 3 of Gy6ry and Yu (2006), which is a quantitative
number field version of Theorem [2.6.1] to obtain (4.5.14). In Section 4.7 we
have stated a special case of this result of Gy6ry and Yu (Theorem and
at the end of Section 4.7 we have included a sketch of its proof. 0

We sketch now the proof of the following less explicit version of Theorem

All solutions x,y € Og of equation (&.5.1)) with y # 0 satisfy
max{h(z),h(y)} <nrs c(n, d)z. (4.5.15)

Sketch of the proof of (4.5.15). Let x,y € Og be a solution of the equation
f(x) = dy* with y # 0. Then we have  — o; = v;€? (i = 1,...,n) with the

v, & as in (@.5.5). Let
N = L(Oéb Qg, O3, \/71/73, \/72/73)7

let T be the set of places of IV lying above the places from S, and let O be

88



the ring of 7'-integers in N. Then

'715% - 7253 = Q2 — Oy, 715% - ’73532, =a3—oar, &,6%¢€0r (45.16)

Notice that [N : L] < 4n®. Further, a repeated application of Lemma
gives | Dy| <15 ¢(n,d)" and together with @1.11)), @.1.13), this implies
the estimates

hyn, Rr <n,L,8 c(n, d)ﬁ.

By applying Lemmal4.5.5|to (4.5.16) with NV, T instead of L, S, inserting the
estimates for hy, Ry and following the same computations as above, (4.5.15))
follows. [l

Finally, we shall sketch the proof of a less explicit version of Theorem
453

Let L, S be as above, let f(X) € Og[X] be a polynomial of degree n >
2 with non-zero discriminant and consider the Schinzel-Tijdeman equation
(4.5.4), where both =,y € Og and m > 2 are unknowns.

All solutions x,y € Og, m € Z>3 of B.5.4) such that y # 0 and y is not
a root of unity satisfy

m <nrs c(n, d)". (4.5.17)

We start with some preliminaries and a lemma. Let again f(X) = ao(X —
ap) -+ (X—ay).Fori=1,... ,n,let M; = L(c;), and denote by dyy,, s, R,
the degree, class number and regulator of M. Further, let 7T; be the set of
places of M; lying above the places in S and denote by ¢; the cardinality of
T; and by Ry, the T;-regulator of ;. By Lemma[d.1.1T|and @.1.11)), @.1.13)
we have the estimates

hy,, Ry, <15 c(n, d)ﬁ- (4.5.18)
The group of T;-units is finitely generated and, by Proposition 4.1.8] we can
choose a fundamental system of 7;-units 7); 1, . . ., 7; +,—1 such that
ti—1
H h(g). | max h(y) <o s e(n,d)F. (45.19)

Lemma 4.5.6. Let v,y € Og and m > 3 be a solution of equation (4.5.4)
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such that y # 0 and y is not a root of unity. Then for i = 1,2 there are

vi, & € MY, and integers b; 1, . .., b, 1,1 of absolute value at most m/2 such
that
i bi,tif m
([t — Oéz‘)hMthQ = 77?,11 te 7]i7ti_11%£¢ ) (4520)
h(vi) < (2n2s)%™| Dy 2" (h + log* Ps). (4.5.21)

This is Lemma 5.1 in Bérczes, Evertse and Gyoéry (2013). We prove the fol-
lowing less precise result with instead of (4.5.21) the estimate

h(7:) <nps cln, d)" fori=1,2. (4.5.22)

Proof. We prove this only for ¢ = 1. We write M, T for M, T} and use again
[-] to denote ideals in Or. Let again g(X) = (X — apa1) - -+ (X — apav,). By
#.5.9), we have for every prime ideal B3 of Or,

ordg(agd) + mordy(y) = ordg(ag(x — aq)) + ordy(g(apx)),
ordg(ag(z — aq)) < ordg(g(apay)), or ordg(g(apx)) < ordy(g(apc)),

hence
ordg(ag(z — o)) = v+ mw withv,w € Z, |v| < ordg(dagg(apar)), w > 0.
It follows that there are ideals €;, €5, 2 of O7 such that

[ag(z — ay)] = €1EA™ €, & D [afdg(agay)].

Raising to the h s, hag,-th power to make all ideals principal, and invoking
#@.5.18), we infer that there are 6, 05, £ € Or such that

[(ao(a — ax))tanln] = [0,60,°€™], _
log N7 (0;) < hag, har, log Nr(aBdg(apon)) < s ¢(n,d) for j = 1,2.
(4.5.23)

Proposition and again (.5.18) imply that for j = 1,2 there is ¢; € O,
such that ¢’ := ¢;0; satisfies

h(0) <n,L,s c(n, d)ﬁ.
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Combined with (4.3.23)), this gives
(ao(x — an))Mnhon = o1y 1¢™
with € O}.. By the S-unit Theorem,we can express 7 as

b1,1 bl,tlfl m

n= C771,1 Ty -1 €

with  aroot of unity, by ;, (k = 1,...,¢;—1) integers of absolute value at most
m/2, and ¢ € O%. Now [@#.5.20), @#.5.22) hold with v, := (0,05, & = €€,
]

Sketch of the proof of @.5.17). Let x,y € Og and m > 3 be a solution of
equation (4.3.4) such that y # 0 and y is not a root of unity. We assume that

h(z) >nrs c(n, d)". (4.5.24)

This is no loss of generality for if h(x) <, 15 c(n,d)", then @3.4) and
Lemma imply (#.5.17). In the course of our proof, the constant c(n, d)
in (.5.24) will be chosen sufficiently large to make all our estimates work.

Let M = L(ay, a3), dyy = [M : QJ, T the set of places of M lying above
the places from S and ¢ the cardinality of 7. Put

har, b
T — g M1 My
=1 — .
T — 9

By (.1.14), there is w € T such that log |x — g, > dTMh(:c — a2). Now a
combination of Lemma[.1.1] (4.5.18) and {.5.24)) gives

log ‘A|w <<n,L,S (hK1hK2)2 + log 1— ]
T — Qg w
<nrs c(n,d)" +log 'f; _52||w <nrs (h(z)).  (4525)
- 21w

To obtain a lower bound for log |A[,, we substitute the identity

hK hK m
(37 - al) M 77b1,1 nbl,tlfl n—bz,l n*b2,t271 (51)
=M1 M1 M1 Mo 7| >
T — o Y2

13
from (4.5.20) and then apply Proposition [4.2.4] Notice that by (4.5.19) and
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#.5.22)) we have

h&1/&2) <nrsm™ (h(%/%) + c(n, d)'m + h(x — al))

T — Qo

<nrs c(n, d) (1 +m h(z)).

By inserting this, as well as the bounds from (4.5.22) and (4.5.19) into the
lower bound from Proposition 4.2.4] we obtain

log |Alw 1.5 (—c(n, d)"(1 +m~"h(z)) log m). (4.5.26)
Comparing (4.5.25) and @.5.26) and combining this with (4.5.24)), estimate
(4.5.17) easily follows. [

4.6 The Catalan equation

Consider now the Catalan equation in the following generalized form

2" +y" =1 inz,y € Og, m,n €7
with x, y not roots of unity and m,n > 1, mn > 4, (4.6.1)

where again S is a finite set of places, containing all infinite places, of a num-
ber field L. As was mentioned in Section [2.3] in the classical case L = Q,
O = Z, Tijdeman (1976) proved that the solutions x,y, m,n are bounded
above by an effectively computable absolute constant. His proof relies on
Baker’s theory of logarithmic forms.

Brindza, Gy6ry and Tijdeman (1986) generalized Tijdeman’s proof for
equations (4.6.1) where Og = Oy is the ring of integers of L. They showed
that in this case the heights of the solutions of (4.6.1)) can be effectively
bounded above by a number which depends only on L. Brindza (1987) fur-
ther generalized this to equations (4.6.1) where S is an arbitary finite set of
places. The following theorem, due to Koymans (2016), is a more explicit
version of Brindza’s result. Again, d denotes the degree of L, s denotes the
cardinality of .S, the quantities Pg, Qs are defined by (4.1.9), and Rg¢ denotes
the S-regulator.

Theorem 4.6.1. Suppose that in (4.6.1) m and n are primes. Then all solu-
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tions of (4.6.1)) satisfy
max{m,n} < (ng)CTSPS|DL|6PSP5{Dg =C
where c] is an effectively computable positive absolute constant, and
max{h(z), h(y)} < (C-5)”"(|DL|Qs)"".
Furthermore, if in (.6.1) m and n are arbitrary positive integers, we have
max{m,n} < (C- ) (|D|Qs)"".

The proof of Theorem[d.6.1]is a generalization of the proof given for ordi-
nary rings of integers in Brindza, Gy&ry and Tijdeman (1986). The main tools
are Propositions {.2.2] and [.2.3| from Baker’s theory of logarithmic forms,
while also Theorems [@.3.1], .5.1| and 4.5.2] Proposition play an impor-
tant role.

Following the proof of Koymans, we shall sketch the proof of the fol-
lowing less precise version of Theorem [{.6.1] In all statements below, con-
stants implied by the Vinogradov symbols < ¢ and > ¢ are effectively
computable and depend only on L and S.

Suppose that in (4.6.1) m and n are prime. Then all solutions of (4.6.1)
satisfy

max{m,n} < 1, (4.6.2)
and
max{h(z), h(y)} <rs 1. (4.6.3)
Furthermore, if in @.6.1) m and n are arbitrary positive integers, we have
max{m,n} <rs 1. (4.6.4)

We mention here that inequality (4.6.3) follows at once from (4.6.2)) and
Theorems [.5.1| and [4.5.2] Further, if m, n are arbitrary positive integers in-
stead of just primes, we pick prime divisors m’, n’ of m and n, respectively,
estimate m’ and n’ by means of (4.6.2), then estimate h(z'), h(y') where

/

¢’ = ™™ and 3 := y™" by means of (@#.06.3), and subsequently obtain
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(@.6.4) by applying Voutier’s inequality Lemma[4.1.2] So it suffices to prove
(#.6.2)) under the assumption that m and n are primes. This will be assumed
henceforth.

Another important ingredient of the proof of Theorem 4.6.1|is the follow-
ing result of Koymans (2017), which is of interest in itself.

Lemma 4.6.2. If p, 1, x4,y are such that p is a prime, x1,x2 € O%, y € Og
withy # 0 and y & O% and

1+ 10 = yYP (4.6.5)
then
p < (25)2°P2R}, (4.6.6)
with an effectively computable positive absolute contant c3.

Proof. This is Theorem 4.2 in Koymans (2017). It is a generalization of Lemma
6 in Brindza, Gy6ry and Tijdeman (1986). Koymans’ proof is a more modern
and simplified version of that of Theorem 9.3 in Shorey and Tijdeman (1986).
We briefly sketch a proof of the weaker inequality

p<Lrs 1, (4.6.7)

which is in fact sufficient for (4.6.2)).

Below, we write <, > for <, g, >, 5. Choose a fundamental system of
S-units {7y, ...,ns—1} of OF, where s := |S|. Let x1, 2, y, p be as in Lemma
4.6.2] Then

Ty= Gt we = Gty
where (1, (o are roots of unity and the a;, b; are integers. We may and shall
assume that

0<b<pfori=1,...,s—1; (4.6.8)

indeed, these inequalities can be achieved after multiplying =1, x5, y¥ with a
suitable p-th power of an S-unit. From this assumption together with the lower
bound for A(y) arising from Lemma we deduce that for v € S,

s—1
> ailog|nil,
i=1

= |log |z1],| < pmax(1,|log|yl.|) < ph(y),
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and then, on multiplying the vector (ai,...,as_1) with the inverse of any
(s — 1) x (s — 1)-submatrix of (log |7:]v)i=1...s-1, vess
max(|ai], ..., |as_1]) < ph(y).

The next step is to derive upper and lower bounds for |zoy 7|, = |1 — 21y 77|,
for v € S. Here we assume without loss of generality that p > Pg (the
maximum of the norms of the finite places in 5). First suppose that v is an
infinite place. Then by Proposition with n = s, A, < h(y), bs = p,
Al < 1, b; < ph(y) fori < s,

log |z2y™P|, = log |1 — 21y~ P|, = log |1 — Gt - nes 'y P,
> —h(y) log p. (4.6.9)

If v is finite, then |p|, = 1 since p is a prime exceeding Ps. Now we can apply
Proposition with A? < h(y), d = 3, B, = p, B < ph(y), and obtain
again (4.6.9). By (4.1.14)) there is v € S such that log |y|, > %h(y). Then by
(4.6.9) we have

d
log |2, — SPh(y) > —h(y) logp,

while log ||, < p by (4.6.8). Assuming p > 1 as we may, we infer h(y) <
1. Since z; € Of we have [[, |22/, = 1, and since y € Og,y # 0
and y ¢ O% we have [, ¢ |y|o > 2. Using these inequalities and summing
(4.6.9) over v € S, we obtain

—plog2 > —logp,

which implies (4.6.7). O

Sketch of the proof of (4.6.2)). The proof will be carried out in several steps.
Again, constants implied by Vinogradov symbols <, > will be effectively
computable and depend only on L, S. We fix a solution (x, y, m, n) of (.6.1),
with m and n primes.

Step 1. Simplifications.

In view of Theorem §.5.3| we may assume that m, n are primes exceeding
Pg (the maximum of the norms of the prime ideals in S). If z and y are
S-units, then we obtain h(x™), h(y") < 1 from Theorem and subse-
quently m,n < 1 from Lemma [.1.2] If exactly one of x,y, say x, is an
S-unit, then by we have n < 1 and subsequently also m < 1 by The-
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orem[4.5.3] So we may assume that neither of x, y is an S-unit. This implies
also that in the course of the proof we may assume that h(z), h(y) > 1. For
by enlarging S with a finite number of places we can achieve that all non-zero
elements z of L with h(z) < 1 are S-units. So by the above arguments, if
h(z) < 1or h(y) < 1then m,n < 1 follows. Lastly, we may assume that
m # n. For suppose that m = n is a prime. Then u = 2™, v = —zy satisfy
u(u £ 1) = v™, v is non-zero and not an S-unit, and so m < 1 by Theorem
4.5.3]
So summarizing, it suffices to deal with the equation

2" 4+y"=1 inx,y € Ogwithz,y # 0,2,y € O, (4.6.10)
and primes m, n with m > n > Ps.

Henceforth, (x,y, m,n) will be a fixed solution of (4.6.10), and we may as-
sume that h(z), h(y) > C for any effectively computable constant depending
on L and S of our choice.

Step 2. A special case.

Assume that

(z—1)"+(y—1)" =0. 4.6.11)

The exponent n is not an S-unit, since n > Pg. Let q be a prime ideal of O di-
viding n. Then (.6.11) together with (4.6.10) implies (z—1)" = 2™ (mod q).
This shows that x and x — 1 are coprime with n. Moreover, m divides the order
of the unit group of Og/q, which is smaller than n.

Let a, b be integers with am+bn = 1. Then by (4.6.11)) we have x = 1+4-¢"
andy = 1 — ™ where ¢ = (v — 1)°(1 — y) Clearly, ¢ € Og. A substitution

into (4.6.10) gives

(I4+e")m+(1—-e™"—-1=0,

implying

—_

m—1

1+ 3 (D)™ + 3 (1) (~nkem = 0. (4.6.12)
k=1 1

3

B
Il

As observed above, we may assume that h(z), h(y) > 3, say, which implies
that ¢ is not a root of unity. Hence there is a place v of L with |¢|, < 1. This
place v cannot be finite since otherwise, the left-hand side of (4.6.12) would
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have v-adic absolute value 1. So ¢ is an S-unit, and (.1.15)) implies that there
is an infinite place v of K with log ||, < —%h(g). There is an embedding
o : L < C such that | - |, = |o(-)]*™) with s(v) = 1 or 2. So by Lemma
we have |0 ()| < ¢(d)™!, where ¢(d) > 1 is effectively computable and
depends only on d. Using m < n¢ we obtain the following lower bound for
the absolute value of the quantity obtained by applying o to the left-hand side

of @.6.12):

m—1 n—1
1— Z ne(d)™ — anc(d)_mk.
k=1 k=1

If n > 1 then nic(d)™ < }1, say, and this lower bound is strictly positive,
contradicting (4.6.12)). So under the hypothesis (4.6.11)) we conclude n < 1
and then also m < 1 since m < n?.

Having disposed of the case (#.6.11)), we assume henceforth that

(z—1)"+ (y—1)" #£0. (4.6.13)
Step 3. Ideal arithmetic.
We denote by [ay, . . ., ay] the fractional ideal of Og generated by a, . .., ay, €
L. Fix a system of fundamental S-units 7y, ..., n,_; of O%. Since

=1 B = [ -1 5] 2,

we have an ideal factorization [z — 1] = a;a; ' - b™, where a;, as, b are ideals
of Og with a1, as O [m]. By raising to the /1, -th power we get a factorization
[z — 1] =[] - [w]" withw € Og\{0} and 6, € L* with numerator and de-
nominator of 6, dividing m"*. Using Propositions |4.1.8| and |4.1.9} one infers
that 6, and w can be chosen in such a way, that

(z — )P = pit ool O™, (4.6.14)

where the u; are rational integers with 0 < u; < nforv =1,...s — 1 and
where w € Og\{0} and 0y € K* with

h(6y) < logm. (4.6.15)
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Similarly, we can write
(I—y)™ =m0y o™ (4.6.16)

with rational integers v; such that 0 < v; < mfori =1,...,s — 1, and with
o € Og\{0} and 7y € K* such that

h(my) < logn. (4.6.17)

Step 4. First bounds for m and n.
We show that

m < h(y)logm, (4.6.18)
n < h(z)logm. (4.6.19)

Notice that (4.6.19) follows from (@.6.18) via |mh(z) — nh(y)| < 1. We
prove (4.6.18). Let A; := 1 — (;Lm) = % By (@.1.14) there is v € S such

that
log [Ay], = —mlog |z], < —"4h(x),
while Proposition 4.2.4] produces a lower bound
log [A1], > —h(z)h(y)log m.

By combining the two bounds we get (4.6.18).

Step 5. A bound for n.
We now show that

n < (logm)*. (4.6.20)
We assume without loss of generality that
n > (logm)*, m> 1. (4.6.21)

Then by we have
h(z) > (logm)?. (4.6.22)
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We deal with the expression

o (1 _ y)nhL
Moo= o b

and derive an upper and lower bound for |As|, for appropriate v. We assume
for the moment that A, # 0. By @.1.14) there is v € .S such that

d
log |z|, > Sh(x).

For this v we have log |z|, > (logm)?3. Now by Lemma4.1.1} (#.6.10) and
(4.6.22), we have

(1 —y)he
log ST 1| <logn —loglyl, < logn — log |z,
< logm — %h(ﬂf) < —h(z).
Likewise,
l‘mhL
log (z — 1)mhe L ; <L logm —loglz — 1|, < —h(z),

and lastly, log |[y™tz=™"t — 1|, < —mlog|z|, < —mh(z). So

1_ynhL xmhL n m
R g | < )

log |As], = log

v

(4.6.23)

By inserting (4.6.14), (#.6.16), using the inequalities (.6.13)), (@.6.17) and
applying Propositiond.2.4] we get

log [Asl, = log [y ™ =™ -yt T g 0™ (0 fw) ™™, > —(log m)* Ho,
(4.6.24)

where Hy := max(h(c), h(w)). From (.6.14)), @.6.13), (4.6.21)) and (.6.19),

we infer

h(w) < n Hn+ h(B) +h(z — 1)) < n ' (n+logm + h(z))

h 1
<14 Mz loem o
n n
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while (4.6.16)), (4.6.17) and (@.6.18) give h(c) < h(y) - (logm)/m < h(z) -
(logm)/n. So altogether, Hy < h(z) - (logm)/n. Now a combination with

@#.6.23) and (4.6.24) gives n < (logm)*.
We still have to deal with the case Ay, = 0. We now consider instead
1 _ n
A3 = —( y> — 1
(x—1)™

By (#.6.13) we have A3 # 0. By precisely the same argument as above we
get (4.6.23) with A3 instead of Ay. Further, A3 = ¢ — 1 for a root of unity
¢ # 1 of L, so we certainly have the analogue of (4.6.24). Again we obtain
n < (logm)?.

Step 6. Finishing the proof.

Let

xmhL

(1—y)he
Assume for the moment that A4 # 0. By (.1.14)), we can choose v € S such
that log |y|, > %h(y). By an argument similar as in Step 5 we get

A4 =

tog [Aaly = Tog |-V 1] < logn — log |yl < —h(y)
g -,
< —"h(z). (4.6.25)
By virtue of (4.6.16) we can write
ghe\™
it (22)
with rational integers d; such that |d;| < mn fori =1,...,s — 1. Notice that

by (#.6.16), (4.6.17), (4.6.20) we have

h(z"to™™) < h(x) + %(h(l —y) +m+logn) < h(zx)+ n.

By Proposition 4.2.4] inserting this upper bound and (4.6.18), we obtain
log |A4ly > —(h(z) + n) lognlog m.

Together with #.6.23) and n < (logm)* this implies m < 1.
We still have to deal with the case Ay = 0, i.e., 2™ = (1 — y)""z. This
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implies (1 — y")" = (1 — y)™£, whence
1—y" =¢&(1—-y)",

where ¢ is a hy-th root of unity in L. We show that n < 1. Suppose without
loss of generality that n > hy. Then in fact, n is coprime with Ay, so £ = ("
for some root of unity ¢ of L, and thus,

€A —y)"+y" =1

As observed in Step 1., this implies n < 1. Then, using the fact g(y) = 0
for the polynomial g(X) := (1 — X)™ — (1 — X™)"2, one can deduce
that h(y) < 1. Combined with (4.6.10) this gives h(2™) < 1, and then an
application of Lemma.1.2]finally leads to m < 1. O

4.7 Decomposable form equations

Keeping the above notation, let again L be a number field, and S a finite
set of places of L containing the set S, of infinite places. Consider now the
decomposable form equation

Fx)=0 in x=(x,...,2,) € OF, 4.7.1)

where 6 € L\{0} and F(X) = F(Xy,...,X,,) is a decomposable form of
degree n > 3 in m > 2 variables which factorizes into linear forms over L.
As in Chapter 2] we write

F=t---4, 4.7.2)

where /1, ...,/, are linear forms in the variables X1, ..., X,, with coeffi-
cients in L, and denote by L the system (¢1,...,¢,). Suppose that L has
at least three pairwise non-proportional linear forms. Let G(Lr) denote the
triangular graph of L as defined by (2.6.4), i.e., G(Lr) has vertex system
L, andh ¢; and ¢; with ¢ # j are connected by an edge if /;, ¢; are linearly
dependent over L or they are linearly independent but there is ¢ ¢ {i, j} such
that \;0; + A\;{; + A\l = 0 for some non-zero A\;, \j, \, € L. Let Ly,..., L
be the vertex systems of the connected components of G(Lr), and denote by
[L;] the L-vector space spanned by the linear forms from £;. To be in accor-
dance with earlier work to which we will refer, we suppose that £" in (4.7.1)
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satisfies conditions slightly stronger than (2.6.5)), i.e.,

L has rank m, (4.7.3)
X € [L1] 0N [Lk]; 4.7.4)

of course (4.7.4)) is automatically satisfied if (4.7.3)) holds and k£ = 1.

In the next theorem we use the earlier notation, i.e., d, r, h, and R, denote
the degree, unit rank, class number and regulator of L, s is the cardinality of
S, Rg the S-regulator of L and Pg and (s the largest norm and the product
of the norms of the prime ideals corresponding to the finite places in S, with
the convention that Ps_ = (Js.. = 1. Recall that by the height of an algebraic
number we always meant the absolute logarithmic height.

The following theorem was proved by Gyory and Yu (2006) in a slightly
more general form.

Theorem 4.7.1. Let F € L[ Xy,...,X,,] be a decomposable form of degree
n > 3 that factorizes into linear forms over L such that Ly satisfies the con-

ditions @.7.3), @.7.4). Suppose that the logarithmic heights of the coefficients
of the linear forms in L do not exceed H,(> 1). Further, let 6 € L\{0} with

logarithmic height at most Ho(> 1). With the above notation, all solutions

X = (T1,...,%,) € OF of @.7.1) with x,,, # 0 if k > 1, satisfy

log" R
121;%1 h(z;) < ClgpsRS(l + loi* P§> X

h
X (C4RL + = log Qs + mndH; + H2> (4.7.5)

with ¢ig = 50m(m+1)(n—1)cy1, where ¢y, ¢11 denote the constants specified

in Proposition and Theorem

For m = 2, this gives Theorem on Thue equations with a somewhat
different bound.

Recently, in terms of S the bound in has been improved in Gyd&ry
(2019), replacing e.g. Ps by P{; see Section However, this does not play
any role in our work.

Next suppose that L is a finite normal extension of degree > 3 of a number
field K. Let «; = 1, o, ..., o, be linearly independent elements of L over
K such that K" := K(ay,...,qy) is of degree n > 3 over K. Consider the
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l’lO"merm equatiOl’l
NK//K(Oélx1++Oémxm) =¢ In T1,...,Tm € OS, (476)

where Ngr g (a1 X1+ -+ X)) = [T, €9(X), with £ (X) = o\ X, +
ot X, i =1,... n, the conjugates of /(X) with respect to K’/ K. With
the above notation, for £ > 1 Theorem implies the following.

Corollary 4.7.2. Suppose that o, is of degree > 3 over K (ay, ..., 1), the
heights of as, . .., a,, do not exceed Hy(> 1) and h(9) is at most Hy(> 1).
Then all solutions (x1, ..., xy) € OF of equation @.7.6) with x.,, # 0 satisfy
4.7.5).

It is not difficult to show that under the conditions of Corollary the
norm form N, k(o Xy + -+ 4+ a,, X)) satisfies the conditions concerning
F' in Theorem see e.g. GyOry (1981a) or the proof of Corollary

Hence Corollary[4.7.2]is a consequence of Theorem[d.7.1] Corollary #.7.2]has
a further consequence for equation (4.7.6)), corresponding to Corollary

Letnow 1, ay, ..., a,, be linearly independent elements of L over K with
heights at most H(> 1). Assume again that K’ := K(ay, ..., q,,) is of de-
gree n > 3 over K. In the discriminant form equation

DK//K(a1$1++am.ﬂjm) =¢ in T1,..., Ty € OS (477)

the discriminant form Dy /g (o Xy + - - - + Xy, ) satisfies the assumptions
concerning F' in Theorem with £ = 1 and with n(n — 1) in place of
n. Further, the coefficients of the linear factors of the discriminant form have
heights at most 2H;+log 2. Suppose again that 2(0) does not exceed Hy(> 1).

Corollary 4.7.3. Under the above assumptions, all solutions of equation (4.7.7)
satisfy with n replaced by n(n — 1) and Hy by 2H; + log 2.

Similarly to Corollary our Corollary {.7.3| has applications to index
form equations, integral elements of given discriminant and simple integral
ring extensions of Og; for details see e.g. Gyory (1981a,1998).

As was mentioned in Section for equation (4.7.7) over Z the first ef-
fective result was obtained by Gydry (1976) in quantitative form. This was
extended by Gydry and Papp (1977) to the case of rings of integers of number
fields. For S = S, and £ = 1 Gydry and Papp (1978), while for arbitrary
S and k£ > 1 Gyory (1981a) proved the above results with weaker effec-
tive bounds. Improvements were later obtained among others by Bugeaud
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and Gyory (1996), Bugeaud (1998) for equation (4.7.6) and by Gyory (1998),
Gy6ry and Yu (2006) and Gy6ry (2019) for equation (@.7.1).
As was seen in Chapters|I]and 2] equation (4.7.1)) as well as .7.6), .7.7)

can be extended to equations of the type
F(zy,...,2p)=n6 in ne 0% x1,...,2, € Og, (4.7.8)

where we may assume that ¢ and the coefficients of F' are contained in Og. If
n,Xo = (21, ...,Ty) is a solution of then so is "1, ex, for any S-unit
. However, for each solution 7, x, of there is an ¢ € OF such that ex,
is a solution of the equation corresponding to with ¢ replaced by €"nd
whose height can be explicitly bounded above by Proposition[4.1.9] Then the
above results give an explicit upper bound for max; <;<,, h(cx;).

We now sketch the proof of the following less explicit version of Theorem

471

Under the assumptions ofTheoremm all solutionx = (1, ...,xy) €
OF of equation (4.7.1) with x,,, # 0 if k > 1 satisfy

max h(z;) Kmnr,s max(Hy, Hs). 4.7.9)

1<i<m

Sketch of the proof of (4.7.9). We set H := max(H,, Hy). Constants implied
by < will be effectively computable and depend on m, n, L, S only. We fre-
quently use the elementary height properties listed in (4.1.3)) without mention.

Let F,0 be as in (@.7.1) and @.7.2)). Let the positive rational integer a
be the product of the denominators of the coefficients of /4, ..., ¢, and put
C=al; i=1,...,n), F/:={,---{ and ¢’ := ™). Then equation (4.7.1]
is equivalent to

F'(x) =0(x)--- 0 (x) =0 (4.7.10)
Further,

the coefficients of ¢}, ..., ¢! and ¢’ have logarithmic heights < H.
4.7.11)

To the system L = (¢7,...,¢ ) we can attach a graph G(L) similar to

’rn

G(Lr), and we denote the vertex systems of its connected components by

L), ..., L}. Then it satisfies conditions analogous to (4.7.3)), 4.7.4).
Pick a solutionx = (1, ..., %) € OF of (4.7.1) or equivalently, (4.7.10)
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with z,,, # 0if k > 1. Let {;, ¢} be an edge of G(L ). Assume that (}, {’; are

177
linarly independent. Then there are ¢ ¢ {7, j}, and non-zero A\, \;, X! € L,

7Y g
such that \J(; + A0 + A L, = 0. This leads to
M%) 4+ N85 (%) + Al (x) = 0, 4.7.12)

The coefficients A, \’, A can be chosen as 2 x 2-determinants with entries
from the coefficients of ¢, /. ¢! . So by @.7.11)),

1) Yq
h(XD), h(X}), h(N,) < H.
Further, £(x), £;(x), £;(x) divide ¢’ in O, so
log Ns(£;(x)), log N (€}(x)),log Ns(£;(x)) < log Ns(8') < H.
Now an application of (4.3.8) yields that there is € € OF such that
h(eti(x)), h(el;(x)) < H.

In case that £}, ¢’ are linearly dependent this is trivially true; so this holds for
each edge {/}, ¢’} of G(Lf). Thus, we obtain

R
(%) ;o
h (%) < H foreach edge {/}, (;} of G(L). (4.7.13)
(x
J

Now let £}, £, belong to the same connected component of G(Lr). Then there

is a path from /; to (', i.e., a sequence of edges {(}, ¢} }, {€; , (i, },. . {0, 05}

17 711

of G(L ). Taking ¢t minimal we have ¢t < n. Writing

Gx) _ 600 G(x) G
Gx) 6 (%) 6, (x) ()

and invoking (4.7.13), we obtain

y
h (£f<x)> < H foreach 0}, £/
5(%) in the same connected component of G(Lp/). (4.7.14)

For the moment, let £ > 1. We want to extend to all pairs £}, (',
not necessarily belonging to the same connected component. Leti € {1,...,n}
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and let £’; be the connected component of ¢;. According to (4.7.4)), we have

Xy = Z f)/ug;

tec)

with coefficients v, € L. Taking such an expression with a minimal number
of non-zero coefficients, the v, are quotients of determinants of order at most
m, whose entries are from the coefficients of the ¢/, € /l;-. So by @.7.11),
h(v,) < H.Now we have a relation

T ?(x)
760 = 2= T

veL! i

and so by 4.7.14),

x
h 2 H.
(a@9<<
This holds fori = 1,...,n. Since we assumed k£ > 1 we have z,, # 0. Thus
we conclude

Y
h(%) < H foreachi,j e {1,...,n}.

We proved this assuming & > 1, but for & = 1 this is immediate from (4.7.14)).
Now from (4.7.10) we infer

j=1"J
and thus,
h(l(x) < H fori=1,...,n. (4.7.15)
In view of (.7.3) we may assume that ¢;,..., ¢/ are linearly independent.

By Cramer’s rule, we can express each xz; as a quotient A; /A, where A is the
determinant of order m whose j-th column consists of the coefficients of /7,
for j =1,...,m, and where A, is obtained from A by replacing the i-th row

of the latter by ¢} (x), ..., (x). Now (4.7.15) in combination with (4.7.11)
gives (4.7.9). This completes our proof. O
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4.8 Discriminant equations

Let K be a number field, D its discriminant, M g the set of places of K, T
a finite subset of M j containing the set of infinite places 7%, and L a finite
normal extension of K with the parameters d, r, h; and R specified above.
Let S denote the set of extensions to L of the places in 7', with s, Pg, ()5 and
Rys as in Section 4.1]

If f is a monic polynomial with coefficients in O, the ring of T-integers
of K, and f'(X) = f(X + a) for some a € Or, then the discriminants
D(f), D(f") coincide. As before, such polynomials f, f’ are called strongly
Or-equivalent.

For a polynomial P(X) = X" +a; X" ' + ... 4+ a, € K[X], we put

1

"R

Z log max(1, |ai|v, - -, |an|v)-

VEM K

From Theorem one can deduce the following.

Theorem 4.8.1. Let f € Or[X| be a monic polynomial of degree n > 2 with
zeros in L such that

D(f) =4, (4.8.1)

where ¢ is a non-zero element of K with height not exceeding H(> 1). Then
f is strongly Or-equivalent to a polynomial f' € Or[X] for which

h(f) <n((n+1)C +log|Dk|+1). (4.8.2)

Here
h
C :=c19PsRs(1 + log" Rs/log™ Ps)(cyRy, + FL log Qg +n* + H)

with c19 = 50n3ci1, where c4, ¢11 denote the constants specified in Proposition
and Theorem

This theorem is an improvement of Theorem 3 of Gy&ry (1998). In the
proof of Theorem4.8.1|one can follow the arguments of the deduction of The-
orem 3 from Theorem 1 of Gydry (1998). We note that Theorem could
be directly deduced, with a slightly different bound, from Theorem4.3.1| con-
cerning S-unit equations.
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Theorem [4.8.1] has several consequences.

Let again K and L be number fields with the above properties and pa-
rameters such that there is a number field K’ with K ¢ K’ C L and with
n = [K’: K] > 2. Note that if £ € K, then every element £’ of the Op-coset
£+ Or={{+a: ac O} satisfies Dgr /i (§') = Dy (§).

Corollary 4.8.2. Let § be a non-zero element of K with height at most H (>
1). Then for every £ € K’ such that

Dgi(§) =0, & isintegral over Op (4.8.3)
there are ' € K', a € Op such that
h(€) < (n+1)C+log|Dk|, E=¢&+a (4.8.4)
with the above C.

This is an improvement of Theorem 15 of Gydry (1984b). It could be
easily deduced from Theorem {.8.1] but only with a slightly weaker bound.
To obtain Corollary in the present form it suffices to apply the proof of
Theorem[4.8.1]to the minimal polynomial, say f, of the £ under consideration.
Then D(f) = 4, and following the proof of Theorem [4.8.1]it follows that f is
strongly Op-equivalent to a polynomial f” which has a zero ¢’ € £ + Or such
that (4.8.4) holds.

In the classical case K = Q, T' = T, the first effective results for equa-
tions (4.8.1) and (4.8.3) were proved by Gyory (1973,1974) in quantitative
forms, without fixing the splitting field of the polynomials f resp. the number
field L containing the algebraic numbers £. For general K and 7', and vari-
ous applications, see Gydry (1976,1978b,1981c,1984b,1998) and Evertse and
Gyory (2017).

As was mentioned in Section[I.6] the following more general versions of
equation (#.8.1) in f and equation (4.8.3)) in & have also important applica-
tions:

D(f) € 60} inmonic f € Or[X] of degree n > 2
having all its zeros in Og (4.8.5)

and

Dy /i(€) € 607 in¢ € K, integral over Or, (4.8.6)
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where O is the unit group of Or.

We recall that the monic polynomials f, f* € Or[X] of degree n are called
Or-equivalent if f'(X) = e"f(e7'X 4 a) for some ¢ € O%, a € Or. If f
satisfies (@.8.3)), so does f’. Using Proposition equation (4.8.5) can be
reduced to finitely many equations of the form (4.8.1). Then by means of
Theorem [4.8.1] one can prove that each Op-equivalence class of solutions of
(4.8.5) has a representative with explicitly bounded height. A similar effective
result can be proved for equation (4.8.6) by using Corollary 4.8.2] In this case
two elements &, &’ of K, integral over Or, are said to be Op-equivalent if
¢ = &€ 4 a with some ¢ € O, a € Or. This latter result has an important
application to the equation

O =0Or[¢] in€ € K', integral over O, (4.8.7)

where O denotes the integral closure of Or in K'. If holds for some
¢ € Oand ¢ is Op-equivalent to £ then O = Or[{’]. The above-mentioned
result concerning (4.8.6) implies in an effective and quantitative form that
every ¢ satisfying is Or-equivalent to an ¢ € Or whose height can
be explicitly bounded. For these and related results, see Gyory (1981b,1984b)
and Evertse and Gyo6ry (2017a).

We sketch the proof of the following less explicit version of Theorem
4.8.1

Under the assumption of Theorem every solution [ of equation
@8.1)) is strongly Or-equivalent to a monic polynomial f' € Or[X] for
which

h(f") <n s H. (4.8.8)

In the proof of (4.8.8) we use the next division with remainder lemma.
Denote by O the ring of integers of K.

Lemma 4.8.3. Let n > 2 be an integer and let B € Or. Then there is an
o € O such that
a = (modn)

and

h(a) <log([K : Q] - n|Dk|"?).
Proof. This is a special case of Lemma 6 of Evertse and Gyory (1991). [
Sketch of the proof of (#.8.8). Assume that «, ..., «, are the zeros of f in
L. Denote by Og the ring of S-integers in L. Writing z; = «; — o for i =
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1,...,n, we have o; € Og and z; € Og. Further, putting

F(Xa, .. . Xp) =X X, [] (Xi—X)),

2<i<j<n
#@.8.1)) implies
F(xzg,...,x,) = £0¢ with z, ..., x, € Og, (4.8.9)

where dy € Og\{0} and 65 = J. We have h(dy) < 3H. The decomposable
form F is of degree n(n — 1)/2, and it is easy to verify that for n > 3 it
satisfies the assumptions of Theorem with £ = 1. Hence by the less
precise version (4.7.9) we deduce from (4.8.9) that both for n = 2 and for
n>3

e
holds.
The sum ap = a3 + -+ + «, is contained in Or. Setting § = —(z; +

-+« + 1), it follows from @.8.10) that h(8) < (n — 1/2)C". Further, we
have na; — ag = (. By Lemma there is an a; € Ok such that a; =
ap (modn) in Or and h(a;) < log(dn|Dk|"?). Set oy = (B + a1)/n. Then
h(a)) < (n—1/3)C" + log | Dk|. Further, oy = a + o/ with some a € Or
and o/} € Og. Finally, with the notation o, = z; + o/, we get o} = o; — a and

h(a)) < (n+1)C" +1log|Dg| fori=1,...,n.

Put f/(X) := [T/, (X — ). Then f'(X) = f(X + a), while Corollary §.1.5]
gives our height estimate (4.8.8§). O
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Chapter 5

Effective results over function
fields

As was mentioned above, S-unit equations, Thue-equations, hyper- and su-
perelliptic equations and the Catalan equation over finitely generated domains
will be reduced in Chapter[9|to equations of the same type over number fields
and over function fields. In this chapter we formulate the best bounds to date
for the heights of the integral solutions of the reduced equations over function
fields, and sketch the main ideas of their proofs. In contrast with the number
field case, these bounds in the function field case do not imply the finiteness
of the number of solutions.

5.1 Notation and preliminaries

We start with some notation and definitions and with recalling some prelimi-
nary results over function fields. For further details we refer to Mason (1984)
and Evertse and Gy6ry (2015), Chapter 2.

Let k be an algebraically closed field of characteristic 0 and K an alge-
braic function field in one variable over k, that is, a finitely generated exten-
sion of k of transcendence degree 1. Recall that K is a finite extension of the
rational function field k(z) for any z € K\k. By a valuation on K over k
we mean a normalized, discrete valuation on K that is trivial on k, that is, a

111



surjective map v : K — Z U {oo} such that

v(a) = 00 <= a = 0;
v(ap) =v(a)+v(B), v(ia+p)>min(v(a),v(B)) for «a,p € K;
v(a) =0 for «ae€k”

We denote by M g the set of valuations on K over k.

For a finite extension L of K, we say that a valuation w on L lies above a
valuation v on K, notation w | v, if the restriction of w to K is a multiple of
v. In this case, we have w(a) = ey),v(a) for o € K, where e, is a positive
integer, called the ramification index of w over v.

The valuations over k on the field of rational functions k(z), with z tran-
scendental over k, can be described easily as follows. Let z, := z — a if
a € k, and 2, := z~'. For every a € k U {cco}, we may expand o € k(z)
as a formal Laurent series 3" ) am(@)z;" with a,,(a) € k for all m and
n(a)(@) # 0. Then ord, defined by ord,(a) := n(«) defines a valuation on
k(z). In particular, ord, (o) = — deg(«) for a € k[z]. The valuations ord,
(a € kU {oo}) provide all valuations on k(z) over k.

Let K be a function field in one variable, and L a finite extension of XK.
Clearly, every valuation on L lies above a valuation on K. We explain how to
construct, for a given valuation v on K, the valuations on L that lie above v.
As a special case, we may choose z € K\k, take the valuations on k(z) just
described, and construct from these the valuations on K.

Let v be a valuation on K. Take a local parameter z, € K of v, i.e., with
v(z,) = 1. Then the completion K, of K at v is (up to isomorphism) just the
field of Laurent series k((z,)), and the algebraic closure K, of K, is the field
of Puiseux series in z,, i.e., Y oo a2 withn € Z, e € Z~o and a,, € k
for all m > n, where for every positive integer e we have fixed an e-th root of
z,. There are precisely [L : K] K-invariant isomorphic embeddings L < K,
given by

arr Y (@) (i=1,...,9,§=0,....¢;—1), (5.11)

where ey, . . ., e, are positive integers with e; + - - - + e, = [L : K], (; is some
fixed e;-th root of unity, a;,, (o) € k for all m > n;(a), and a; ) 7# 0. We
can now define for i = 1,..., ¢ a valuation w; on L by w;(«) := n;(a) for
a € L* and w;(0) = oo. These are precisely the valuations on L lying above
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v. Writing w for w;, the integer ¢; is just the ramification index e,,,. Thus, we
have

> ewp =[L: K] forve My, (5.1.2)

wlv

where the sum is taken over all valuations on L lying above v. We easily
deduce from this the sum formula for K,

> wv(@)=0 forainK". (5.1.3)

vEMEK

Indeed, this is clear if a € k*. Let « € K*\k*. By using the above description
of the valuations on k(«), with o replacing z, one easily gets ) My u(a) =

0, and together with (5.1.2), with k(«), K instead of K, L, identity (5.1.3)) fol-
lows.

Denote by gr /i the genus of K over k. In case that z is transcendental
over k one has

Jx(z)/x = 0. (5.1.4)

We can relate the genus of a finite extension L of K to that of K by means of
the Riemann-Hurwitz formula

21 —2=[L: K]Q2grp—2)+ > Y (ewp — 1) (5.1.5)

vEMEK wlv

Let S be a finite subset of M. We call « € K an S-integer if v(a) > 0
for all v € Mg\S, and an S-unit if v(a) = 0 for all v € Mg\S. The S-
integers form a ring in K, denoted by Og, and the S-units a multiplicative
group, denoted by OF%.

We define the height H (o) of o € K relative to K /k by

Hi(a) = — Z min(0, v(«)).

vEMEK

It is clear that Hx (o) > 0 for o € K and Hx(«) = 0 if and only if v € k.
If L is a finite extension of K then by (5.1.2),

Hi(o)=[L: K] -Hg(a) fora e K.
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From the description of the valuations on a field of rational functions one
easily deduces that Hy(,)(a) = 1if o & k. So in particular,

Hig(a) = [K 1 k(a)] fora e K\k. (5.1.6)
It is easy to see that
Hi(a™) =|m|Hk(a) fora € K*,meZ (5.1.7)
(where for negative m one has to employ the sum formula) and
Hg(a+B) < Hi(a) + Hx(B), Hg(aB) < Hx(a) + Hig(8) (5.1.8)
for all , 8 € K. Further

HK<@) = %(HK<C¥) + HK<CV71))
=1 Z lv(a)| > 3|T| fora € K™, (5.1.9)

vEMEK

where T" denotes the set of valuations v € M g for which v(«a) # 0.
We define the height of a vector & = (ay, ..., a,) € K" relative to K /k
by
HK<a) = HK(alu s 7an) == Z min(07 U(a))7

vEMK

where v(a) = min;(v(«;)) is the v-value of . If L is a finite extension of K,
then
Hi(a) =[L: K|Hkx(a) fora e K"\{0}.
We note that
Hg(o;) < Hig(a) < Hg(a1) + -+ Hg(an) (i=1,...,n). (5.1.10)

The homogeneous height of o = (v, ..., a,) € K™\{0}, relative to K /k is

defined as
HY™ () := — Z V(o).
VEM K

It is clear that

Hig™ (@) < Hi(ev).
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By the sum formula, we have
HY¥™\a) = H¥™(a) for € K*. (5.1.11)
For instance, let py, . .., p, € k[z] with ged(py, ..., p,) = 1. Then

H{S(pa, -, pn) = max(deg py, . . ., deg py). (5.1.12)

Further, if L is a finite extension of K, then, for o = (o, ..., a,) € K"\{0},
we have

HY () = [L: K|HY™ (). (5.1.13)
Since
HY™(y, ... o) = Hi(on /oy, ..., o /o) for all i with a; # 0,

we deduce from (5.1.10) that, for a; # 0,

Hy (/o) < H¥™(aq, ..., 0p) < ZHK(ozj) + (n —2)Hg (),
j=1
fori=1,...,n. (5.1.14)

Further, for a polynomial F' € K[X], its height Hg (F') resp. its homoge-
neous height H™(F') and its v-value v(F) are defined by the height resp.
homogeneous height and the v-value of a vector whose coordinates are the
coefficients of F'. Clearly, for monic polynomials the two heights coincide,
while in general,

Hi™(F) < Hic(F).
For any two polynomials F, G in K[X], we have

v(FG) = v(F)+v(G) forv e Mg, HE™(FG)= H¥Y™(F)+ H¥™(G).
(5.1.15)

If a non-zero polynomial F'(X) factorizes in K as fo(X —aq)--- (X — ay)
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then by (5.1.13) and the sum formula, applied to f;, we obtain

Hy(fo) < Hx(F) and  HR™F) =)  Hx(a;) > max H(ay).
- (5.1.16)
Lemma 5.1.1. Let
F=fX"+ X"+ 4 f, € K[X]

be a polynomial with fy # 0 and with non-zero discriminant. Let L be the
splitting field of F' over K. Then

gL/lk S [L : K](g[(/]k + nHK(F))
In particular, if K = k(z) and fy, ..., fn € k|z], we have
g < [L: K|nmax(deg fo, ..., deg f,).

Proof. Lemma 4.2 of Bérczes, Evertse and Gyory (2014) gives a slightly bet-
ter estimate with H9™(F) instead of H (F'). The second assertion is due to
Schmidt (1978). 0

In the next sections we present explicit upper bounds for the heights of the
solutions of S-unit equations, the Catalan equation, Thue equations, hyper-
and superelliptic equations.

We denote by |S| the cardinality of a set S.

5.2 S-unit equations

Let again K be a function field in one variable over an algebraically closed
field k of characteristic 0, and S a finite, non-empty set of valuations on K
over k, of cardinality at least 2. Consider the S-unit equation

ar+py=1 in z,y€ O\k", (5.2.1)

where o, 5 € K*. For « = 8 = 1, the following theorem is due to Mason
(1983). The general case, under the assumption ax ¢ k*, was established in
Evertse and Gy6ry (2015). We prove Theorem [5.2.1] without this assumption.

116



Theorem 5.2.1. Every solution x,y of equation (5.2.1)) satisfies
where H = max(Hg (), Hi ().

Independently of Mason, Gy&ry (1983) proved a version of Theorem[5.2.1]
with larger explicit coefficients of |S| and gx .. We note that this weaker ver-
sion would also be sufficient for application in Chapter [9] Theorem isa
consequence of the following theorem of Mason (1983,1984). It is a general-
ization of an earlier result of Stothers (1981).

Theorem 5.2.2. Let S be a finite, non-empty subset of M, and let x1, xo, x3
be non-zero elements of K with x1 + x5 + x3 = 0 such that v(z,) = v(xs) =
v(x3) for every v in Mg\S. Then either x1 /x5 lies in k, or

Hy(z1/22) < ||+ 2950 — 2. (5.2.3)

Proof. We do not give Mason’s proof based on derivations, but instead an-
other well-known proof based on the Riemann-Hurwitz formula. We assume
without loss of generality that x1 /x5 ¢ k and that S is precisely the set of all
v € Mg such that v(zy), v(x2),v(zs) are distinct. Let z := z1/z5. Then z
and 1+ z are S-units. We can write S as a disjoint union SoU.S_; U.S,, where

So:={veMg:v(z) >0}, Sy:={veMg:v(z+1)>0},
Seo i ={v € Mg : v(2) <0}

Note that for a = 0, —1,00, S, is precisely the set of valuations on K ly-
ing above the valuation ord, on k(z). So by the Riemann-Hurwitz formula

(5.13), and by (5.14) and (5.12),
29k —2 = [K 1 K(2)] 2k —2)+ Y D (ea—1)

ackU{oco} vla

> 2K k()] + > D (eva—1)

a€{0,—1,00} vl|a

= 2[K k()] + Y (K :k(2)] - |S)) = [K - k(z)] - IS,

a€{0,—1,00}

where we have written v|a for v|ord,. Using [K : k(z)] = Hg(z) (see

(5.1.6)), Theorem [5.2.2] follows. u
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Proof of Theorem[5.2.1] Let .,y be a solution of equation (5.2.1)). Then
Hy(r) = Hi(az - ') < Hi(az) + Hg (o) < Hg(az) + H, (5.2.4)

and similarly Hx(y) < Hy(By) + H. If o, 3 € k*, then Theorem
follows at once from Theorem Suppose that a, § are not both in k*.
Then H > 1.

If ax € k* then By € k*, hence their heights are zero and (5.2.2) imme-
diately follows.

Now suppose that az, fy ¢ k*. Let S, denote the set of valuations v €
M with v(ar) # 0 and define S similarly. In view of we have |S,| <
2Hi (o) < 2H and similarly |Sg| < 2H. Then it follows that v(ax) =
v(By) = v(l) = 0 forv € Mg\(S U S, U Ss). Now using (5.2.4) and
applying Theorem to ax, By, 1 with SU S, U Sp instead of S, we obtain

max(Hg(r), Hk(y)) < max(Hg(ax), Hx(By)) + H
< |S| + |Sal + |98] + 29k — 2+ H

]

Remark. In contrast with the number field case, for function fields there are
effective results for S-unit equations in the more unknowns case as well;
see Mason(1986,1988), Brownawell and Masser (1986) and, for further refer-
ences, e.g. Evertse and Gyory (2015).

5.3 The Catalan equation

As before, K is a function field in one variable over an algebraically closed
field k of characteristic 0, and S is a finite set of valuations on K over k. We
deduce consequences for a slight generalization of the Catalan equation, i.e.,

" -yt = +£1, (5.3.1)

both in the cases that z, y assume their values in Og and that x, y assume their
values in K.

Theorem 5.3.1. (i) Let S be a finite set of valuations of K, let m,n be
integers with m,n > 2, mn > 4 and let x,y € Og\k satisfy (5.3.1).
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Then

mH(z),nHy(y) < 6(]S| + 295, — 2). (5.32)

(ii) Let m,n be integers withn > m > 2, mn > 10 and let v,y € K\k

satisfy (5.3.1). Then

mHg(x),nHg(y) < 20(grp — 1). (5.3.3)

Since Hy (x), Hi (y) are > 1, (5.3.2) and (5.3.3) imply upper bounds for

m and n.

Proof. (i) Let S; be the set of v € Mg\ S with v(x) > 0 and S, the set of
v € Mg\S with v(y) > 0. Then

S| < Hg(x) = %HK(xm)a S| < Hk(y) = %HK(?/H) < %HK(ZUm)
So by Theorem[5.2.2]
Hy(2™) < S|+ |S1] + [S2| + 29K/ — 2
1 1 m
< |8 + 295 — 2+ 2 Hy(a™),

implying (5.3.2).

(i) Assume without loss of generality that n > m. Let S be the set of
v € Mg with v(z) > 0, let Sy be the set of v € Mg with v(y) > 0, and
let S5 be the set of v € M with v(z) < 0; for these places we have also
v(y) < 0. Then

1 HK<xm)7

T n

(1] < s Hic(@™), |Sal, S5] < Hic(y)
and Theorem [5.2.2] gives

Hyc(x™) < [S1] 4 [S2] + [Ss] + 29 — 2
< 29xx — 2+ %HK(xm),

implying (5.3.3). N

119



5.4 Thue equations

We denote as before by K a function field in one variable over an algebraically
closed field k of characteristic 0 and by .S a finite set of valuations on K over
k. In this section, we consider the Thue equation

F(z,y)=1 in =z,y € Og, (5.4.1)

where F’ is a binary form of degree n > 3 with coefficients in K and with
non-zero discriminant.

Using a method of Osgood (1973,1975), Schmidt (1976,1978) derived
bounds for the heights of the solutions of (5.4.1)). Later, by means of his The-
orem above Mason (1984) gave a better bound for the heights of the
integral solutions over k[z] in the case when F factorizes into linear factors
over K. For a refinement, see Dvornicich and Zannier (1994).

We prove the following version of the theorems of Schmidt and Mason.

Theorem 5.4.1. Every solution x,y of equation (5.4.1)) satisfies

max(Hg (z), Hx(y)) < Hi(7,y)
< (8n+ 62)Hy (F) + 4]S| + 89k k- (54.2)

If the splitting field of F' is K we have the stronger estimate

Our proof is different from that of Schmidt and Mason. It is based on
Theorem [5.2.1] above. No special importance is attached to the constants in
our upper bounds, which could be improved with some extra effort. However,
such improvements would be irrelevant for our application in Chapter [9]

Proof of Theorem Write the binary form F in the form
FX,)Y)=a X"+, X" 'Y +---+a,Y".

We may suppose without loss of generality that ay # 0. Indeed, this can be
achieved by a linear transformation of the shape

X=X, Y=aX'+VY
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with a € k* such that F'(1,a) # 0. Then putting
F(XY')=F(X,aX +Y) =d X" +d, X" Y + - +d, Y™,

we have a, = F(1,a) # 0. Then with 2’ = z, ¥ = —ax + y we have
F'(«',y') = 1. Observe that min(v(z'),v(y’)) = min(v(x),v(y)) for v €
M, s0 Hi (2!, y') = Hi(z,y). Further, each coefficient a of F” is a k-linear
combination of ay, . . ., a,, hence v(a}) > min(v(ag), ..., v(a,)) = v(F) for
vE Mg,i=0,...,n,thatis, v(F’) > v(F) forv € M. But by symmetry,
the reverse inequality also holds so we have v(F') = v(F) for v € M.
Hence Hx (F') = Hi(F).

We assume henceforth that ay # 0. For the moment, we assume that F’
has splitting field K. We can write (5.4.1)) as

ap(x —aqy) - (r—auy) =1 in z,y € Og, (5.4.4)

where, by our assumption, aq, . . ., a,, are distinct elements of K. Denote by
Se the set of valuations v € Mg for which v(ag) # 0 and v(«;) # 0 for
i =1,...,n. Notice that in view of (5.1.16),

|Sal < 2(Hgk(ap) + iHK(ozi)) < 4Hg(F). (5.4.5)

i=1

Putting S’ = S U S,, the elements x, y, ag, a1, . .., a, and §; = x — ayy for
i =1,...,nare all S-integers in K. Now it follows from (5.4.4) that 5, is an
S’-unitin K fori=1,...n.

We have
P
B; B;

for any distinct 4, j, [, where v = (o; — «)/(ay — ;) and f3;/5;, 5,/ 5; are
S’-units. If 5;/5; € k then Hg(5;/5;) = 0. Otherwise, by Theorem we
have

+(v+1) 1 (5.4.6)

Hy(Bi/Bj) < 5H + 15" + 29k — 2

for each distinct ¢, j with 1 <4, j < n, where H = max(Hg(v), Hx(y+1)).
In view of (5.1.16) we have H < 2H (F’), while by (5.4.5)) we have |S’| <
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|S| + 4H g (F). Thus we get
Hyg(Bi/B;) < 14Hk(F) 4+ |S| + 29k =: C 547

for each i, 7 with 1 < 4,57 < n, i # j. Here we have removed the —2-term to
incorporate the case f;/5; € k.

We infer from (5.4.4)) that
PR | L.
i=1 "7
whence, using (5.1.16), we get
nHy(8;) < Hg(F) +nC. (5.4.8)
But we have

Y

aj — oy aj — oy

x:ﬁiaj'—@z“ﬁa y = ﬁi—ﬁj

and so, using again (5.1.16)) and (5.4.8)), it follows that

Hy(r) < 222 [ (F) + 2C.

For H (y) we get the same upper bound, so, in view of Hg (z,y) < Hg(z)+
Hi(y),

dn+4
Hi(z,y) < ——Hg(F) +4C.

Together with (5.4.7)) this gives (5.4.3).

Now assume that F" has splitting field L over K. Let A := [L : K], and
let 7" be the set of valuations on L lying above those in S. Then (5.4.3) holds
with L, T instead of K, 5, i.e.,

We have Hy (z,y) = AHk(z,y), HL(F) = AHk(F), |T| < A|S|and lastly,

by Lemmal5.1.1}
ik < A(grw +nHg(F)).

By inserting this into (5.4.9) and dividing by A we obtain (5.4.2). This com-
pletes our proof. O
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5.5 Hyper- and superelliptic equations

Let again k be an algebraically closed field of characteristic 0, K a function
field in one variable over k, and S a finite subset of M .

Let f € K[X] be a polynomial of degree n with non-zero discriminant.
Consider the hyperelliptic equation

f(x)=9* in x,y€Og (5.5.1)
where n > 3, and the superelliptic equation
flx)y=9y™ in xz,y€ Og (5.5.2)

where m > 3, n > 2,

Schmidt (1978) gave an explicit upper bound for the heights of the so-
lutions x,y of (5.5.1) in the case when all the zeros of f lie in K. Using
his Theorem [5.2.2] above, Mason (1983, 1984) derived explicit upper bounds
for the heights of the solutions of equation (5.5.1)), (5.5.2)) but only under the
assumptions that the zeros of f belong to K and .S consists of the infinite val-
uations of K (i.e., those valuations v with v(z) < 0, where z is an element of
K\k that is chosen and fixed in advance). Bérczes, Evertse and Gy6ry (2014)
needed results without these conditions, and so they extended Mason’s re-
sults to the most general situation when the splitting field of f and the set of
valuations S' are arbitrary.

Below we present results similar to Proposition 4.7 and Proposition 4.6
of Bérczes, Evertse and Gyd6ry (2014), with different upper bounds. In our
proofs we will follow Mason. Both proofs will be based on Theorem [5.2.2]

Theorem 5.5.1. Every solution x,y of equation (5.5.1)) satisfies

Hy(x) < (8n+ 42)Hy (f) + 8|S| + 89k i, (5.5.3)
Hg(y) < (4n* 4+ 21n + 1) Hg(f) + 4n|S| + 4ngx k- (5.5.4)

In case of equation (5.5.2) we can even estimate m from above, provided
that y ¢ k.

Theorem 5.5.2. Every solution x,y of equation (5.5.2)) satisfies

mHk(y)

(6n + 18)Hi (f) + 3|S] + 69x i (5.5.5)

<
< (6n* 4+ 18n 4+ 1)Hg(f) + 3n|S| + 6ngx - (5.5.6)
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It will be more convenient to prove first Theorem|[5.5.2] and then Theorem
[5.5.1] Similarly as in the case of Thue equations, in both proofs we first con-
sider the case when f splits completely over K and then deduce the general
case.

Proof of Theorem[5.5.2] We fix a solution (x,y) of (5.5.2)). First we assume
that f(X) = ao[[._,(X — «;) with aqp € K* and with distinct elements
ai, ..., a, of K. We shall apply Theorem [5.2.2]to the identity

(x—a1)+ (g —x) + (a1 — ag) = 0. (5.5.7)
We assume without loss of generality that a4, . . ., a, are arranged in order of
increasing height, and so, in view of (5.1.16),
> Hy(ow) < sHg(f)/n fors=1,...,n. (5.5.8)
i=1
Put 8; = [ ,(a; — a;), i =1,...,n. Then we have
Hy(B;) < Hi(f) + (n — 2)Hg (o) for i=1,...,n.

Denote by W the set of valuations v on K at which one or more of the fol-
lowing occur:

vels, vu(f)<0, wv(ag) >0, v(Bif2) >0. (5.5.9)

The number of v with v(f) < 0 is at most Hg(f); the number of v with
v(ag) > 0is at most Hy (ag') = Hg (ag) < Hg(f); and lastly, by (5.5.8) the
number of v with v(3;2) > 0 is at most
Hi((6162)7") = Hx(B152) < Hi (1) + Hi ()

< 2Hg(f) + (n — 2)(Hg(ar) + Hy(02)) < (4 — 2) Hy(f).

n

So altogether,

W] < IS|+ (6 — 2) Hi(f). (5.5.10)
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It is easy to check that for v € M \W,

v(ap) =0, v(f) =0, v(ia;) =0fori=1,...,n,

v(a; —aj) =0fori=1,2,j #1, (5.5.11)
so that min(v(x — o), v(x — ;) = 0 fori = 1,2, j # i. Hence
v(x — ;) = mo(y) =0 (modm) fori=1,2. (5.5.12)

Denoting by S;, i = 1,2, the set of v € Mg \W such that v(z — a;) > 0, and
applying Theorem [5.2.2]to (5.5.7) we get

r — (1

Hye( ) SIWUSIU S|+ 295 (5.5.13)

a1 — Qg

By (5.5.12) we have m|S;| < Hg(x — o) < Hg () + Hi (o) fori = 1,2.
Therefore we can deduce from (5.5.13)) that

HK(QZ) — 2[‘[}((0{1) — HK(OQ)
< g (2Hic(@) + Hiclon) + Hicl)) + W] + 2957
Together with (5.5.10),(5.5.8) and m > 3 this gives
2
(1= ) Hk(x)

< THp(f)+ 1+ =) 2Hi(f) + 18]+ (6 — 2) Hr () + 29k
<6Hk(f)+|S| + 29K k.

and thus,

Now assume that f has splitting field L over K. Put A := [L : K| and let
T be the set of valuations of L lying above the valuations in .S. The inequality
(5.5.14) holds with L, T instead of K, S. Inserting

Hp(z) = AHg(v), Hp(y) = AHk(y), Hp(f) = AHk(f), }

7] < AlS|, g < A(grw +nHg(f)) (from Lemmal[5.1.1)
(5.5.15)
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and then dividing by A, inequality (5.5.5]) follows.
Writing f(X) = agX™ + a; X" + -+ - + a,, we get forv € My,

mo(y) = v(f(x)) > min (v(a;) + iv(x)))
> min(0, v(f)) + nmin(0, v(x)),
and thus,
mHi(y) < Hie(f) +nHi(x), (5.5.16)

which combined with (5.5.3) gives (5.5.6). This completes the proof of our
theorem. ]

Proof of Theorem[5.5.1] Let (z,y) be a solution of in Og. We start
again with assuming that f has splitting field K, so that f(X) = ao(X —
ap) -+ (X — ay) with ay, ..., «, distinct elements of K. We assume again
that Hx () < -+ < Hg(a,), so that we have again (5.5.8)). Let again

J#i

We now take for W the set of valuations v of K satisfying at least one of the
conditions

velsS, vu(f)<0, wv(ag) >0, v(B1f2P3) > 0. (5.5.17)
Then by a similar computation as in (5.5.10),
W] < IS+ (8 — $)Hi(f). (5.5.18)
Moreover, similarly to (5.5.11) we have for v € Mg\W,

v(ag) =0, v(f) =0, v(g) =0fori=1,...,n,

v(oy — ;) =0 fori =1,2,3,j #1, (5.5.19)
and similarly to (5.5.12),
v(@ = i) = 0(mod2) forv € M\W, i=1,2,3. (5.5.20)

Consider the field M generated over K by the square roots of t—ay, z—aw
and x — ag. Let § := [M : K|. We first compute an upper bound for the genus
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of M, to be used in later arguments. By the Riemann-Hurwitz formula (see

(5.1.5)) we have
29M/k — 2 = 5(29K/k — 2) -+ Z Z(6w|v - ].)

vEME wlv

Let v € Mg \W and choose a local parameter z, of v. By (5.5.20) the square
roots of z — ; (1 = 1, 2, 3) can be expressed as Laurent series in z,,, so for the
embeddings of M in K, as described in (5.1.1)), all ¢; are equal to 1. In other
words, we have e, = 1 for all v € Mg \W and all valuations w of M lying
above v. We lastly observe that by we have } €y = 0 forv € W.
By inserting this into the Riemann-Hurwitz formula, we get

290 — 2 < 0(2gK/x — 2+ [W]). (5.5.21)

Let i := (g — a1)(as — az)(aqg — as), let V be the set of valuations of K
satisfying at least one of the conditions

vesS, wv(a) >0, v(f)<0, wv(p) >D0.
By (5.5.8), we have
VI < [S]+2Hk(f) + 2(Hr (n) + Hi(o2) + Hi(as))
<18+ (2 + 8) Hg(f). (5.5.22)
For v € M\ V we have similarly to (5.5.19),

v(ag) =0, v(f) =0, v(ia;)=0fori=1,...,n,

v(a; —aj) =0 fori=1,2,3. (5.5.23)

Let U be the set of valuations of M lying above those in V', and denote by Oy,
the ring of U-integers, and by Oy; the ring of U-units in M. Choose 1, {2, &3 €
M such that

E=z—-0q; i=12,3.

Then by (5.5.23) we have ¢, € Oy for i = 1,2,3. Further, let v;,7; (i =
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1,2, 3) be given by

nm=&-§&, MN=L+E
Y=8-§, Nn=+4&
=86 —&, =&+

Then
NN =3 =y, Yoe = Q1 — Q3 VY = Qg — g,
which together with (5.5.23) implies that
Yi,Yi € Of; fori=1,2,3.
By applying Theorem [5.2.2]to the relations

N+72+713=0 nt+yp—y=0,
5/\1_72_%:0’ ’)//\1_'.)//\2—’_73:07
and inserting |U| < 6|V, (5.5.21)),(5.5.18), (5.5.22)) we infer that the quanti-

ties

Hy(v2/73), Hu(2/vs), Ha(v2/73), Ha(92/73)
are all bounded above by
U]+ 29 < 0(IV| + W] + 29k k)
< 5(1OHK(f) +2[S] + QgK/k> —: §N.

Since z — ay = & = (o — )%, — a3 = & = (35 + 12)? it follows that

2r — a1 — a3

o = (BB + (/1) (/)

whence

HK(M) _ 51 HM(M) < AN

Qo — (1 Qo — (1 -
Together with (5.5.8) this implies
Hyc(x) < 4N + 2Hg (o) + Hy (o) + Hye(az) < AN + THp(f),
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which in view of n > 3 leads to
Hy(x) <42Hk(f) + 8]S| + 89k k- (5.5.24)

Now consider the general case that f has arbitrary splitting field L over K,
and let A := [L : K. Denote by T the set of valuations of L lying above those

in S. Then (5.5.24)) holds with L, T" instead of K, S. By inserting (5.5.15) and
dividing by A we obtain (5.5.3). Together with with m = 2 this
implies (5.5.4). This completes our proof. O]
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Chapter 6

Tools from effective commutative
algebra

In this chapter we have collected some algorithmic results for fields finitely
generated over Q and for integral domains of characteristic O finitely gener-
ated over Z. Our main references are Seidenberg (1974) and Aschenbrenner
(2004).

By saying that given any input from a specified set we can determine ef-
fectively an output, we mean that there exists an algorithm (i.e., a determin-
istic Turing machine) which, for any choice of input from the specified set,
computes the output in a finite number of steps. We say that an object is given
effectively if it is given in such a form that it can serve as input for an algo-
rithm.

We agree once more that upper case characters such as X, Y denote vari-
ables whereas lower case characters denote elements of rings or fields. Given
aring R, we denote by R™" the R-module of m X n-matrices with elements
in IR, and by R" the R-module of n-dimensional column vectors with coordi-
nates in R.

From matrices A, B with the same number of rows, we form a matrix
[A, B] by placing the columns of B after those of A. Likewise, from two
matrices A, B with the same number of columns we form [ 4] by placing the
rows of B below those of A.

The logarithmic height h(.A) of a finite set A = {a1,...,a;} C Z is
defined by h(A) := logmax(|ay], ..., |a|). The logarithmic height h(U) of
a matrix U with entries in Z is defined by the logarithmic height of the set of
entries of U. The logarithmic height i (P) of a polynomial P with coefficients
in Z is the logarithmic height of the set of coefficients of P. By the degree
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of a polynomial we always mean its total degree, and the total degree of a
polynomial P is denoted by deg P.
As in Section [4.1], we write

log™ u := max(1,logu) for u > 0, log™ 0 := 1.

We use notation O(-) as an abbreviation for cx the expression between the
parentheses, where c is an effectively computable positive absolute constant.
At each occurrence of O(-), the value of ¢ may be different.

6.1 Effective linear algebra over polynomial rings

We have taken some material from Evertse and Gyory (2013, 2015) on effec-
tive results for systems of linear equations over polynomial rings over a field
or over Z, with some small improvements here and there. For convenience of
the reader we have repeated some details.

Lemma 6.1.1. Let U € Z™"™ and b € Z™.

(i) The Z-module of y € Z" with Uy = 0 is generated by vectors in 7" of
logarithmic height at most mh(U) + $mlog m.

(ii) Assume that Uy = b is solvable in 7.". Then it has a solution'y € 7" with
h(y) < mh([U,b]) + smlogm.

Proof. (i) We follow Aschenbrenner (2004), Lemma 4.2 and Section 5. Let
M be the Z-module of y € Z" with Uy = 0. We may assume without
loss of generality that m < n and U has rank m, so that U has non-singular
submatrices of order m. Let Uy, . . ., U, be the non-singular submatrices of U
of order m, and put §; := detU; for j = 1,...,k and § := ged(dy, . .., k).

We first prove that for j = 1,...,k there are yy ;,...,Yn—m,; € M such
that

for every y € M, there are b, ; € Z withy = (6/6;) Z bi;yi;, (6.1.1)
i=1

h(y;;) < mh(U) + 3mlogm fori=1,....,n—m. (6.1.2)

It suffices to prove this for j = 1. After permuting the columns of U we may

assume that U; consists of the first m columns of U. Let V; consist of the last
n — m columns of U. For y € M, let y(! consist of the first m coordinates

132



of y, and y® of the last n — m coordinates of y. Then U,y = =1y, or
equivalently

Fori=1,...,n —m,lety; be the solution y of Uy = 0 for which y? =
(61/0)e;, where e; is the i-th standard basis vector of Z"~"™. The coordinates
of y; 1 are all of the shape +(d;/0) det W/ det U; = +§~' det W, where W
is the determinant of some submatrix of U of order m. Hence y; ; € Z", im-
plyingy;,; € M fori =1,...,n — m. Further, by Hadamard’s inequality we
have (6.1.2). If y = (b1,...,b,)" € Mtheny = (6/67") >0, .1 biYicm1-
This proves (6.1.1).

There are integers a1, .. ., a; such that a;6; + - - - + axd, = 6. Applying
(6.1.2)) we see that for y € M we have

k

Y=y aj( > bi,jyz',j)
j=1 i=1

This implies that the y; ; generate M.

(ii) Assume without loss of generality that U and [U, b| have rank m. By
a result of Borosh et al. (1989), Uy = b has a solution y € Z" such that the
absolute values of the entries of y are bounded above by the maximum of the
absolute values of the m x m-subdeterminants of [U, b]. The upper bound for
h(y) as in the lemma easily follows from Hadamard’s inequality. [

Theorem 6.1.2. Let F be afield,r > 1, and R := F[X, ..., X,|. Further, let
V' be an m x n-matrix and b an m-dimensional column vector, both consisting
of polynomials from R of degree < d where d > 1.

(i) The R-module of x € R"™ with Vx = 0 is generated by vectors x whose
coordinates are polynomials of degree at most (2md)? .

(ii) Suppose that Vx = b is solvable in x € R". Then it has a solution x
whose coordinates are polynomials of degree at most (2md)* .

Proof. See Aschenbrenner (2004, Thms. 3.2, 3.4). Results of this type were
obtained earlier, but not with a completely correct proof, by Hermann (1926)
and Seidenberg (1974). ]

Part (ii) of Theorem gives an effective method to decide ideal mem-

bership in F[X1,...,X,], provided that the field I is given effectively (a
notion which we are not going to formalize):
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Corollary 6.1.3. Given b, f1,..., fu € F[Xy,...,X,|, it can be decided
effectively whether b belongs to the ideal T = (f1, ..., far) of F[ X1, ..., X,].

Proof. Let d := max(degb,deg f1,...,deg fas). If b € T then there are
x1,..., o € F[Xq,...,X,] of degree at most (2d)? such that b = z, f; +
-+ xpr far. By comparing the coefficients of the polynomials on the left- and
right hand side, we get an inhomogeneous system of linear equations over F'
whose solvability can be checked by standard linear algebra. [

Corollary 6.14. Let R := Q[X1, ..., X,]. Further, let V be an m X n-matrix
consisting of polynomials in Z| X1, . . . , X,| of degrees at most d and logarith-
mic heights at most h where d > 1, h > 1. Then the R-module of x € R" with
Vx = 0is generated by vectors x, consisting of polynomials in Z| X1, . . ., X,.]
of degree at most (2md)* and logarithmic height at most (2md)%" h.

Proof. By Theorem (i) we have to study Vx = 0, restricted to vec-
tors x € R™ consisting of polynomials in R of degree at most (2d)?". Let y
be the tuple of coefficients of the polynomials in x. Then y € Q"', where
n* < n(2md)"?". Further, Vx consists of m polynomials in Q[ X7, ..., X,]
of degree at most d + (2md)?* all whose coefficients have to be set to 0. The
total number of coefficients of Vx is m* < m(d + (2md)?" )". Thus, the sys-
tem of equations VVx = 0 in polynomials in R of degree at most (2md)*
reduces to a system of equations Uy = 0iny € Q"', where U € Z™ """ . By
Lemmal6.1.T](i), the solution space of this system is generated by vectors y in
Z™ of logarithmic height at most 1m* log m* + m*h(U) < (2md)* h =: T.
Hence the corresponding vectors x consist of polynomials in Z[ X1, ..., X,]
of logarithmic height at most 7. U

Theorem 6.1.5. Let r > 1 and let V be an m X n-matrix and b a non-zero
m-dimensional column vector consisting of polynomials in Z[ X1, ..., X,] of
degree at most d and logarithmic height at most h where d > 1, h > 1.

(i) The solution set of x € Z[Xy,...,X,|" with Vx = 0 is generated by
vectors X = (x1,...,2,) € Z[ X1, ..., X, |" with

degz; < (2md)®®C)) - p(z,) < 2md)*P O fori=1,... n.

(ii) Assume that
Vx=b (6.1.3)

is solvable inx € Z[ X, ..., X,|". Then (6.1.3) has a solutionx = (x1,...,x,)
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S Z[Xl, R ,Xr]n with

degz; < dy:= (Zmd)eXpO(rlog* ””)h,

h(rs) < hy = (2md)exp0(rlog* "l }for@ 1,...,n (6.1.4)
Proof. (1) This follows from Aschenbrenner (2004, Thm. 4.1) except for the
height bound. The height bound can be derived from Lemma [6.1.1] (i), with
similar computations as in the proof of Corollary [6.1.4]

(i1) This follows from Aschenbrenner (2004, Thm. 6.5) except for the
height bound. To derive such a height bound, let us restrict to solutions x =
(x1,...,x,) of with degz; < dy fori = 1,...,n, and denote by y
the vector of coefficients of the polynomials z1, ..., z,. Then (6.1.3) trans-
lates into a system of linear equations Uy = b* which is solvable over Z.
Here, the number m* of equations, i.e., number of rows of U, is < (dy + d)".
Further, h(U, b*) < h. By Lemmal6.1.1] (i), Uy = b* has a solution y with
coordinates in Z of logarithmic height at most

m*h + tm*logm* < (2d)*POUIE DL = .

It follows that (6.1.3)) has a solution x € Z[X;, ..., X,|" satisfying (6.1.4).
]

Aschenbrenner (2004) gives an example which shows that the upper bound
for the degrees of the x; cannot depend on d and r only.

Part (ii) of Theorem|[6.1.5]gives an effective criterion for ideal membership
inZ[Xy,..., X,]:

Corollary 6.1.6. Given b, f1, ..., fu € Z[X1,...,X,], it can be decided ef-
fectively whether b belongs to the ideal T := (f1, ..., fu) of Z[ X1, . .., X;].

Proof. By Theorem[6.1.5] if b € Z then there are 1, ...,z € Z[ X1, ..., X,]
with upper bounds for the degrees and heights as in (6.1.4) with m = 1,n =
M, such that b = zlj\il x; f;- It requires only a finite computation to check
whether such z; exist. OJ

Theorem 6.1.7. Let f1, ..., far be polynomials in Z| X1, . .., X,] of total de-
grees at most d and logarithmic heights at most h. Let T be the ideal of
Q[X1,...,X,| generated by fi1,..., far. Then T := T NZ[Xy,...,X,] is
an ideal generated by polynomials of total degrees at most d + (2d)?"" and
logarithmic heights at most (61)" log(2d) + h.
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Proof. The upper bound for the degrees follows from Aschenbrenner (2004),
Theorem 4.7. But in his proof he uses Corollary 3.5 of his paper, some details
of the proof of which he has left to the reader and which were not fully ob-
vious to us. So we provide an argument avoiding Aschenbrenner’s Corollary
3.5. First consider for a fixed positive integer a the ideal Z, of polynomials
x € Z[Xq,...,X,] such that ax is in the ideal of Z[ X1, ..., X, | generated by
fi,---, far. We can find these x by solving the equation

rifi+- - +ayfu—ar=0in(z,2q1,...,2y) EZ[Xl,...,XM]M“.

By Theorem [6.1.5] the solutions (z, z1, ...,z ) of this equation form a mod-
ule over Z[ X7, ..., X,], generated by tuples of polynomials of total degree
at most C' := (2d)®")". Hence for every positive integer a, Z, is generated
by polynomials g, f; + - -+ + garfar, where g1, ..., gar € a7 'Z[ X, ..., X}]
and degg; < C fori = 1,..., M. It follows that Z = U,Z, is generated by
polynomials g, fi + - - - 4+ gasfar, Where

g1,---,9M € Q[Xh‘"vXT]?
glf1+"'+ngMEZ[X17-"7X7”]7 (615)
deggi,...,deggn < C.

The Q-vector space V of g1 f1+- - -+ g far wWith gy, . .., gas satisfying (6.1.5)
but without the condition ¢, fy + - - - + gy fu € Z[ X7, ..., X, ] is contained in
the vector space of polynomials in Q[ X7, ..., X, ] of degree < C'+ d, whence
has dimension N < (C+7fl+r). Further, V is generated by the polynomials
X{l e X fiGi=1,..., M, j; + -+ j < C), hence we can select a basis
bi,...,by of V from this set. Notice that by, ..., by belong to Z[ X1, ..., X,]
and have logarithmic heights < h. By Cassels (1959), Chap. V, Lemma 8, the
Z-module of polynomials g fi+- - -+gar far with (6.1.5) has abasis ¢y, ..., cn
with ¢; = 7. & ;b; for j = 1,..., N, where §;; € Q and [ ;| < 1 for
all 4, 5. These polynomials ¢y, ..., cy generate Z, have total degrees at most
C + d, and logarithmic heights at most

h+log N < h+log (“F77) < h+ (6r) log 2d.

This proves our theorem. [
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6.2 Finitely generated fields over Q

To a field K = Q(zy, ..., z.) that is finitely generated over QQ we may asso-
ciate the polynomial ideal

1= {fGQ[Xl,,XT] f(Zl,...,ZT>:O}.

By Hilbert’s Basis Theorem, the ideal Z is finitely generated, that is, Z =
(fi,.- ., far) with fi, ... far € Q[Xq, ..., X,]. Thus, K is isomorphic to the
quotient field of

Q[Xy, .., Xol/(fr, -, ), (6.2.1)

and z1, ..., 2. may be identified with the residue classes of X3, ..., X, mod-
ulo (f1,..., far)- Wecall (f1,..., far) an ideal representation for K. We say
that K is given effectively if an ideal representation for it is given.

Notice that for polynomials fi, ..., fas € Q[X3,..., X,] to form an ideal
representation of a field, it is necessary and sufficient that (fi,..., fa) be a
prime ideal of Q[ X7, ..., X,]. This can be verified effectively, see for instance
Seidenberg (1974, Sect. 46, p. 293) (there in fact Seidenberg gives a method
to determine the prime ideals associated to a given ideal Z, which certainly
enables one to decide whether 7 is a prime ideal).

Let K = Q(z1,...,2 ) be a field with given ideal representation Z =
(fi,---, fm). We say that y € K is given/can be computed (in terms of
21, ..., 2r), if polynomials g, h € Q[X1,..., X,] are given/can be computed
such that y = g(21,...,2,)/h(21,...,2). Thanks to Theorem we can
verify whether an expression ¢(z1, ..., 2.)/h(z1, ..., 2,) is well-defined (i.e.,
h(z1,...,2:) # 0 or equivalently, h ¢ 7) and whether two expressions
9i(z1, -y z0) [hi(z1, .. ., z,) (1 = 1,2) are equal (i.e., g1hs — gohy € T).

We note that if ¥4, ..., y,, are given in terms of z1,..., 2., then for any
given polynomial h € Q[Y}, ..., Y,,] itcan be decided whether h(y1, ..., Yym) #
0. Moreover, for any two given g, h € Q[Y1,...,Y,,] with A(y1, ..., ym) # 0

one can compute g(y1, - .-, Ym)/h(Y1, - .-, Yp) in terms of 21, ..., 2.
Finally, if y4, ..., y,, are elements of K given in terms of z1, ..., 2, then
we say that y is given/can be computed in terms of yi,..., Yy, if g,h €

Q[Y1,...,Y,,] are given/can be computed, such that h(yy,...,y,) # 0 and
Y= g(yb cee 7ym)/h(yla s 7ym)

Theorem 6.2.1. (i) For any r > 1 and any effectively given field K =
Q(z1,...,2.) we can:
(i) determine a permutation xy, ..., Tq, Yi,-..,Y 0f 21,. .., 2 Such that
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x1,...,x, are algebraically independent over Q and v, . .. ,y; are algebraic
over Q(xq,...,x,);

(ii) determine the monic minimal polynomial of y; over Q(z1, ..., x,) with
coefficients given in terms of x1,...,%q and for i = 2, ..., determine the
monic minimal polynomial of y; over Q(x1, ..., %4, Y1, ..., Yi—1) with coeffi-
cients given in terms of Ty, ..., Tq, Y1, - - -, Yi-1.

Proof. Repeated application of Seidenberg (1974, §23 on p. 284 and §25 on
p. 285). [

Theorem 6.2.2. For any effectively given field K = Q(z1,..., 2,) and any
Y1,---,Ys, Yy € K given in terms of z1, ..., z, we can:
(i) determine a finite set of generators for the ideal

{feQXy,... ., Xd]: flyr,---yys) =0}

(ii) decide whethery € Q(y1, . . ., ys) and if so, determine g, h € Z[ X1, ..., X]
such thaty = g(yh cee 7ys)/h<y17 s 7y8)'

Proof. (i) Seidenberg (1974, §27, p. 287).
(ii) By (i) one can compute a finite set of generators for the ideal of f €

Q[Xy, ..., Xs1] such that f(y1,...,ys,y) = 0. Using Theorem one
can decide whether y is algebraic over Q(y, . . ., ys), if so compute its monic

minimal polynomial over Q(y1, ..., ys), and check if it has degree 1. O

Theorem 6.2.3. For any effectively given field K = Q(z1,. .., 2,) and any

polynomial F € K[X, ..., X,,] with coefficients given in terms of z1, . . . , zr,
we can determine a factorization of F into irreducible polynomials of
K[Xy,..., X, whose coefficients are all given in terms of z1,...,z. In

particular we can decide whether F is irreducible.

Proof. This follows from Seidenberg (1974), sections 33-35 (p. 289). For
m = 1, a more precise quantitative version can be deduced from Proposition
[8.2.3]in Chapter [§| below. O

Theorem 6.2.4. For any effectively given field K = Q(z,. .., 2,) and any
monic irreducible polynomial F € K[X] with coefficients given in terms of
21y 2py WeE can:

(i) determine a finite set of generators for the ideal
{f € Q[Xl,...,XT,Y] . f(Zl,...,Zr,y> = O}
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where y is a root of F;
(ii) for any a € K (y) giveninterms of zy, . . ., 2., y, determine by, . .. ,\br_; €

o deg F—1; i
K, given interms of z1, . . ., z,, such that a = ;50" biy".

Proof. Put L := K(y),d := [L : K|. Let (f1,..., fuar) be an ideal represen-
tation for K. We may express F as X + (a1 /b) X4 + -+ + (aq/b) where

ai,...,aq,bare given as polynomials with integer coefficients in 24, . . ., 2.
Let 3 := by. Then K(y') = L, and ' has minimal polynomial X? +
a1 Xt ..+ b4 la, over K. We can write b la; = hy(z1,...,2,) with

h; € Z[Xy,...,X,] fori = 1,...,d. Then the ideal of polynomials () €
Q[X1,..., X, Y] with Q(z1,. .., 2., y') = 0 is generated by f1,..., fyr and
Ye + Zle h;Y =% and so these polynomials provide an ideal representation
for L. Using Theorem|[6.2.2] we can compute a finite set of generators for the
ideal of f € Q[X1,..., X, Y] with f(z1,...,2.,y) =0.

Using division by F with remainder, from an expression of @ € L in terms
of z1,..., 2,y we can compute an expression Zf;ol by', with b; € K given
in terms of zq, ..., 2. ]

Corollary 6.2.5. For any effectively given field K = Q(z, ..., z.) and any
polynomial F € K|[X| with coefficients given in terms of zy, ..., z. we can

determine effectively an ideal representation for the splitting field of F over
K.

Proof. We proceed by induction on n := deg F. For n = 1 our assertion is
clear. Let n > 2. By Theorem [6.2.3] we can compute an irreducible factor
F1 € K[X] of Fin terms of zy, ..., 2, and then adjoin a zero y; of F; to K.
By Theorem we can compute an ideal representation for K7 := K (y;),
and then by the induction hypothesis an ideal representation for the splitting
field of F(X)/(X — y1) over K. This is then the splitting field of F over
K. O

Corollary 6.2.6. For any effectively given ideal representations for K =
Q(z1,. ., %) and a finite extension L = Q(z1,..., 2, Y1,.-.,Yn) of K, we
can:

(i) determine effectively an element y of L in terms of z1,..., 2., Y1, -, Yn
such that L = K (y), together with the monic minimal polynomial of y over
K, with coefficients given in terms of 21, . . ., 2y,

(ii) forany a € L giveninterms of z1,. .., 2., Y1, - - . , Yn, determine effectively
bo, ..., bin.x)—1 € K interms of z1, ..., 2, such that a = Zgi}fﬂ_l by,
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Proof. Let K be the effectively given field, put Ky := K andfori =1,..., n,
define K; := K(y1,...,y:), put d; := [K; : K;_4], and denote by G; the
monic minimal polynomial of y; over K; ;. The coefficients of G; can be
computed in terms of 21, ..., 2., Y1, . . ., Yi—1 by means of Theorem[6.2.4] Put
d:=[L: K]. Then

{wl,...,wd}::{yfl---yﬁ":ng‘j<dj,j:1,...,n}

is a K-basis of L = K,,. Using Theorem [6.2.4] we can compute, for any
element of L given in terms of 21,..., 2., 91,...,Yn, an expression of this
element as a K -linear combination of wy, ..., wy, With coefficients given in
terms of 21, ..., 2.. As is well-known, there are integers ¢y, . . . , ¢4 of absolute
values at most d? such that y := cjw; + - -+ + cqwy is a primitive element of
L over K. For each choice of the ¢; we can check whether y is primitive by
expressing 1,7, ...,y% ! as K-linear combinations of w, ... ,wy and check
if they are linearly independent over K. Having found such an y, we can
express wy, . . . ,wWq, and thus every element of L, as K-linear combinations of
1,y,...,y% ! with coefficients given in terms of 21, ..., .. In particular, we
can express y“ as such a linear combination, and thus find the monic minimal
polynomial of y. ]

Remark. From Corollary[8.3.4]one can deduce quantitative versions of Corol-

laries and

6.3 Finitely generated integral domains over Z

We need some analogues of the results mentioned above for finitely generated

integral domains Z[z1, . . ., 2, of characteristic 0. First we recall some basic
concepts introduced in Section [2.1]
To an integral domain A = Z[zy, . .., z,] of characteristic 0 we may asso-

ciate the polynomial ideal
I .= {f € Z[Xl,...,Xr] : f(Zl,...,ZT) = 0}

By Hilbert’s Basis Theorem, there are finitely many polynomials fi, ..., far €
Z[Xy,..., X, suchthat Z = (f1,..., far). Thus, A is isomorphic to

ZIX1,. . X)) (i far), 6.3.1)
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and z1, ..., 2, may be identified with the residue classes of X7, ..., X, mod-
ulo (f1,..., fam)- Wecall (f1,..., fu) an ideal representation for A. We say
that A is effectively given if an ideal representation for it is given.

Notice that for polynomials f1, ..., far € Z[ X, ..., X,] to form an ideal
representation of an integral domain, it is necessary and sufficient that Z :=
(fi,..., fu) be a prime ideal of Z[X,...,X,] and ZNZ = (0). This is
equivalent to Z := 7 - Q[X1, ..., X,] being a prime ideal of Q[X1, ..., X,],
INZ[Xy,...,X,] =Tand 1 ¢ Z. For instance by Seidenberg (1974), Sect.
46, p. 293, one can check that Z is a prime ideal in Q[X7, . .., X,] and by The-
orem(ii) one can check that 1 & Z. To verify that ZNZ[ X1, ..., X,] = T,
one can compute a set of generators for Z N Z[X1, ..., X,] using Theorem
6.1.7, and then check, using Theorem whether these generators belong
to 7.

Let A = Z|z, ..., 2] be an integral domain with given ideal represen-
tation Z = (f1,..., far). We say that y € A is given/can be computed (as a
polynomial in z1, ..., 2,), if a polynomial g € Z[ X}, ..., X,]| is given/can be
computed such that y = g(z1, ..., z,). Thanks to Corollary [6.1.6) we can ver-
ify whether two expressions g;(z1, ..., 2,) (i = 1,2) are equal (i.e., g1 — g2 €
7).

Finally, if yy, . . . , y.,, are given elements of A, then we say that y is given/can
be computed as a polynomial in terms of yy, ..., ym, if g € Z[Y1,...,Y,,] are

given/can be computed, such that y = g(y1,- .., Ym)-

Theorem 6.3.1. For any effectively given integral domain A = 7|z, . .., z]
of characteristic 0 and any given monic irreducible polynomial F € A[X]
with coefficients given as polynomials in 24, . . ., z,., we can:

(i) determine effectively a finite set of generators for the ideal
{feZXy,....,X,.,Y]: f(z1,...,2,y) =0}

where y is a root of F;

(ii) for any a € Aly| given as polynomial in z1, ..., z.,y, determine effec-

tively by, ..., baegr—1 € A, given as polynomials in z,...,z,, such that
_ deg F —1 i

a=> ;% by

Proof. Similar to Theorem[6.2.4] O

Theorem 6.3.2. For any effectively given integral domain A = Z[z, . .., z,]

of characteristic 0 finitely generated over 7, any m X n-matrix V with entries
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in the quotient field K of A, and any column vector b € K™, all with entries
given in terms of z1, . . ., 2, we can:

(i) determine effectively a finite set of generators, with coordinates given as
polynomials in z, . . ., z,, for the A-module {x € A" : Vx =0},

(ii) decide whether Vx = b is solvable in x € A" and if so, determine
effectively a solution with coordinates given as polynomials in 21, . . . | z,.

Proof. After multiplication with a suitable non-zero element of A, we may
assume that V' and b have their entries in A, and are given as polynomials

with integer coefficients in 2y, ..., z.. Suppose that A is given by an ideal
representation Z = (fi, ..., far). By choosing representatives for the entries
of V.and b in R := Z[Xy,...,X,] we can rewrite the systems of linear

equations in (i), (ii) as systems of linear congruence equations modulo Z in
unknowns from R. By writing the elements of Z as R-linear combinations
of f1,..., fm, we can rewrite these congruence systems as systems of linear
equations as considered in Theorem [6.1.5]and apply the latter. 0

Theorem 6.3.3. For any effectively given field K = Q(z1,...,z2,) and any
Y1,...,Ys, Yy € K given in terms of z1, . .., 2, we can:
(i) determine effectively a finite set of generators for the ideal

J={fez[Xy,....X: flys,...,ys) =0};

(ii) decide whether y € Zlyi,...,ys] and if so, determine effectively g €
Z[Xy, ..., X suchthaty = gy, ..., Ys).

Proof. (i) Theorem[6.2.2] (i) provides an algorithm to compute a finite set of
generators for the ideal

7::{]06@[)(17"'7)(5]: f(ylw"vyS):O}

and subsequently, by means of Theorem one can determine a finite set
of generators for 7 NZ[X1,..., X,] = J.

(ii) By Theorem|6.2.2](ii) it can be decided whether y € Q(y, . . ., ys) and
if so, elements a, b of Z[y, . . ., ys| can be computed, both represented as poly-
nomials with integer coefficients in y1, . . . , ys, such that y = a/b. By Theorem
it can be decided whether a/b € Z[yi, ..., ys] and if so, a polynomial
g € Z[ Xy, ..., X,] can be computed such that a/b = g(y1, . .., ys). O

Let A = Z[z,..., 2] be an effectively given integral domain finitely
generated over Z, and K its quotient field. We consider finitely generated
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A-modules contained in K (so in other words, fractional ideals of A). The
A-module generated by elements v, . .., y,, is denoted by (y1,...,ym). We
say that such a module is given/can be determined in terms of z1,..., 2., if a
finite set of generators for it is given/can be determined in terms of 2y, . . ., 2.

We say that a finitely generated A-module M C K is given if a finite set
of A-module generators for M is given.

Theorem 6.3.4. For any two given A-submodules M1, My of K, one can
(i) decide whether M C My,
(ii) compute a finite set of A-module generators for M, N Ma.

Proof. Let My = (aq,...,a,), My = (by,...,b,) with the a;, b; € K given
in terms of zy, ..., 2. Then (i) comes down to checking whether a4, ..., a, €
M, which is a special case of part (ii) of Theorem|[6.3.2] To determine a finite
set of A-module generators for M; N Mo, using part (i) of Theorem
one first determines a finite set of A-module generators for the solution set
(T, Tuy iy, Yo) € ATV Of 300 wia; = D70 y;b; and then for each
generator one takes the coordinates 1, . . ., z,, and subsequently Y . | z;a;.

[

The quotient module of two A-modules M7, My with M; C M is given
by My/ My := {a+ M; : a € My}, with the usual addition and scalar
multiplication of cosets. By a full system of representatives for My /M, we
mean a subset of M consisting of precisely one element from each of the
cosets a + M (a € Mo).

Theorem 6.3.5. For any effectively given integral domain A = 7|z, . .., z,]
finitely generated over 7. and any two given finitely generated A-modules
My, My with My C M, contained in the quotient field of A, it can be
decided whether My /M is finite. If this is the case, a full system of repre-
sentatives for My /M, can be determined in terms of zq, . . . , z.

Proof. The proof is too lengthy to be inserted here. See for instance Evertse
and Gyory (2017b, Prop. 3.6). [

Let A be an integral domain, K its quotient field, and G a finite exten-
sion of K. Then we denote by A the integral closure of A in G. In partic-
ular, Ay is the integral closure of A in its quotient field K. Recall that G is
effectively given if an irreducible polynomial P € K[X] is given such that
G = K[X]/(P). The irreducibility of P can be checked for instance by means
of Theorem
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Theorem 6.3.6. Assume that A and a finite extension G of its quotient field
K are effectively given. Then one can compute a finite set of A-module gen-
erators for Ag. Moreover, one can compute an ideal representation for Ag.

Proof. A method to compute a finite set of A-module generators for A can
be derived by combining results of Nagata (1956), de Jong (1998), Matsumura
(1986) and Matsumoto (2000), see for more details Evertse and Gy&ry (2017a,
Cor. 10.7.18). Then an ideal representation for A; can be computed using
Theorem L

We finish with two consequences, related to Theorems[1.6.1and [1.6.3]

Corollary 6.3.7. Assume that A is effectively given. Let n be an integer > 2.
Then one can effectively decide whether the quotient A-module (%A NAg)/A

is finite and if so, compute a full system of representatives for (%A N Ag)/A.

Proof. Immediate consequence of Theorems O

Let again A be effectively given and denote by K its quotient field. Recall
that a finite étale K -algebra (2 is effectively given if a separable polynomial
P € K[X] is given such that = K[X]/(P). The separability of P can be
checked for instance by means of Theorem [6.2.3]

Let n := deg P and denote by 6 the residue class of X modulo P. Then
{1,0,...,0" '} is a K-basis of 2 and every element of ) can be expressed
uniquely as Z?;OI a;0" with all a; € K. We say that such an element is given
if the a; are given in terms of 2y, ..., 2.

We say that a finitely generated A-module M C (2 is effectively given, if
Wi, - .., w,y are given such that M = {>""  xw; : ©1,..., 2, € A}.

Corollary 6.3.8. Assume that A, a finite étale K-algebra (), and a finitely
generated A-module M C Q) are effectively given.

(i) For any given o € () it can be decided whether o € M.

(ii) A set of A-module generators for M N K can be determined effectively in
terms of z1, ..., Zp.

Proof. Let P,n,0 be as above. Further, let {w;,...,w,} be an effectively
given set of A-module generators for M. Then wy, ..., w, can be expressed
as K-linear combinations of 1,6, ...,0" !, with coefficients given in terms
of 21,..., 2. Then we may express elements of M as > j_, £(x)0* with
x € A%, where {y, ..., £, are linear forms from K[X1,..., X,] with coef-
ficients given in terms of 2y, ..., 2.

144



(1) Let o = Z;é a,0*, where aq, ... ,a,_; € K are effectively given
in terms of z,..., 2. Clearly, « € M if and only if there is x € A" with
le(x) = ag for k = 0,...,n — 1, and this can be ckecked by means of
Theorem (ii).

(ii) By Theorem (i), we can compute a set of A-module generators,
say {x1,...,X,}, for

{xeA: l1(x) =" ={,1(x) =0}.
Then {{y(x1),...,0o(x,)} is a set of A-module generators for M N K. [

Corollary 6.3.9. Assume that A, a finite étale K-algebra (), and a finitely
generated A-module O C ) are effectively given.

(i) It can be decided whether O is an A-order of ().

(ii) If O is an A-order of (), one can decide whether the quotient A-module

(O N K)/A is finite, and if so, compute a full system of representatives for
(ONK)/A.

Proof. (i) Let {wy,...,w,} be a set of A-module generators for O, and let
lo, ..., l,_1 be the linear forms from the proof of Corollary

We first have to verify that the linear forms /), . . ., ¢,,_; have rank n over
K, to make sure that O contains a K -basis of (); this is simply a matter of
computing a determinant. The next thing to verify is whether 1 € O and
wiw; € Ofori,j =1,...,u; this can be done using Corollary [6.3.8](i).

(ii) Using Corollary [6.3.§] (ii) we can compute a finite set of A-module
generators for O N K. With these generators for O N K and Theorem [6.3.5]
we can check whether (O N K')/A is finite, and if so, compute a full system
of representatives. 0
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Chapter 7

The effective specialization
method

In this chapter we present our general effective specialization method and
make it ready for application to our Diophantine equations under considera-
tion.

The general idea of our method is to reduce our given Diophantine equa-
tions over A to Diophantine equations of the same type over function fields
and over number fields by means of an effective specialization method. In the
first step we extend our equations to equations of the same form over a finitely
generated overring B of A of a special type which is more convenient to deal
with.

As was mentioned in the Introduction and Chapter [3] such an effective
specialization argument was elaborated by Gyory (1983,1984b) for decom-
posable form equations and discriminant equations over a restricted class of
finitely generated integral domains A containing both algebraic and transcen-
dental elements, of which the elements have some "good" effective represen-
tations. That time, for any finitely generated domains A, no algorithm was
known to select those solutions from the overring B which are contained in
A. A later effective result by Aschenbrenner (2004) on systems of linear equa-
tions over polynomial rings over Z enabled us in our paper Evertse and Gy&ry
(2013) to surmount this difficulty and extend the method to the case of arbi-
trary finitely generated domains A.

Below we follow closely our paper Evertse and Gydry (2013). Save for

some small modifications, Lemmas[7.2.3| [7.2.4,[7.2.6][7.3.1] [7.3.3|and [7.4.2}-
as well as Propositions [7.2.7)below are taken from that paper. For

convenience of the reader, we reproduce here their proofs.
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7.1 Notation

As in the previous chapters, for a polynomial f with coefficients in Z we
denote by deg f, h(f) its total degree and its logarithmic height, i.e., the log-
arithm of the maximum of the absolute values of its coefficients. Further, we
define log™ u := max(1,logu) for u > 0.

Let A = Z[z,..., 2] be an integral domain of characteristic 0 finitely
generated over Z, and denote by K the quotient field of A. We assume that
r > 0. We have

A27Z[Xy, ... X,]/T, (7.1.1)

where Z is the ideal of polynomials f € Z[ X7, ..., X,]suchthat f(zy,...,2.) =
0. The ideal Z is finitely generated. We assume that

Z=(f1,...,fum) with degf; <d, h(f;) <hfori=1,..., M,
whered > 1, h > 1.
(7.1.2)

A representative for a € A is a polynomial & € Z[X7, ..., X,] such that
a = a(z,...,2), or, with the representation (7.1.2)) for A, « = a(mod 7).

We assume that K has transcendence degree ¢ > 0 over Q. For ¢ > 0,

we assume without loss of generality that 2y, ..., 2, are algebraically inde-
pendent over Q, and that 2, = X3, ..., 2z, = X,. Write t := r — ¢ and rename
241y -5 2 AS Y1, ..., Yp Put

AU = Z[Xl’...,Xq], KO = @(Xl,...,Xq) if q > 0,

Ay:=7, Ky:=Q if ¢=0, (7.1.3)

so that
A= AO[yla' .. 7yt]7 K = K0<y17 ce 7yt)a [K : KO] < OQ.

For a € Ay we denote by deg a, h(a) the total degree and logarithmic height
of a if ¢ > 0, while we put deg @ := 0 and h(a) := log |a| if ¢ = 0.

Recall that A, is a unique factorization domain with unit group A} =
{+£1}. This implies that any finite set ay, ..., a, of non-zero elements of A
has an up to sign unique greatest common divisor b := ged(ay, .. ., a,) such
that ¢ € Aq divides aq, . . ., a, if and only if ¢ divides b.

148



7.2 Construction of a more convenient ground do-
main B

In this section we prove in a more general form that there are w € A, g €
Ap\{0} such that

AC B := Agw, g7
and w has minimal polynomial F(X) = X? + F XP~! + ... + Fp over
Ky with F; € Ap fori = 1,..., D. Further, we give explicit upper bounds in
terms of r, ¢, d, h for D and the degrees and logarithmic heights of g, F1, ..., Fp.
Moreover, we require that A C B* for some prescribed finite set .A.

We shall need several lemmas.

Lemma 7.2.1. Letby,...,b, € Agandb =by---b,. Then
[h(b) = > h(bi)| < gdegb.
i=1

Proof. Consequence of Corollary 4.1.6] O

Write Y = (X,41,...,X,) and Ko(Y) = Ko(Xgq1,-..,X,). Given
f € Z[Xy,...,X,], we write f* for f but viewed as a polynomial in the
variables Y = (X, 41,...,X,), with coefficients in Ay. Given f € Ky(Y),
we denote by degy, f its total degree with respect to Y; recall that the total
degree deg b of b € A is taken with respect to X1, . . ., X,. With this notation

(7.1.7) and (7.1.2) can be rewritten as

degy ff <dfori=1,..., M,

the coefficients of f;, ..., fi; in Ay have total degrees
at most d and logarithmic heights at most A.

(7.2.1)

Lemma 7.2.2. Let k be an algebraically closed field of characteristic 0, let
s be a positive integer and let X be an algebraic subset of k® given by poly-
nomials of total degree at most d. Further, let ) be an algebraic subset of X
such that X\ is finite. Then X\ has cardinality at most d°.

Proof. See Corollary 7.5.3 of Evertse and Gyory (2015). It is proved by re-
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peated application of the version of Bezout’s theorem from algebraic geome-
try as stated in Hartshorne (1977) Ch. 1, Theorem 7.7. ]

Let D := [K : K] and let oy, ..., 0p denote the Ky-isomorphic embed-
dings of K in an algebraic closure K of K.

Lemma 7.2.3. (i) We have D < d'.

(ii) There exist rational integers ay, . .., a; with |a;| < D? fori = 1,...,t,
such that for v .= a1y, + - - - + ayy, we have K = Ky(v).

Proof. (i) The images of (yi,...,¥;) under oy, ..., op belong to

We={yeK,: fi(y)=---= fi(y) = 0}.

Conversely, each assignment Y = (X,,1,...,X,) — y with y € W yields
a Koy-isomorphic embedding of K in K, since K = Ko[Y]/(f5,..., fi).
Thus |W| = D < co. Now Lemma([7.2.2|with k = Ko, X = W, Y = {) gives
[W| < d'.Hence D < d'.

(i1) For integers ay, . . . , a;, the quantity v := ayy; + - - - +a;y; generates K
over Ky if and only if a;0q (1) + - - - + a¢o4(y;) are distinct fori = 1,..., D.

There are integers a; with |a;| < D?, j = 1,...,t, for which this holds. [

Lemma 7.2.4. There are Gy, ...,Gp € Ay such that

> G =0, Go-Gp#0 (7.2.2)
i=0
and
degG; < (24)™P°0) h(G;) < (2d)™PO"h (7.2.3)
fori=0,... D.
Proof. We write Y := (Xgq1,...,X,) and Y" 1= X7y -0 X0 [ul =
uy + - - - +u, for tuples of non-negative integers u = (uq, . . ., u;). Further, we

define W := 37" a; Xy ;.
Since v has degree D over K, elements G, ...,Gp of Ay as in (7.2.2)
exist. By (7.2.1) there are g7, . .., g3, € Ap[Y] with the property

D M
D GWPT =) g fr. (7.2.4)
i=0 Jj=1
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By Theorem [6.1.2] (ii), applied with the field /' = K|, there are polyno-
mials g7 € Ko[Y] satisfying of degrees at most (2max(d, D))* <
(2dt)2t =: d' in Y. Multiplying Gy, . . ., Gp with an appropriate non-zero fac-
tor from Ay, we may assume that g; are polynomials in A, [Y] of degree at
most d' in Y. Considering (7.2.4) with such polynomials g7, we obtain

D M
DGWPTE=N Y gu Yt [ DD AV YY) (7.2.5)
=0 7=1 \|ul<d v|<d

where g;u € Ap and [} = Z|V|§d fin YV with f;, € Ag. Here Gy, ...,Gp
and the polynomials g;,, are viewed as the unknowns of (7.2.5)). Thus (7.2.5)
has solutions with Gy - Gp # 0.

Consider ([7.2.5) as a system of linear equations V'x = 0 over K, where x
consists of G;, 4 = 0,...,D,and gj 4, j = 1,..., M, |u| < d'. Using Lemma

7.2.3, @1.7), @18), we get that the polynomial WP~ = (37, | a1 Xy41) b
has logarithmic height at most O(Dlog(2D?*t)) < (2d)°®. Together with
this gives that the entries of the matrix V" are elements of A, of degrees
at most d and logarithmic heights at most &’ := max((2d)°"), h). Further, the
number of rows of V' is at most the number of monomials in Y of degree at
most d + d’ which is bounded above by

'
— (d-i-(tj —|—t) < (2d>exp0(7“)'

In view of Corollary [6.1.4]the A;-module of solutions of (7.2.5) is generated
by vectors x = (Go, ..., Gp, {giu}), whose coordinates are elements from A
of degrees and logarithmic heights at most

(2m0d)2q s (2m0d)6q h/,

respectively. Among these vectors x there is one with Gy # 0 and also one
with Gp # 0 since otherwise would have no solution with G, - Gp #
0, contradicting what we already observed about (7.2.2) and (7.2.3)). Either,
among these vectors X there is one with GoGp # 0; or there is no such vector
but then among these vectors there are x; with Gy = 0,Gp # 0 and x5 with
Go # 0,Gp = 0, so that x := x; + x5 has GyGp # 0. Using the above
established upper bound for m, we infer that in both cases, the coordinates
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of x have degrees and logarithmic heights at most
(Qd)exp O(r) : (2d)exp O(r)h’

respectively. This completes the proof. [

It will be more convenient to work with
w:=Gov =Golayyy + -+ ay)if D>2, w:=1ifD=1.

Notice that by (7.2.3) and the estimates |a;| < D? < d*" from Lemma|7.2.3)|
this w belongs to A and has a representative w € Z[ X7, ..., X,] with

degw < (2d)™P°") h(w) < (2d)*PO)p, (7.2.6)

The following proposition follows at once from Lemmas [7.2.1[7.2.3] and
[72.4

Proposition 7.2.5. We have K = Ky(w), where w € A, w is integral over A
and w has minimal polynomial F(X) = XP + FiXP~ 4 ...+ Fp over K,
such that

Fi € Ay, deg Fi < (20)°P°0), h(F) < (24)°PO0h
fori=1,...,D.

In what follows, we fix such a w € A. Since Ay = Z[X;,...,X,] is
a unique factorization domain, the greatest common divisor of a finite set of
elements of Ay is well-defined and uniquely determined up to sign. With every

a € K we associate an up to sign unique tuple P, o, ..., Py p_1, Qo from A
such that
D—1
a=Q." Y Pujuw with Qq #0, ged(Pag, ..., Pap-1,Qa) = 1.
j=0
(7.2.7)

We keep the notation from ((7.1.2)). Set

deg o := max(deg Py, . ..,deg Py p_1,deg Qn),
h(a) == max(h(Payo), -, h(Pap-1),h(Qs))-
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Lemma 7.2.6. Let o € K* and let (a,b) be a pair of representatives for o
with a,b € Z[ Xy, ..., X,], b # L. Put

do := max(d, dega,degb), hy:= max(h,h(a),h(D)).

Then

deg o < (2dp)®POM | h(a) < (2do)POMhy.

Proof. Consider the linear equation
D—1
Q=) Puw (7.2.8)
j=0

in unknowns P,,...,Pp_1,Q € AO. Since « € K = Ky(w) and w has
degree D over K, the equation ((7.2.8) has a solution with ) # 0. Put again

Y = (X441,...,X,) and set Y := Qo (Z; 1

general convention, we write a*, b* for a, b, viewed as polynomials in Y with
coefficients in Ay. By (7.2.1), there exist g5 € Ao[Y] such that

D—1 M
Qa* — b* Z Py’ = Zg;ff;. (7.2.9)
=0 j=1

By Theorem 2| (i1) this 1dent1ty holds with polynomials g7 € Ko [Y] of
degree at most (2 max(dy, D))? < (2dy)*?" in Y; by multiplying the tuple
(Po, ..., Pp_1,Q) with a suitable non-zero element of Ay we can make it so
that the g7 belong to Ao[Y]. Now, as in the proof of Lemma we can
rewrite as a system of linear equations over K and then Corollary
[6.1.4] can be applied. It follows that is satisfied by Py, ..., Pp_1,Q €
Ag with @ # 0 and

anqﬂ-). According to our

deg Py, ... ,deg Pp_y, deg @ < (2d)=PO),
h(Py),...,h(Pp_1), h(Q) < <2d0)eXpO(r)h0'

Dividing F, . .., Pp_1, Q) by their greatest common divisor and using Lemma
72.1|we get P,o, ..., Pyp_1,Qa € Ag satisfying (7.2.7) and

deg Pag, ..., deg Pop_1, deg Qu < (2d)*PO0),
W(Pao): - 1(Pap-1), h(Qa) < (2d)™P O hg.
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This proves our lemma. ]

Proposition 7.2.7. Let w be as in Proposition [7.2.5] and let A be a finite
(possibly empty) subset of K* of cardinality k > 0. For o € A, let (a,, b,,) be
a pair of representatives of a with a,, b, € Z[ X1, ..., X,], by ¢ Z. Put

dy := max(d, meajc(deg (o, degby))

and

hi := max(h, Iggj{(h(aa), h(ba)))-

Then there is a non-zero g € Ay such that

ACB:= Ayw,g'], AC B* (7.2.10)
and
degg < (k+1)(2d;)=P00),
Bg < (h+1)(2d) (7.2.11)
h(g) < (k+1)(2d1)**9hy.
Proof. Take

t
g:= 110w [1(Qa-Qu),
=1 acA
where, as above, A = Ag[yi, ..., y:]. In general, we have Q3 - 5 € Ap[w] for
3 € K*. Hence we have g3 € Ao[w] for 8 = y1,. ..,y and for each o, ™!
with a € A. This implies (7.2.10). The inequalities (7.2.11)) follow at once
from Lemmas and[7.2.11 O

We shall use Proposition [7.2.7|in various special cases. Before stating the
first, we introduce some further notation and prove a lemma.

We recall that ag, ay,...,a, € A are the coefficients of the binary form
F(X,Y) in Section [2.3] resp. of the polynomial '(X) in Section 2.4, while
5 € A\{0} is the term occurring in the Thue equation and the superel-
liptic equation (2.4.3)). Further, ag, ay, ..., a,, 5 denote their representatives
in Z[Xy, ..., X,| with degrees at most d and logarithmic heights at most h,
where d > 1, h > 1. Denote by F the binary form F (X,Y), resp. the poly-
nomial F'(X) with coefficients ag, ay, ..., a, replaced by ag, a1, ..., a,, and
by Dz the discriminant of F'. Then the assumption Dy # 0 implies D ¢ 7.
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With the above notation and assumptions from Sections [2.3] and [2.4] the
following lemma holds.

Lemma 7.2.8. For the discriminant Dz we have the following inequalities:

deg Dz < (2n — 2)d, (7.2.12)
h(Dz) < (2n — 2)[log(2n? (447)) + h]. (7.2.13)

This is Lemma 3.2 of Bérczes, Evertse and Gyory (2014).

Proof. Recall that Dz can be expressed as

ao al “ .. .o oe e CI/TL
Qo @ . G
Dy ==+ a, 205 ceeonay, (7.2.14)
nﬁg (n — 1)61 Zin,1
nZio (n - 1)51 cee Zin_l
with on the first n — 2 rows of the determinant ay, . . ., a,, on the (n — 1)st
oW asp, 2as, . . . , na, and on the last n— 1 rows nay, . . . , a,_1; see e.g. Section

1.4 in Evertse and Gydry (2017b). Now Lemma follows at once from
Lemma using that the determinant has (2n — 2)! < (2n — 2)?" terms

and that each of the a; has at most (dj:r) non-zero coefficients. U]

We can now apply Proposition to the numbers a; = J, ap = 61,

a3 = Dp, ay = Dy'. Then the pairs (4, 1), (1,6), (Dg, 1), (1, D) repre-
sent these numbers. Using the upper bounds for deg D, h(D3) provided by

Lemma as well as deg 5 <d, h(g) < h that we assumed in Sections
and[2.4] we obtain immediately from Proposition the following.

Proposition 7.2.9. There is a non-zero g € Aq such that
AC B:= Ayw,g7'], §, Dp € B* (7.2.15)
and
deg g < (nd)**°") h(g) < (nd)*PO"h, (7.2.16)

This is Proposition 3.3 of Bérczes, Evertse and Gyory (2014).
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7.3 Comparison of different degrees and heights

We keep the above notation. Namely, A is finitely generated over Z, i.e.
A= ZXy,. .., X (fry. ooy fu), where fi, ..., fa € Z[Xq,...,X,]. In
this section we compare, for « € A\{0}, certain degrees and heights related
to « and an appropriate representative a € Z[ X7, ..., X, | of a. Lemmam
provided upper bounds for deg o and k() in terms of the degrees and heights
of a, b, where (a, b) is a pair of representative for . Conversely, we have the
following.

Lemma 7.3.1. Let A\ € K* and let o be a non-zero element of A. Let (a,b)
with a,b € Z[X1, ..., X,| be a pair of representatives for \. Put

dy := max(1,deg fi, ..., deg fi, deg a, deg b, deg \av),
hy :=max(1, h(f1), ..., h(far), h(a), h(b), h(Aa)).
Then o has a representative & € Z[ Xy, . .., X, ] such that

(2d2)exp O(rlog*r) hg,

dega
( ( d2>exp0(rlog*r)h72°+l.

\_/Q
IA A

If moreover o € A*, then a™! has a representative &' € Z[X, . .., X,] with

(2d2)exp O(rlog* r) h27
(2d2)eXp O(rlog™ r) hg+1.

In the special case with A = 1 and a = b = 1 we get the following
corollary which will be useful in some applications.

Corollary 7.3.2. Let o € A\{0}, and let

dy = max(1,deg f1,...,deg fi, deg ),
By o= max(L, (1), .- h(far), (@)

Then o has a representative o € Z[ Xy, . .., X,] such that

de eg o< (2d )exp O(rlog* r)h,27
( ) ( d )expO(rlog* r)hl;—&-l.

Proof of Lemma[7.3.1] With the identification of z; with X; fori = 1,...,¢
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we may view Ay as a subring of Z[ Xy, ..., X,]. Let Y := G, (3°5_, a; Xg4i)-
We have

D—1
Aa=Q Y Pu' (7.3.1)
i=0
with Py, ..., Pp_1,Q € Apand ged(Fy, ..., Pp_1,Q) = 1.Inview of (7.3.1)),
a € Z[X;, ..., X,]is arepresentative for « if and only if there exist g, ..., g €
Z[X1,...,X,] such that
m D—1
a-(Q-a)+> gifi=bY PY' (7.3.2)
i=1 i=0

We may consider (7.3.2) as an inhomogeneous linear equation over Z[ X7, . .., X,]
in the unknowns @, g1, . . ., gm,. By Lemmas [7.2.3] [7.2.4, [7.2.5| and [7.2.6| the
degrees and logarithmic heights of ()a and b Zfzgl PY" are bounded above

by

(2d2)exp0(r)’ (2d2)exp0(r)h2’

respectively. Theorem [6.1.5] implies that (7.3.2) has a solution with upper
bounds for deg &, h(), as stated in the lemma.

Now suppose that « € A*. Then (7.3.1)) gives as above that &’ € Z[ X7, ..., X,]
is a representative for ! if and only if there are g}, .. ., ¢, € Z[ X1, ..., X,]

such that
D—1 m
@by PY'+) gifi=Qa.
i=0 i=1

Similarly as above, this equation has a solution with upper bounds for deg a’,
h(a’) as stated in the lemma. O

We next deduce some estimates for the deg of elements from K, by
applying the results from Chapter [5| Let as above Ky = Q(Xi,...,X,),
K = Ky(y), 4 = Z[X1,...,X,], B = Z|Xy,..., X,,w, g "]. Choose an
algebraic closure K of K. Then there are precisely D K-isomorphic em-
beddings of K into K, which we denote by o +— o), j =1,..., D.

Fori =1,...,¢,letk; be the algebraic closure of Q( X7, ..., X;_1, Xi+1, ..., Xy)
in K. Then Ay is contained in k;(X;). Consider the function field

Li = Jkl-(Xi,w(l), c ,w(D)).
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This is the splitting field of the polynomial F(X) = XP+F XP~ 4. .+ Fp
over k;(X;). The subring

Bi = kl[Xla w(1)7 s 7w(D)7 gil]
of L; contains B = Z[X1, ..., X,, w, g~ '] as a subring. Define

We shall apply some estimates from Section [5.1] with X, k;, L; instead of
z,k, K. The height H, is taken with respect to L; /k;. For P € Ay we denote
by degy, P the degree of P in the variable X;. We recall that g from Propo-
sition and the coefficients i, ..., Fp of the polynomial F(X) from
Proposition are contained in Ay.

Lemma 7.3.3. For o € K we have
q D
dega < Z Al Z Hyp,(a9) + gD max(deg Fi, ..., deg Fp).
i=1 j=1

Remark. It will be convenient to have estimates in which only d and r occur.
Inserting the bounds for deg F; from Proposition and the estimate D <
d' from Lemma we obtain

degar < (2d)®PO0) 4 rd" max A7VHp, (D)), (7.3.3)
2y

where the maximum is takenoveri =1,...,u, 5 =1,..., D.

Proof of Lemmal7.3.3] Put
d* := max(deg F1,...,deg Fp).

We have

D-1

a=Q"! Z P’

j=0
for certain Py, ..., Pp_1,Q € A with ged(Q, Py, ..., Pp_1) = 1. It is clear
that

d_ega S Z?:l iy

(7.3.4)
where p; ;= max(degy, Q,degy, Fy, ... ,degx. Pp_1).
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Using the height properties listed in Section 5.1} we now estimate iy, . . ., jq

from above. Fix i € {1,...,¢}. By taking conjugates over K, we infer
D-1
a® = Q' P (w), for k=1,...,D.
=0

(]-7 SR 1)a (w(l)a s 7w(D))a R ((w(l))D_17 T (w(D))D_l)’

By Cramer’s rule we get P; /() = §;/9, where 0 = det {2 and §; is the determi-
nant of the matrix obtained by replacing the j-th row of Q by (V) ... o).

Gauss’ Lemma implies that P, ..., Pp_1, () are relatively prime in the
ring k;[X;]. Hence by (5.1.10) (with X; in place of z) we obtain

hom (Q PO,...,PDfl).

But (4, 41, . .., dp) is a scalar multiple of (Q, Fy, . .., Pp_1). Combining (5.1.9)),
(3.1.11) and inserting [L; : k;(X;)] = A;, we deduce that

i = ATTHP™(Q, Py, ..., Pp_y) = ATYHP™(6,61,...,6p).  (71.3.5)

We now estimate from above the right-hand side. It follows that for every
valuation v of L; /k;

— min(v(d), (51) ,0(0p))
< DZmanv 2 Zmln()v ),
7=1
and then summation over v gives

D D
Hyo™(8,01,...,0p) < DY Hp,(w9)+Y " Hp, (o). (7.3.6)

j=1
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A combination of (5.1.14)), (3.1.11), (5.1.10) yields

) (F)

7

D
A7YY Hp(wY) = ATHEN(F) = HEY,
j=1
= max(degy, F1,...,degy, Fp) < d*. (7.3.7)
Together with (7.3.5), this gives
D
pi < Dd*+ A7 Hp (o),
=1

Now these bounds for i = 1,...,q together with (7.3.4) imply our lemma.
[

We have the following converse of Lemma([7.3.3]

Lemma 7.3.4. Let o € K* and oV, ..., a'P) be as in Lemma Then

max A7 Hy (oY) < 2D dega 4+ D max(deg Fi,...,deg Fp). (7.3.8)
Z?J

This is a slight refinement of Lemma 4.4 in Bérczes, Evertse and Gydry
(2014).

Remark. Inserting the bounds for deg F; from Proposition and the esti-
mate D < d* from Lemma[7.2.3] we obtain

max A7 H, (o) < (2d)*PO0) 4 24" deg ov. (7.3.9)
2y

Proof of Lemma Define again
d* := max(deg Fi, . ..,deg Fp).

Consider the representation of « of the form (7.2.7).Then we have

D-1

o) = Q! Z Py p(wE for j=1,...,D,
k=0
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since P, and @), are in K. Using (5.1.7) and (5.1.8), we get

D—-1
Hy, (D) <Y Hy, (Pak/Qa) + > kHy, (w?). (7.3.10)
k=0

However, we have

HLi<Pa,k/Qa) S Aini(Xi)(Pa,k/Qa> S Az<degxl Pa,k + degxi Qa)
S Al(deg Pa,k + deg Qa)
< 2/, deg a. (7.3.11)

Further, it follows from the proof of (7.3.7)) and from Lemma [7.2.3] (i) that

D-1
() < , < T 3.

; kHy, (w?) < DA; max degy, Fi < DAd (7.3.12)

Now (7.3.10), (7.3.11) and (7.3.12)) give (7.3.8). [

7.4 Specializations

In this section we first prove some results about our specialization homomor-
phisms from B to Q, where B denotes the overring of A from Proposition
727

If ¢ = 0, no specialization argument is needed. Hence, in this section we
assume that ¢ > 0. We start with some auxiliary results that are used in the
construction of our specializations.

Lemma 7.4.1. Let ay,. .., € QwithG(X) := (X —a) -+ (X — ) €
Z[X]. Then

h(G) — Z h(a;)] < mlog?2.

Proof. This is a special case of Corollary [4.1.5] O

Lemma 7.4.2. Let o, ..., o, € Q be distinct and suppose that G(X) =
(X —aq) (X — ap) € Z[X]. Let q, po, - - . , Pm—1 be integers with
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ged(Qava s 7pm71) =1 andput

m—1
Bi=> (pj/q)el fori=1,....,m.
j=0
Then
log max([ql, [pol, - -, [pm-1]) < 2m* + (m = DA(G) + > _ h(B:).
=1

Proof. For m = 1 the assertion is obvious, hence we assume m > 2. Let
L=Q(a,...,qn). Denote by Q the m x m matrix with rows (o, ..., a’ )
fori =0,...,m— 1. By Cramer’s rule we get p; /¢ = 0;/d,i=0,...,m—1,
where 0 = det (2 and ¢; is the determinant of the matrix obtained by replacing
the i-the row of Q by (f;, ..., fm). Put

M= logmax(\q], |p0|7 B ‘pm—1|>‘

Since (9, do, ..., 0m_1) is a scalar multiple of (g, po, - - ., Pm_1), Wwe have by
@.1.4) and (4.1.6)

n = hhom(q7p07 s 7pm—1) = hhom((sa 507 ce 75771—1)

1
=7 ; log max(|d]v, [dolo, - - - [Gm—1]v)- (7.4.1)
Ve L

Estimating the determinants using Hadamard’s inequality for the infinite places
and the ultrametric inequality for the finite places, we get

max([0]v, [Gofv, - - s [0m-1lv)

< m™me /2 H maX(L |Oéi|v)m71 ’ maX(L ’BZ|1))
1=1

for v € My, where s(v) = 1if v is real, s(v) = 2 if v is complex, and
s(v) = 0 if v is finite. Together with (7.4.1) this gives

i< gmlogm + Y ((m — h(as) + h(B:)).

=1
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Combining this with Corollary [4.1.5|we get Lemma|[7.4.2] O

Let again Ay = Z[X1,...,X,]. Given b € Ag, u = (uq,...,u,) € Z? we
denote by b(u) the image of b under X; — u; i = 1,...,¢q).

Lemma 7.4.3. Let b € Ay have degree D. Let N be a finite subset of Z of
cardinality > D. Then

[{ue N : b(u) =0} < DN,

Proof. We proceed by induction on g. For ¢ = 1 the assertion is obvious. Let

q > 2. Write
Do
b= bX],
=0

where b; € Z[Xy,...,X, 1] and bp, # 0. Then degbp, < D — Dy. By
the induction hypothesis, there are at most (D — Dy)|N |72 - |N] tuples
(Ury. .o ug—1,uy) € N9 with bpy(us,...,u,—1) = 0 and u, arbitrary. Fur-
ther, there are at most |A|2~" - Dy tuples u € N9 with bp, (u1, ..., us—1) # 0
and b(uy,...,u,) = 0. Summing these two quantities implies that b has at
most D|N|4~! zeros in N9 O

For f € Ay = Z[X;,...,X,] and p € Mg = {oco} U {primes}, we
define | f|, to be the maximum of the | - |,-values of the coefficients of f.

Lemma 7.4.4. Let by, by € Ay have degrees D1, Ds, respectively, and let N
be an integer > max(1, Dy, Dy). Define

S:={ue?Z: |ul <N, byu)#0}.
Then S is non-empty, and
b1, < Ul max{|bi(u)], : u € S} forp € Mg, (7.4.2)

where Uy, = (4N)P1, U, = (2N)P* if p is a prime with p < 2N, and U, = 1
if pis a prime > 2N.

Proof. We proceed by induction on g, starting with ¢ = 0. In the case ¢ = 0
we interpret by, by as non-zero constants. Then the lemma is trivial. Let ¢ > 1.
The lemma is obviously true if D; = 0 so we assume D; > 1. Put

Cp := max{|b;(u)|, : ue S} forp € Mg.
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Write
D} D,
by=Y biXJ, by=> byX
j=0 =0

where the by j, by j belong to Z[X, ..., X, 1] and by p;, by p, # 0. By the
induction hypothesis, the set

Sl = {u' c qul : ]u’\ S N, b27'Dl2<u/) 7£ 0}
is non-empty and moreover,

max |by;], < UZ'C, for p € Mg,
0<j<D) (7.4.3)
where C;, := max{|b; ;(0')|, : v’ €8, j=0,...,D}}.

We fix p € Mg and estimate C;, from above in terms of C,. Take u’ € &'
such that C;, = maxo<;<p; |b1;(0')|,. There exist at least 2N + 1 — D; >
Dj + 1 integers u, with |u,| < N such that by(u’, u,) # 0. Let ay, . . ., ap;
be distinct integers from this set. Using Lagrange’s interpolation formula we
obtain

D) D)
X, —a;
,Xq):Zblj( Zblu a; (H aq_a >
j=0 i=0 J ¢
i#]

First, consider p = co. The coefficients of a polynomial [ ;" (X — ¢;) with
c1,...,cm € Chave absolute values at most [ [, , (1 + |cx|). Hence

1 D
r_ / .
Coo = g, (W) < G 3 T1 01+ o)
J 7
i#]

< Coo (D} + 1)(N 4+ 1)P' < UpeCos.

Now let p be a prime and let k& be the largest integer such that p* < 2.
Then for all ¢, j with 0 < ¢ < j < D} we have

(2N)~! ifp < 2N,

il >R >
i = ajly = p —{1 ifp> 2N,
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and thus,

D/
= < I <
C, = ogjlg}é' by (0, < Cp Ogni%, H |a; — ail,” < ULC,.
1753
So C,, < U,C,, for all p € Mg. Combining this with (7.4.3) we obtain (7.4.2).

]

We now define our specializations B — Q and prove some properties.
These specializations were introduced by Gyory (1983, 1984) and, in a refined
form, by Evertse and Gy6ry (2013); see Chapter 3]

We recall that in this section ¢ > 0 is assumed. Apart from that we keep
the notation and assumptions from Section[7.2] In particular,

Ag=Z[X1,..., X, Ko=Q(Xy,...,X,),
K=Q(Xy,...,X,,w), B=Z[Xy,...,X,,w,g7"],

where g € Ay is the polynomial from Proposition[7.2.7, w is integral over Ay
and w has minimal polynomial

F(X):=XP+ FXP 4o Fp € Ag[X]

over K. By construction, A C B*, where A is the finite set from Proposition
[7277] Inthe case D = 1, wetakew = 1, F = X — 1.

Let d;, hy be the quantities from Proposition|7.2.7/and k the cardinality of
A. Further, define

ds := max(d,deg Fi,...,deg Fp), ds:= max(ds,degg) (7.4.4)
hs := max(h, h(Fy),...,M(Fp)),  hq = max(hs, h(g)). o
By Propositions[7.2.5|and [7.2.7| we have
dy < (24)PO0),dy < (k -+ 1)(2d,)000), .
hy < (2d)"POMh,  hy < (k+1)(2d,)"PO0 . o
Further, we will frequently use the consequence of Lemma @),
D <d". (7.4.6)
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Letu = (uy,...,u,) € Z%. Then the substitution X; — uy,..., X, — u,
defines a ring homomorphism (specialization) from a subring of K to Q

Pu - (XHO((U) : {bl/bg : bl,bQ EA(), bg(u) #O} —>@

We want to define ring homomorphisms from B to Q and for this, we have
to impose some restrictions on u. Let A z denote the discriminant of F (with
Ar :=1if D =degF = 1), and let

Then 7 € Ay. Since Ax is a polynomial of degree 2D — 2 with integer
coefficients in 1, . .., Fp, we deduce easily that
degT < (2D — 1)ds + dy < 2Ddy. (7.4.8)

Assume that

T (u) # 0.
Then g(u) # 0 and the polynomial
Fo=XP+ F ()X + -+ Fp(u)

has D distinct zeros which are all different from 0, say w;(u),...,wp(u).
Thus, for j =1, ..., D the assignment

X1 =, .., Xy = uy, w— w;(a)

defines a ring homomorphism ¢, ; from B to Q; in the case D = 1 it is just
. The image of o € B under ¢, ; is denoted by o;(u). We recall that the
elements o of B can be expressed as

)

a=Y (P/Q)w" with relatively prime Py,...,Pp_1,Q € Ag. (7.4.9)

i

I
=)

Since a € B, the denominator ) must divide a power of g. Hence Q(u) # 0.
Thus we have

D—

aj(u) = (Pi(u)/Q)w;(u), j=1,...,D. (7.4.10)

=0

[asry

166



Clearly, (, ; is the identity on B N Q. Hence, if « € BN Q, then ¢, ;(«) has
the same minimal polynomial as « and so it is conjugate to .

Foru = (u1,...,u,) € Z9, we put |u| := max(|ui], ..., |u,|). It is easy
to show that for any b € Ay, u € 79,

log |b(u)| < qlogdegb + h(b) + deg blogmax(1, |ul). (7.4.11)

In particular,

h(Fu) < qlogds + hs + dslog max(1, |ul) (7.4.12)
and so by Corollary
D
Z h(wj(u)) < D+ 1+ qlogds + hs + d3logmax(1, [u|).  (7.4.13)
j=1

Define the algebraic number fields K, ; := Q(w;(u)),j =1,...,D. We
derive an upper bound for the discriminant Dy, . of Ky ;.

Lemma 7.4.5. Let u € Z% with T (u) # 0. Then for j = 1,..., D the field
Ky j has degree [K, j : Q] < D and absolute discriminant

[Dic,.,| < D*P7 (dle"s max(1, [u])%)?"~2.

Remark. Inserting (7.4.5), (7.4.6) we obtain
log | Dk, ;| < (2d)=PO) (h 4 log max(1, [ul)). (7.4.14)

Proof. Letj € {1,...,D}. As observed above, w,(u) is a zero of F,,, which
is a monic polynomial in Z[X| of degree D. Hence [K; : Q] < D. To esti-
mate the discriminant of K, ;, let P; denote the monic minimal polynomial of
w;(u) over Q, which necessarily has its coefficients from Z. Then Dy, ; di-
vides the discriminant of P;, which is the discriminant of the order Z[w;(u)].
Using the expression of the discriminant of a monic polynomial as the product
of the squares of the differences of its zeros, it is easy to see that the discrim-
inant of P; divides that of F,, in the ring of algebraic integers and so also in
Z. Denoting the latter discriminant by A, we infer that Dy, ; divides A in Z.

It remains to estimate from above |A|. We can express this as a determi-
nant similar to (7.2.14), replacing n by D and ay, . . ., a, by the coefficients
of F,. Hadamard’s inequality gives that the absolute value of this determi-
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nant can be estimated from above by the product of the Euclidean norms of
its rows. Letting H denote the maximum of the absolute values of the coeffi-
cients of F,,, this leads to

Al < (D + 1)(D—2)/2(12 TR D2)D/2H2D_2
= (D + 1)(D—2)/2( D(D + 1)(2D + 1))D/2H2D_2
< D2D—1H2D—2

1
6

provided that D > 3. For D = 1, 2, the inequality |A| < D?*P~'H?P=2 can be
verified by direct computation. Inserting (7.4.12), i.e., H < dieh max(1, |u|)%,
we arrive at

[A] < D*P7H(dge™ max(1, u)™)*P 72,

This implies our lemma. [

Finally, we state and prove two lemmas which relate () to the heights
of a;(u) fora € B,u € Z9.

Lemma 7.4.6. Let u € Z9 with T (u) # 0. Further, let « € B. Then for
j=1,....D
h(aj(u)) < D? + ¢(Dlog dz + log deg o)+
+ Dhs + h(a) + (Dds + deg o) log max(1, |ul).
Remark. Inserting (7.4.5), we derive the estimate
h(aj(u)) < h(a) + (2d)™* 90 (b + (deg o + 1) log max(1, [u])). (7.4.15)

Proof. Let Py, ..., Pp_1,Q be as in (7.4.9). Let L = Q(w;(u)). We denote
by M the set of places of L, and | - |, (v € M) the corresponding absolute
values normalized as in Section 4.1 Then for v € M, we have

laj(w), < D*VT, max(1, Jw;(w)],)” ",

where s(v) = 1 if v is real, s(v) = 2 if v is complex, s(v) = 0 if v is finite,
and

T, = max(L, |R(w)/Q()]v, . - -, [Pp-1(u)/Q(u)]).
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Hence

1

h(a;(u)) <log D + .

> logT, + (D — Dh(w;(w).  (7.4.16)
vEM,

We infer that

1
: Z log T, = h(FPo(u)/Q(u), ..., Pp_1(u)/Q(u))
Q2
veEM[
= hhom(Q(u)v PO(u)a s 7PD—l<u))
< log max(|Q(uw)[, [Fo(u)l,. .., [Pp-1(u)])
< qlogdeg o + h(a) + deg o - log max(1, |ul).
Combining this with and (7.4.16)), the lemma follows. O

Lemma 7.4.7. Let o« € B, a # 0, and let N be an integer such that
N > max (deg o, 2Dds + 2(q + 1)(ds + 1)).

Then the set
S:={ueZzZ:|u <N, T(u)#0}

is non-empty and

R(a) < (6N)"H(hy + H),
where H := max{h(c;(u)) : ueS,j=1,...,D}.

Remark. In view of (7.4.5), (7.4.6) we may take here
N = max(deg a, (k + 1)(2d,)*P "), (7.4.17)

and get an upper bound

h(a) < (2d,)*PO0 (k4 1) + deg a)?°(hy + H), (7.4.18)
where k = |AJ, with A the set from Proposition[7.2.7]

Proof. Lemmas [7.4.4] and our assumption on N imply that S is non-
empty. We proceed with estimating h(a). Let Py, ..., Pp_1,Q € Ay be as in

(7.4.9). We analyze () more closely. Let
g:j:plfl-...~pfn’"gf1-...-g£”
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be the up to the sign of the irreducible factors unique factorization of g in A,
where py, ..., p,, are distinct prime numbers, and gy, ..., g, are irreducible
elements of A, of positive degree with g; # +g; forall 7, j with1 <1 < 5 <

n. By Corollary we have

> lih(g:) < qdy + ha. (7.4.19)

=1

Since o € B, the polynomial () is also composed of p1, ..., Pm, 91, -, Gn-
Thus

Q = aQ’' with a = :tplfl1 cphe Q= g{l g (7.4.20)
for certain non-negative integers £, ..., k. .0}, ... 0 . Clearly

U+ -+ 0, <degQ < dega < N,

and by Lemma(7.2.1and (7.4.19)

WQ') < qdegQ+ > Lih(g:) < N(q + gds + ha)
=1

< N?(hg +1). (7.4.21)
By virtue of (7.4.11)) we have foru € S

log|Q'(u)| < gqlogdy + h(Q') + deg Qlog N
< 3Nlog N + N2(hy + 1) < N*(hy +2).
Hence
WQ' (w)ay(w) < N*(hy +2) + H
forue S,j=1,...,D.Further, by and we have

D—-1

Q' (wa;(u) = > (Pi(u)/a)w;(u)"

=0

Set
d(u) := ged(a, Py(u), ..., Pp_1(u)).
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Then by applying Lemma([7.4.2] together with we infer that
log ( 22<(al [Po(w)], -, |Pp1(w)])
o(u)
<2D*+ (D — 1)h(Fy) + D(N*(hs +2) + H)
<2D?+ (D —1)(qlogdy + hy + dylog N) + D(N?(hy +2) + H)

< N*(hy +2) + DH. (7.4.22)
Our assumption that @), Fy, ..., Pp_; are relatively prime in Ay implies
that the greatest common divisor of a and the coefficients of Fy,..., Pp_1

is 1. Let p € {p1,...,pm} be one of the prime factors of a. There is j €
{0,...,D —1} such that | P;|, = 1. Our assumption on N and implies
that N > max(deg 7, deg P;). This means that Lemma can be applied
with g; = P; and g = 7. It follows that

if p < 2N,

(2) -
P; rueSt>
max{|P;(u)], : u }—{1 if p > 2N,

that is, there is u, € S with

2N)~N  if p < 2N,
|Pi(ay)], > (28) 1 b=
1 if p>2N.
Thus,
2N) N ifp < 2N,
|6(uy)]p > {i ) ?fp— . (7.4.23)
if p>2N.

Foru € S, let P, be the set of primes p dividing a with u, = u, and P}, the

set of primes p € P, with p < 2N. Then by (7.4.22)), (7.4.23)) we have for
ues,

> loglal,! <logla/é(w)| + ) log|d(u)[,"

PEPu pEP

< N3(hy +2)+ DH + |P)] - ¢N log 2N.
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Summing over u € S, using that |S| < (3NV)9, we get

log |a] < (3N)4(N?(hy +2) + DH) + 2¢N?log 2N

< (3N)"(hy + H). (7.4.24)
Together with (7.4.20) and (7.4.21)) this gives
WQ) < (AN)T(hy + H). (7.4.25)

Further, the right-hand side of provides also an upper bound for
log d(u) for u € S. A combination of this with gives

logmax{|P;(u)| : u €S, j=0,...,D—1} < (5N)"*(hy + H).
Another application of Lemma yields
h(P;) < qNlog4N + (5N)"*(hy + H) < (6N)**(hy + H)

for j = 0,..., D — 1. Together with this gives the upper bound for
h(c) as claimed in our lemma. O

7.5 Multiplicative independence

We prove a general effective multiplicative independence result for elements
of a finitely generated field.

Recall that non-zero elements 74, ..., of a field are called multiplica-
tively independent if there is no tuple (b1, ...,bs) € Z° with at least one of
the b; not equal to 0, such that 7 ... b =1,

We start with a result over number fields, and with the help of the special-
ization theory worked out above, we extend this to arbitrary finitely generated
fields.

We state and prove a result on multiplicative dependence over number
fields due to Loxton and van der Poorten (1983), which is not the strongest
one available at present, but which amply suffices for our purposes. By d,
we denote the degree of a number field L and by w;, the number of its roots
of unity. Further, m(dy,) denotes the height lower bound from Lemma [4.1.2]
with d replaced by d..

Lemma 7.5.1. Let L be an algebraic number field, and let 7y, . . . , s be non-
zero elements of L such that 7y, . . ., vs are multiplicatively dependent, but any
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s elements among o, . . . , Vs are multiplicatively independent. Then there are
non-zero integers k., . . . , ks such that

ko ks __
fyo ...f}/ss_ ,

ki < s!-wpm(dp) *h(y0) -+ h(7s)/h(vi) for i = 0,...,s.

Remark. Loher and Masser (2004, Cor. 2.3) obtained the asymptotically
sharper upper bound, based on an idea of Kunrui Yu,

k| < 58(sle®/s¥)d5  (logdr)h(yo) - - - h(7s) /(i) for i =0, ..., s.

Proof. We follow Loxton and van der Poorten. The result is trivially true if
s = 0 so we assume that s > 1. By assumption, there are non-zero integers
bo, ..., bs such that

Yl =1 (7.5.1)
Without loss of generality,
lbo| - h(0) > |bi| - h(y;) fori=1,...,s. (7.5.2)
The tuple (by, . . ., bs) is uniquely determined up to a scalar factor, because if
(b, ..., V) is any other tuple of non-zero integers with 786 .+-4% =1, then
(bl oot _ g

and thus, bib; — bob; = 0 fori = 1,..., s by the multiplicative independence
of vi,...,7s.

Let (0))r>0 be a sequence of positive reals increasing to m(dy,). For every
k, consider the (s + 1)-dimensional symmetric convex body, consisting of the
points (zg, ..., r,) € R with

Z h(%‘)

This body has volume 25!, so by Minkowski’s convex body theorem it con-
tains a non-zero point 1, € Z*™!. But among the points 1;, (¥ > 0) there are
only finitely many distinct ones, since they all lie in a bounded set indepen-
dent of k. Hence there is a non-zero 1 = (ly, ..., l;) € Z**! belonging to the

T — g—éxo‘ < Oy, 20| < SI0°h(7) - - (7).

173



above defined convex bodies for infinitely many £. But then this point satisfies

Z h(%)

b o] < m(dy). b < st-m(de) () by,

(7.5.3)

Fori =0,...,s,choose f; such that 3% = ~;. By (T.5.1)), ¢ := & - - - g%
is a root of unity. From the height properties (4.1.3) we infer

h(,y(l)o . ,Yis) _ h(,y(l)o .. .,yésc—lo) — h(ﬁfoh—bﬂo . 520%—1)510)

S S bz
<D h(B)lboli = bilo| = Y h(y)[li = 3Elo| < m(dy).
=1 =1
So by Lemmald.1.2, 4 - - - 4% is a root of unity. It follows that 70 - - - ys = 1,
where k; := wgl; forv = 0,...,s. Since we assumed that any s elements
among 7y, - . . , Vs are multiplicatively independent, the integers ky, . . . , ks are

all non-zero.
It remains to estimate ky, . . ., ks. By (7.5.3) we have

|ko| < stwpm(dy)™*h(71) -+ h(7s)-

Further, (ko, . .., k) is up to a scalar multiple equal to (bo, . . ., bs), and so, in
view of (/.5.2), we have for: =1,...,s,

|Ki| =

O | < staopm(dy) () -+~ h(3)/h ).

bi

%ko‘ <

This proves our lemma. 0
We prove a generalization for arbitrary finitely generated integral domains.

As before, let A = Z[zy, ..., z:] 2 Z be an integral domain finitely generated

over Z with quotient field K, and suppose that the ideal Z of polynomials
f € ZXy,...,X,] with f(z1,...,2,) = 0 is generated by f1,..., fa. Let

Y0, - - -, Vs be non-zero elements of K, and fori =0, ..., s, let (¢;1,¢9:2) be a
pair of representative for ~;, i.e. elements of Z[ X7, ..., X,| such that

_ gi,l(Zh ey ZT)

' gi,2(217"'7zr>
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Proposition 7.5.2. Assume that ), . . . ,vs are multiplicatively dependent. Fur-

ther, assume that fy, ..., far and g;1,gi2 (1 =0, ..., s) have degrees at most
d and logarithmic heights at most h, where d > 1,h > 1. Then there are
integers k, . .., ks, not all zero, such that
yEo L yke =, (7.5.4)
k| < (2d)*POT+ORS for i =0,.. ., s. (7.5.5)

This is Lemma 7.2 of Evertse and Gy6ry (2013).

Proof. We may assume without loss of generality that any s elements among
Yo, - - -, Vs are multiplicatively independent (if this is not the case, take a min-
imal multiplicatively independent subset of {7, ..., s} and proceed further
with this subset). We first assume that ¢ > 0. We use an argument of van der
Poorten and Schlickewei (1991). Keeping the above notation and assumptions
from Chapter we assume that 2; = Xy, ..., 2, = X, is a transcendence ba-
sis of K, and rename 2,1, ..., 2, aS Y1, . . ., Y, respectively. For brevity, we
include the case ¢ = 0 as well in our proof. But it should be possible to prove
in this case a sharper result by means of a more elementary method. We keep
the notation and assumptions from Section[7.2] in particular,

A(] = Z[Xl, ce ,Xq], K() = @(X17 PN ,Xq), K = @(Xl, ce ,Xq,w),
where w is integral over Ay and w has minimal polynomial
F(X) =X+ FXP +. 4+ Fp € AglX]

over Ky. In the case D = 1, we take w = 1, F = X — 1. We construct
a specialization such that among the images of vy, ..., s no s elements are
multiplicatively dependent, and then apply Lemma

Let V' > 2d be a positive integer. Later we shall make our choice of V'
more precise. Define the set

V= {v=(vy,...,vs) € Z°T\{0} :
lv;] <V fori=0,...,s, and with v; = 0 for some i}. (7.5.6)

Then

Yy 1= <H7> —1(veV)
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are non-zero elements of K. It is easy to show that for v € V, =, has a pair of
representatives (g1 v, g2v) such that

deg g1,v, deg gov < sdV.

In the case ¢ > 0, there exists by Proposition[7.2.7|a non-zero g € Ay such
that
ACB:=Afw, g7, weEB forveV

and
degg < Vs+l(28dv)exp0(r) < VexpO(r+s).

In the case ¢ = 0 this holds true as well, withw = 1and g = [] .\, (g1.v-92.v)-
We apply the theory of specializations explained in Section[7.4|above with this
g. We put T := AxFp - g, where A x denotes the discriminant of F. Using

Proposition and inserting the bound D < d' from Lemma we get
fort > 0:

{ dy = max(d, deg Fy, ..., deg Fp) < (2d)O0) (75.7)

(
hs := max(h, h(F1),...,h(Fp)) < (2d)eXpO(T)h,

with the provision deg 0 = h(0) = —oco; this is true also if ¢ = 0. Combining
this with Lemma([7.2.8] we obtain

deg T < (2D — 1)ds + deg g < VePOUr+s),
By Lemma([7.4.3| there exists u € Z? with
T(u) #0, [u <VepOrts) (7.5.8)

We proceed further with this u.

As was seen above, v, € B* for v € V. By our choice of u, there are D
distinct specialization maps ¢, ; (j = 1,..., D) from B to Q. We fix one of
these specializations, which we denote by ¢,. Given o € B, we write «(u)
for pyu (). As the elements v, are all units in B, their images under ¢,, are
non-zero. Thus we have

[T #1forvey (7.5.9)
=0

where V is defined by (7.5.6).
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We use Lemma to estimate the heights h(v;(u)) fori = 0,...,s.
Recall that by Lemma we have

degy < (2d)7P°0), h(y) < (2d)** Ok

fori = 0,...,s. By inserting these bounds and that for |u| from into
(7.4.15)), we obtain fori = 0,...,s,

h(vi(u)) < (2d)eXPO(T)(1 + h + logmax(1, |ul))
< (2d)POUT) (1 + h 4 log V). (7.5.10)

We show that any s numbers among 7o(u), . . ., 7s(u) are multiplicatively
independent, provided V' is chosen appropriately. Assume the contrary. By
Lemma there are integers ko, . . ., ks, at least one of which is non-zero
and at least one of which is 0, such that

H’%(u)kl =1,
1=0
ki < (2d)"PCUH) (1 4 h+1logV) ! fori=0,...,s.  (7.5.11)

We now choose V' large enough such that this upper bound for the numbers
|k;| is smaller than V. This is satisfied with

V = (2d)POr+s)ps-l (7.5.12)

where the constant in the O-symbol in (7.5.12) is sufficiently large compared
with that of (7.5.11). But then we have [ [}_, 7;(u)" = 1 forsome v € V, con-
trary to (7.5.9). Hence we conclude that with the choice for V, there
exists u € Z? with (7.5.8), such that any s numbers among yo(u), ..., 7s(u)
are multiplicatively independent. Of course, the numbers v (u), . .., vs(u) are
multiplicatively dependent, since they are the images under ¢, of Yo, ..., s

which are multiplicatively dependent. Substituting (/.5.12)) into (7.5.10) we
obtain

h(yi(n)) < (2d)*POC+)p for i =0,...,s. (7.5.13)
Now Lemma implies that there are non-zero integers ko, ..., ks such
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that

[ =1, (7.5.14)
=0
k| < (2d)*POT+9ps for i = 0,.. ., s. (7.5.15)
Our assumption concerning o, - . . , Vs implies that there are non-zero in-

tegers (o, . .., (s such that [[°_,~/" = 1. Hence [[;_,7v:(u)® = 1. Together
with this yields

[T wyerte =1,
1=1

However, we have (yk; — (;kg = 0 fori = 1,..., ssince vy (u),...,vs(u) are
multiplicatively independent, that is,

lo- (koy. .., ks) =ko- (Lo, ..., 0s).
It follows that

[T =¢
1=0

for some root of unity (. But ¢,(¢) = 1 and it is conjugate to (. Hence
¢ = 1. So in fact we have [[;_, vf" = 1 with non-zero integers k; satisfying
(7.5.13). This proves our Proposition, but under the assumption ¢ > 0. If
g = 0 then a much simpler argument, without specializations, gives h(7;) <
(2d)*POr+s)p forj = 0, ..., s in place of (7.5.13). Then the proof is finished
in the same way as in the case ¢ > 0. [

Corollary 7.5.3. Let vo,71,...,7s € K*, and suppose that ~,,...,7s are
multiplicatively independent and

Jo =l ool

for certain integers k1, . .., k. Let d, h be as in Proposition Then
ki| < 2d)POUTIRS fori=1,...,s.
Proof. By Proposition[7.5.2] and by the multiplicative independence of v, . . .
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there are integers ¢, . . ., /s such that

f[vfi =1,
=0

lo #0, 6] < (24O ps for § =0, ...

But then we have also )
loki—L; __
[0 =1
i=1

whence (yk; — ¢; = 0fori=1,...,s. It follows that

ki = [/ 0o] < (2d)POUFIRS fori=1,...

which is what we wanted to prove.
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Chapter 8

Degree-height estimates

Let as before A be an integral domain of characteristic 0 that is finitely gener-
ated over Z, K its quotient field, and K an algebraic closure of K. We intro-
duce so-called degree-height estimates for elements of K, which may be seen
as an analogue for the naive height (height of the minimal polynomial over
Z) of an algebraic number. Our goal is to give a degree-height estimate for
B € K in terms of degree-height estimates for o, . . ., au, € K, if 3 is related
to the o; by P(B, 04, ...,0a,) = 0 for some given P € Z]X, X1,..., X,
that is monic in X. Estimates of this type will be crucial in Chapter

8.1 Definitions

We keep using the following notation: A = Z[zy, ..., 2] with r > 0 is an
integral domain of characteristic 0, K is its quotient field, and K is an al-
gebraic closure of K. Further, Z is the ideal of f € Z[Xy,...,X,] with
f(z1,...,2.) =0, so that

A=Z[Xy, ..., X, ]/T. (8.1.1)
We assume again that

Z={(f1,-.., fm) with deg f; <d, h(f;) < hfori=1,..., M,
whered > 1, h > 1. (8.1.2)

We now introduce the notion of degree-height estimate. Given a monic
polynomial G € K[X], we call (go, ..., gn) a tuple of representatives for G
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inga---7gn EZ[Xl,...,XT],go QIand

G:Xn+gl(zly...,zr)Xn_l_i_”._i_gn(Zl,...,ZT).
go(z1,. .5 2r) go(z1, -y 2r)
We write
G < (d*,h")

if G has a tuple of representatives (go, - . . , g, ) With total degree deg g; < d*
and logarithmic height h(g;) < h* fori = 0,...,n, and call (d*, h*) a degree-
height estimate for G.

In case that G is a monic polynomial in A[X], we call (g1,...,9,) an
integral tuple of representatives for G if gy,..., 9, € Z[X1,...,X,] and

G:X"—{—gl(zl,...,zr)X"_l + -t (21,0, 20).

We write .
int
G < (d*,h")
if G has an integral tuple of representatives (g1, ..., g,) with degg; < d*,
h(g;) < h*fori=1,...,n.

Let o € K. We denote the monic minimal polynomial of a over K by
F,. We denote by di(«) the degree of a over K, i.e., the degree of F,,. We
define a tuple of representatives for « to be a tuple of representatives for F,.
We write

a =< (d*,h") if F, < (d*,h")

and call (d*,h*) a degree-height estimate for «. In case that F,, € A[X],
an integral tuple of representatives for F,, is also called an integral tuple of
representatives for «, and we write

a X (d5 1Y) if Fiy = (d, B,
In particular, if « € K then o < (d*, h*) if a has a pair of representatives

each of which has total degree at most d* and logarithmic height at most h*,

while if o € A, then « 13 (d*, h*) if o has a representative of total degree at
most d* and logarithmic height at most A*.

We should mention here that there Moriwaki (2000) developed a sophis-

ticated height theory for points in projective space P" (K ), based on Arakelov
intersection theory, which may be seen as an analogue of the theory of abso-
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lute Weil heights over P"(Q). We preferred to keep our presentation down to
earth and to use the naive degree-height estimates introduced above. It would
be of interest to figure out how our degree-height estimates relate to Mori-
waki’s height.

As mentioned above, our aim is to give a degree-height estimate for 5 € K
in terms of degree-height estimates for vy, ..., a,, € K, if 3 is related to the
a; by P(B,aq,...,a,,) = 0 for some given P € Z[X, Xy,...,X,,] that is
monic in X. We outline our procedure. Consider the polynomial

ni Nm,

G(X) = H H P(X,ocgil),...,aﬁm)),

i1=1 im=1

where a,@j) (7 =1,...,n;) are the conjugates of o; over K, fort =1,...,m.
The polynomial GG is monic and by the theory of symmetric functions, its co-
efficients belong to K and can be expressed in terms of the coefficients of the
monic minimal polynomials of o4, ..., a,, over K. This enables us to derive
a degree-height estimate for GG. The polynomial G has /3 as a zero and thus, is
a multiple of the monic minimal polynomial of 3, but in general it is not equal
to this minimal polynomial. To get a degree-height estimate for the minimal
polynomial of 3, hence of [ itself, we use estimates for degree-height esti-
mates of the factors in K[X] of a given polynomial in K[ X|. We will derive
such estimates in Section[8.2] In Section [8.3] we derive the degree-height esti-
mate for [ in the way explained above, and give some further applications.

8.2 [Estimates for factors of polynomials

We obtain explicit degree-height estimates for the monic divisors in K[X] of
a given monic polynomial in K [X]. Probably this would have been possible
by making explicit arguments from Seidenberg (1974). We have chosen to use
instead the specialization theory developed in Sections [7.2H7.4] We keep our
assumptions that A = Z[z, ..., z,] and that the ideal Z of f € Z[ X1, ..., X,]
with f(z1,...,2,) = 0 is generated by polynomials f,. .., fa with (8.1.2).
We assume again that z; = X;,...,z, = X, is a transcendence basis of K,
and write
Ag=2Z[X1,..., Xy], Ko=Q(Xy,...,X,).

We will work with a domain B = Ag[w, g~!] as in Proposition where
we take A = {Ax}, with Az the discriminant of the polynomial F from
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Proposition(7.2.5] so that A € B*. Since g € Ag and since w is integral over
Ay, we have in fact

Ar € KoyN B* = Aylg 1" (8.2.1)

We take the quantities dy, h; defined in Proposition In our situation we
have
dy = max(d,deg Ar), hy = max(h, h(Az)).

By estimates completely similar to those in Lemma we have
deg Ar < (2D — 2)d",
h(Az) < (2D — 2)<log (202((“1;+ )+ h*),
where
D =K : Ky, d" = max(degFi,...,deg Fp), h* = max(h(F1),...,h(Fp)).

Invoking the estimates D < d" implied by Lemma and those for deg F;,
h(F;) from Lemma|7.2.5] we obtain

dy < (2d)*PO0) | hy < (2d)"POMp, (8.2.2)

We start with some preparatory lemmas.
Lemma 8.2.1. The above domain B is integrally closed.

Proof. Denote by = — 2z (i = 1,. .. D = [K : Kj]) the Ky-isomorphic
embeddings of K in an algebraic closure K, of K. Let 5 € K be integral
over B. Then 3 is integral over Ag[g~']. We have

D—1
B=> b withby,...,bp_s € Ky
j=0
and thus,
D-1
Bl = bj(w(i))j fori=1,...,D.
=0
Viewing this as a system of linear equations in by, . . . , bp_1, we get by Cramer’s
rule,

bj=A,;/A forj=0,...,D—1,
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where A = det ((w(i)>j_1)i:1 D, j=0,....D—1
nant obtained by replacing (w¥)’~! by 3% for i = 1,..., D. Using Vander-
monde’s identity A” = ], _,p(w") — w*))* = Az, we obtain

and where A; is the determi-

bj:Aj'A/A]: fOI'jZO,...,D—]..

Clearly, A;A € K. Recall that the polynomial F is monic in Ay[X], so w
is integral over Ay. Hence the w® (G =1,...,D) are integral over Ay. Fur-
ther, 3 is integral over B, hence over Ay[g~'], and so the 5% (i = 1,..., D)
are integral over Ag[g~']. It follows that A;A is integral over Ag[g~'], and
so it belongs to Ag[g™!] since the latter is a localization of a unique factor-
ization domain, hence integrally closed. Together with (8.2.1)) this implies
bj € Aolg~!]forj =0,..., D — 1. We conclude that 5 € B, as required. []

Lemma 8.2.2. Let ' € B[X] be a monic polynomial, and G € K|X| a monic
polynomial that divides F in K[X]. Then G € B[X].

Proof. Forcertainay,...,a, € K wehave F = (X —ay) - (X —a,), G =

(X —aq)- - (X —ap). Since ay, . . ., ay, are integral over B, the coefficients
of GG are also integral over B. These must belong to B, since B is integrally
closed. 0

We are now ready to prove our result concerning the degree-height esti-
mates of the factors of a given polynomial.

Proposition 8.2.3. Let d5 > d, hs > h and let F € K[X] be a monic poly-
nomial of degree n > 2 with F' < (ds, hs). Then for each monic polynomial
G € K[X] dividing F we have

G < ((nd5>oxp0(r)’ (nd5>CXpO(T)h5).
Proof. We can write F' = X"+(ay/ag) X" '+ - -+(a,/ag) where ag, . . ., a, €
A, ap # 0, and a; has a representative a; with dega; < ds, h(a;) < hs, for
i=0,...,n.Define F*(X) := ay F(X/ap). Then
FY(X)=X"+a;X" ' +---+a wherea] :=a;a, ' fori=1,... n.

Clearly, F* € A[X] C B[X] and by Corollary 4.1.6, a; (i = 1,...,n) has a
representative a; with

dega; < nds, h(a?) <n(rds+hs) fori=1,... n. (8.2.3)
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Together with Lemma[7.2.6] this implies

dega; < (nds)*P°" fori=1,...,n, (8.2.4)
h(a?) < (nds)*P°Whs fori=1,. (8.2.5)

Let G € K[X]be amonic divisor of F' of degree m, say, and set G*(X) :=
af'G(X/ap). Then G* is a monic divisor of F* in K'[X], so by Lemma([8.2.2]

G* € B[X], G := F*/G* € B[X]. (8.2.6)

Write
GHX)= X"+ b X" o b

Then

G(X)=ay"G (apX)
= X"+ (bragH)X™ 4 bhag 2 X" 2 4+ bEap™ (8.2.7)

We first estimate d_egbj fori = 1,..., m by making a reduction to func-
tion field heights. For £ = 1, ..., ¢, let k; be the algebraic closure in K of
Q(Xl, R ,Xk_l, Xk—i—l; . ,Xq), and

Lk = kk<Xk7 U)(l), tee 7w(D)>7 Ak _ [Lk kk(Xkﬂ

where w), ... w(P) are the conjugates of w over K. From (8:2.4), (7.3.9).
with the notation as in Lemma([7.3.4] we deduce

A Hy, ((a))9) < (nds)™ O

fork=1,...,¢,5=1,...,D,i=1,..., m. The polynomial G* divides F™*

in L[ X], so by (5.1.13) and (5.1.14),
A H (09)Y) < (nds)™ 0,
which together with (7.3.3) yields
degb? < (nds)*P°") fori=1,...,m. (8.2.8)

The next step is to estimate h(b?) for i = 1,..., m. Inequalities (8.2.3)),
(7.4.15) imply that fori = 1,...,n,j = 1,..., D and for each u € Z? with
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[uf < (nds)** O, T (u) # 0,

h((a;);(w)) < (nds)*P 7" hs,

)

where (a;);(u) is the image of a} under the specialization homomorphism
¢y ;- By (8.2.6), this homomorphism is also defined on the coefficients of
G*,G™. By applying ¢, ; to the coefficients of G* and G™*, we see that the
image of G* under ¢, ; divides the image of F* in K, ;[X]. Now we infer

from Corollary 4.1.4]and inequality (4.1.5),
h((b7);(w)) < (nds) ™" by

fori=1,...,m,j=1,...,Dandu € Z2 with [u] < (nds)*®°", T (u) #
0, where (b;);(u) is the image of b} under ¢, ;. An application of inequality

with k = 1, using (8.2.2), (8.2.8)), then gives
h(b) < (nds)*POThy fori=1,. (8.2.9)

Inequalities (8.2.8)) and (8.2.9) mean that there are P, g, ..., P, p_1,Q; € Ao
such that

D-1
=Q;"' Z P jw’ with
=0

deg P, ;, deg Q; < (nds)™P°") h(P;;), h(Q;) < (nds)*P°"hs (8.2.10)

fori=1,...,n,7=0,...,D—1.The P, jand (); belong to Ay = Z[ X1, ..., X,] C
Z[X . ¢ ] Let w be the representative for w from (7.2.6). From (8.2.10),

and some computations, using Lemmalé_l I, 7. it follows that (by, . . ., bm),
given by

—Go Ql Qm7
ag" ’HQkZR]w fori=1,.
k;éz

is a tuple of representatives for G with

degb; < (nds)™°") | h(b;) < (nds)*®°Dhs fori=0,... m.
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This proves Proposition 8.2.3] N

8.3 Consequences

Given degree-height estimates for certain elements o, ..., a,, of K, and
given P € Z[X, X1, ..., X,,], we derive a degree-height estimate for 3 satis-
fying P(5, a1, ..., ap,) = 0. Further, we give a degree-height estimate for a
primitive element of a given finite extension K (s, . .., a,,) of K. Lastly, we
give degree-height estimates for solutions of systems of linear equations with
coefficients from K. These results are all consequences of the work from the
previous section, together with a simple estimate for symmetric polynomials
that we deduce below. The quantities d, h satisfy (8.1.2).

Let X; = (X;1,...,X;n,) (@ = 1,...,m) be blocks of variables. The
block Y; = (Yi1,...,Y;,,) of elementary symmetric polynomials in X, is
given by

XM Y*i’lxnifl 4ot (_1)712}/;7“1 — (X _ Xi,l) .. (X — Xl,m)

Let R be any commutative ring with 1. A polynomial F' € R[X;,...,X,,] is
called symmetric in X4, ..., X,, if

F(O’l(X1>, e 7Um(Xm)) = F(Xl, e ,Xm)

for each tuple (o4, ...,0,,), with o; a permutation of the variables in X,
forz = 1,...,m. By the theory of symmetric polynomials, such F' can be
expressed as

F(Xy,...,. X)) = F"(Yq,....,Y,)

where '™ is a polynomial with coefficients in R. Further, if F' has total de-
gree D, then F*™ is an R-linear combination of monomials [[" T, yln,

with
m np
>N hkiy <D. (8.3.1)
i=1 h=1

We define the scalar product of any two tuplesa = (a; : 1 € ), b= (b;: i €
I') with entries in some commutative ring by (a,b) = > ., a;b;.

Lemma 8.3.1. Let F' € R[Xy,...,X,,]| be of total degree D and symmetric
in the blocks X1, ..., X,,. Denote by f the tuple of non-zero coefficients of F.
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Then

Ssym T T k;
F Yy, Yo) =) (s B [T Yin"
k i=1 h=1
where the sum is taken over all tuples k = (k1 1, ..., kmn,,) of non-negative

integers with (8.3.1), and where sy is a tuple with entries in 7. of absolute
value at most 3P+m++nm,

Proof. For a tuple of non-negative integers j = (ji1,-- -, Jmmn,,) We write
X3 =TT T X35 Y3 =TT TTh, Yi" . For a tuple of non-negative
integers k = (k11,. .., kmn,) With k; 1y > -+ >k, > 0fori =1,...,m,
let Ji be the minimal set of tuples of non-negative integers j = (j11,- - -, Jm.nm)
such that k € Jj and

Feo:=) X

jeJxk

is symmetric in Xy, ..., X,,. Then
F= Z JiFx
Kk

where fy € R and the sum is taken over those tuples k with

]{52122]@77“20 forizl,...,m, iik17h§2}

i=1 h=1

By the theory of symmetric polynomials, F°™ has its coefficients in Z. It
suffices to show that these coefficients have absolute values at most 3¢+,
where n :=ny + -+ nyand € =Y > | k; . We have

™Yy Yo) =) A5
Jj

where the sum is over the tuples j = (j1 1, . - ., Jm.n,, ) Of NOn-negative integers
with 337, >0 e jin < &, and the £ are integers. Let D, denote the set
of vectors z = (21,1, ..., Zmn,,) € C" with |2z, ;| < rfori=1,...,m, h =
1,...,n;. Let v be the circle with center 0 and radius 1 in the complex plane,
traversed counterclockwise. Recall thatif z; 1, ..., %, Yi1, .- -, Yin, € Care
such that X™ —y; 1 X" 4+ (= 1)y, = (X — ;1) - -+ (X —x5,), then
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maxy, |2, < 1+ maxy, |y; 5| This leads to

f %Fsym f[}i[ ]1h 1d2m

< sup |[F(y)| < sup [Fi(x)]

yeD; x€D>
cq n+€—1 P
£ n+&— £ n+eé— k E4n
<2< (M) DO ()2 e
k=0
as required. [
Before proving the result mentioned in the beginning of this section, we
make a simple observation. Let « € K CIf (9o, - - -, gn) is a tuple of repre-
sentatives for «, i.e., for its minimal polynomial F,, over K, then clearly its
reverse (g, - - ., go) is a tuple of representatives for o~ 1. This shows that

< (d*,h*) & o' < (d*, h"). (8.3.2)

We now state and prove the main result of this section. In the somewhat
elaborate computations, we use the properties of heights and lengths of poly-
nomials, stated in (4.1.7)), (4.1.8) and Lemma[4.1.7

Proposition 8.3.2. Let P € 7Z[X, X1, ..., X,,| be such that
degy P > 1, P ismonicin X
and let oy, . .., oy, € K be such that
degy a; =mn;, a; < (dg,hg) fori=1,...,m,
where dg > d, hg > h. Lastly, let 5 € K satisfy
P(B,a1,...,a,) =0.
Then

degy f < (degx P) - ny---nim,
< (R0, RO + ).

where Ry :=2m -ny---n,, -deg P - dg.
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Proof. The estimate for deg, /3 being clear, we proceed with computing a
degree-height estimate for 3.

For i = 1, o.M, let Xl = (Xz',la . ,Xi’m.) and let Yl = (Y;’l, Ce ,Y;‘?m)
be the elementary symmetric polynomials in X;. Consider the polynomial
QX Xy, ... Xp) =[] - T] PX, Xuhis - Xoninn)-
hi=1  hm=1
This is symmetric in X4, ..., X,,, hence

Q<X7X17 s 7Xm) = stm(XaYla s 7Ym)7

for some polynomial Q*¥™ with integer coefficients. For i = 1,...,m, let
(Gi0, - - - gin;) be a tuple of representatives for F,, in Z[ X1, ..., X,], with

deggivh S dG, h(gz,h) S h6 for h = 1, ceey Ny (833)

Then the monic minimal polynomial of a; over K is given by

gzh Blye-vs )
F, = X" + xmh
' Zglo Zl)"'a

Let agh) (h = 1,...,n;) be the conjugates of a; over K. Further, let b; :=

(bi1,. .., bin,)be the tuple of elementary symmetric functions of 04(1) o o™,

)

Then b, = (—1)"g; j(z1,. .., 2:)/gio(z1, ..., 20) for h =1,...,n;. Clearly,

I I Pex.ol™, ... alt™) = @¥™(X, by, .., by) = G(X)

hi1=1 hm=1

is a monic polynomial in K'[X] with G(3) = 0. By replacing Y; , by (—1)"g; »/gi.0
fori=1,...,m,h=1,...,n;in @™ we obtain a polynomial G in X with
coefficients in Q(X1, ..., X,). By substituting z; for X, in Gfori=1,...,r

we obtain again GG. Clearing the denominators of G we get a polynomial

F = (gl,o e 'gm,o)dengymé

deg Q7™ mn
2 (Zak JITII u”) €ZIX, Xy, X,],  (83.4)
k=0 u i=1 h=0
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where the inner sum is taken over tuples u = (ui,...,Unn,,) of non-
negative integers with » ., u;, = mdeg Q™™ and the a,(u) are up to sign
coefficients of ()*™. According to the definition we have

G < (deg F, h(F)).

Since G € K[X] is monic and G(3) = 0, the monic minimal polynomial Fj
of B over K divides G. So by Proposition[8.2.3]

/B =< ((Qd*)exp()(r)7 <2d>i<)exp0(r)h*)7
where d* := deg G - max(d,deg F'), h*:=max(h,h(F)). (8.3.5)

We estimate the right-hand side of (8.3.3) from above. Let n := ny+-- -+
Nm + 1 and D := deg P, H := H(P). We have

deg@Q =D -ny-- ny,

L(Q) < L(P)nl...nm < ((D;H)H>n1mnm7

where in the second estimate we used (4.1.7) and (4.1.8). From Lemma 8.3.1]
we infer

deg Q%™ <D -nqy---nyy, (8.3.6)
H(Qm) < 3P (PR ) (83.7)

D
Using (8.3.6) we get
degG <D -ny---ny

and, using (8.3.3), (8.3.4), (8.3.6)),

deg FF < mdeg Q¥ (dg + 1) < (m+ 1)Dny - - - nyy, - ds,

leading to

d* < (m+1)(Dny -+ n,,)3ds. (8.3.8)

192



For the height of I’ we get, using @.1.7), @.1.8), (8.3.7)), (8.3.3), (8.3.4),

H(F) < L(F) < L(stm)(%x L(gia)) "™

<P (P () g () s

)mDn1~~-nm

Using n < 2m - nq - - - Ny, this leads to
h(F) <5mD -ny - ny(log(D +n) +r+ds + h(P) + he),

which is clearly an upper bound for ~A*. By substituting this bound and the
upper bound for d* from (8.3.8)) into (8.3.3) we arrive at

Fy < <R§XPO(T), Rixpo(r)(h(P) + h6)>~
This proves Proposition [8.3.2] O

Corollary 8.3.3. Let Q € Z[X,, ..., X,,| be a non-constant polynomial, and
let aq,...,qp, € K be such that

degy a; =ny, a; < (dg,hg) fori=1,...,m,
where dg > d, hg > h. Then degy Q(ay, ..., ) < ny- - ny,, and
Qo am) < (REPOV, REPO(R(Q) + ho)).
where Ry :=2m - ny -+ - nyy, - deg Q - dg.
Proof. Apply Proposition[8.3.2)with P = X — Q(X1, ..., Xp). O
Corollary 8.3.4. Let o, o, . .., o, € K be such that

ap € L:=K(ag,...,an),
degy a; =mn;, a; < (dg,hg) fori=0,...,m,

where dg > d, h¢ > h. Put £ := [L : K] and
Rs:=2m-ny---ny-dg, Ry:=2m-ni’---ny™ -dg.
(i) There is 0 € L such that L = K(0), 0 has monic minimal polynomial
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Fy € A[X] over K, and

int

0 < (REXPO(T)7 REXPO(T)h6)'
(ii) We have oy = Z]g:_g p;0?, where

pi €K, p; < (RY®OD RPN forj=0,...,€—1.

Proof. We start with some preliminaries, before proving (i) and (ii).

Let 01,...,0¢ : L < K denote the K-isomorphic embeddings of L.

Denote by a,gl), e ,a,(c"’“) the conjugates of oy, over K, for k =0,...,m.

There are rational integers ay, . . ., a,, with |a;| < > fori = 1,...,m,
such that the quantities ) 7", a;oi(y) (@ = 1,...,&) are pairwise distinct.

Let v := > 7 aja;. Then o;(v) (i = 1,...,&) are pairwise distinct, and

thus, L = K (7). By applying Corollary with Q := a1 X1+ - -+ @, X,
we get
7 =< (RSO0, REPOCp).

That is, there are g; € Z[X1,...,X,] (i = 0,...,&) such that for the monic
minimal polynomial F’, of v over K we have

E, =X+ (b1/bg) X 4 -+ + (be/by), with
bi == gi(z1,..., %),
deg g; < RSO () < REPOpg fori=0,....E. (8.3.9)

(i) Let 0 := bg~y. Then L = K (), 6 has monic minimal polynomial
Fy = b5 Fy(X/by) = X& + by X+ boboy X672 + -+ + 05 be € A[X]
over K, and by Lemma[.1.7] applied with the polynomials g;,
0 m<t (Rg"po(’“’, Rg"po“)h@.
This proves (i).
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(ii) There are ¢; € K (j = 0,...,& — 1) such that

£-1
a0 = a7
j=0

Hence

£-1
oi(ap) :qu-ai(v)j fork=1,....m,i=1,...,&.

Jj=0
By Cramer’s rule, we have

q]‘:Aj/A fOI‘j:O,...,g—]_,

-----

by replacing o;()’ by o;(ag), fori = 1,..., €. We clearly have
£-1 '
ap =Y piB# withp; = A;/(Ag)) forj=0,...,€ - 1. (8.3.10)
=0

Using 0;(y) = Y.~ aoi(ay), we see that both A; and A are polynomials
with integer coefficients in a(()l) e a(()n‘)), e a%), ce afﬁm). These polyno-
mials have degrees at most £2. Further, a similar computation as carried out
in the proof of Proposition[8.3.2] using (4.1.7), (4.1.8)), shows that these poly-
nomials have logarithmic heights at most O(£? log(2m&?)) with the implied
constant being absolute. Using Corollary and £ < ny - - - nyy, this shows
that

Ao, ..., Ae_1, A < (REPOM) RexpO)p

while (8.3.9) gives by Z (REPOM) REPOUILY. Now applying (8:3.2) and
Corollary to (8.3.10), using the estimates for A;, A, gy just established,
we arrive at

p; < (REPOV) REPOUIp Y forj=0,..., — 1.

This proves (ii). [

Corollary 8.3.5. Let k, [ be positive integers, A = (o j)iz1,. kj=1,..1 a kX
l-matrix and b = (By,...,0,)" a k-dimensional column vector, both with
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entries in K, satisfying

degy o, j < n;j, o < (d7, hy), degy Bi <ni, Bi < (dr, hr)
fori=1,... k, j=1,...,1,

where d; > d, hy > h. Suppose that
Ax=b 8.3.11)
has a solution x = (1, ...,1;)" € AL Then (83.11)) has such a solution with

int

z; = (REPOUIE )y, REPOUIE D raly for i — 1,1, (83.12)

where Rs := (Hle Hé‘:1 n?37> : (Hle n?‘) 2kldy.

Proof. Let L be the extension of K generated by the «; ; and the 3;, for ¢ =
1,....,k,j=1,...,l,and put £ := [L : K|. By Corollary [8.3.4] there exists
0 € L such that L = K(6), 6 has monic minimal polynomial Fy € A[X],
and moreover, there exist a; b, € K, fori = 1,...,k, j = 1,...,1,
h=0,...,€ — 1 such that

£-1 E-1
g = aiind", Bi=> bind",
h=0 h=0
foreo=1,....k, j=1,...,1,

and

Qi jns bip < (REXPO(T), REXpo(r)hﬂ
fori=1,...)k, j=1...1, h=0,...,E — 1.

This means that

Gijn(21 - 2) gz, 2)
Qi = ) bi,h = . .\
9ign(21, s 2) gz, )
where g; ;,, 97 1 9i.;» 9. ; are polynomials from Z[X,, . . ., X, ] of total degree
at most RSP ") and logarithmic height at most R™P " hy,, fori = 1,... k,

j=1,...,1,h=0,...,& — 1. Take the product of the denominators of the
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@i,j.h> Dijs

ko1 E-1
<HHHgl]h21,..., ) <HHg Zlyevey & >
i=1 j=1 h=0 i=1 j=1
and put
i = Colijn, Uiy = cobip foralli, j, h.
Then the a; ; ,, b}, all belong to A and by Lemma we have
a;j’h; b;h (RexpO RexpO(r h )
fori=1,....k j=1,...,1, h=0,....6 —1. (8.3.13)
Writing
Ap = (ai;p)i=1, ke, j=1,ts B = s b))
we get
£-1 £-1
A=) 0"A;, cb=> 0"by.
h=0 h=0

Therefore, the solution set in x € A’ of (8:3-T1)) is equal to that of

£-1 -1
D 0" Ax = 6"y,
h=0 h=0

whence to that of

Apx =by forh=0,...,& — 1, (8.3.14)
since 1,0, ...,0° ! are linearly independent over K. Let :4vh th consist of
representatives in Z[ X1, ..., X,] of the entries of A, by, which by (8.3.13)

we may choose of total degrees at most RE™ ") and logarithmic heights at

most RSP ;. Then system (83.14) is equivalent to
A X =by, (modZ) forh=0,...,€ — 1,

to be solved in X € Z[ X1, ..., X, ]!, where the components of X are represen-
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tatives for the components of x, and we can rewrite the latter system as

—_— ~

M
AX=bp+ > fiyin (h=0,...,6—1)
=1

with solutions

—~——

(X, ¥1.00 > Yme1) € Z[Xy, ... ,Xr]l(Merl),

where { fi, ..., far} is the set of generators for Z that we have chosen in the
very beginning. Note that this system contains altogether

kool k

e <3(IT1T) - (110)
i=1 j=1 i=1

linear equations, and that each coefficient of this system is a polynomial in

Z[X1,...,X,] of total degree at most RS °") and logarithmic height at most

REPPT) . So by Theorem [6.1.5] if this system has a solution with coordi-
nates in Z[ X7, ..., X,], then it has such a solution, of which each coordinate
has total degree and logarithmic height at most

Rgxp O(rlog*r) h7 Rgxp O(rlog*r) h;—i_l
respectively. This implies that system (8.3.14), hence the original system (8.3.11)

we started with, has a solution x = (z1,...,7;)7 € A' with (8:3.12). This
completes the proof of Corollary [8.3.5] O
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Chapter 9

Proofs of the results from Sections
2.2H2.5; use of specializations

In this chapter we prove the general effective theorems from Chapter[2jon unit
equations, Thue equations, hyper- and superelliptic equations and the Catalan
equation over finitely generated domains of the form A = Z|[zy, ..., z,].

We consider our equations over a more convenient finitely generated over-
ring B of A, constructed in Chapter[7} Then, to prove our theorems, we reduce
our equations first to the function field case and then to the number field case
by means of the effective specializations described in Chapter 7]

Sections and[9.3]are devoted to unit equations, Thue equations and
hyper- and superelliptic equations, while Section [9.4] deals with the Catalan
equation. Using some results from Chapter [7] in Section [9.1] we first reduce
the estimates of the sizes of appropriate representatives of the solutions x, y
in B resp. in B* to bounding the degrees degz, degy and heights h(z), h(y),
introduced in Chapter[7] Then, by means of the effective results from Chapter
5] concerning the corresponding equations over function fields we derive in
Section bounds for deg x, deg . Finally, combining the effective special-
izations presented in Chapter [7] with the corresponding effective results from
Chapter [] over number fields we give in Section [9.3] effective upper bounds
for h(z), h(y) which completes the proof of our general effective results over
finitely generated domains.

As was pointed out in Section [2.5] in case of the Catalan equation it is
enough to derive an effective upper bound for the unknown exponents. In
Section [9.4) we combine the corresponding effective results from Chapters
and [5| over number fields resp. function fields with a simplified version, used
by Brindza (1993) and Koymans (2017), of our general method to bound the
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exponents under consideration.

9.1 A reduction

For convenience, we repeat some notation and definitions. As before, let A =
Zlz, ..., 2] with r > 0 be an integral domain of characteristic 0 which is
finitely generated over Z, and let K denote its quotient field. Then we have

A~7X,, ..., X,]/T, ©.1.1)

where 7 is the ideal of polynomials f € Z[X}, ..., X,]suchthat f(z,...,z2,)
0. The ideal Z is finitely generated. Assume as before that

Z={(f1, .., fm) with deg f; < d, h(f;) <hfori=1,..., M,
where d > 1, h > 1. 9.1.2)

Suppose that K has transcendence degree ¢ > 0 over Q. If ¢ > 0, we assume
without loss of generality that z; = X, ..., z, = X, is a transcendence basis
for K /Q. We define as before,

Ay = Z[Xl,...,Xq], Ky := Q(Xl,...,Xq) if ¢ > 0,
Ay =17, Ky :=Q if g =0.

For ¢ > 0, Ay is a unique factorization domain. For f € Ay\{0} we denote
by deg f and h(f) the (total) degree and logarithmic height of f, where in the
case ¢ = 0 we put deg f := 0 and h(f) := log|f|if f € Z\{0}.

By Proposition there is a w € A, integral over Ay such that K =
Ko(w) and w has minimal polynomial F(X) = X? + F XP~! + ... + Fp
over K such that

F; € Ay, deg F; < (2d)™00) | h(F;) < (2d)™P90)p (9.1.3)
forj =1,..., D and, by Lemma(7.2.3|
D <d" wheret=r —q. (9.1.4)

In what follows, we fix such an element w. With every a € K we associate an
up to sign unique tuple P, o, ..., P, p—1, Qo from A, such that (7.2.7) holds,
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i.e.

D-1

a=Q." Y Pujuw with Qu #0, ged(Pa, ..., Pap-1, Qo) = 1.

j=0
Then, as in Section we define
deg a := max(deg P, . ..,deg Py p_1,deg Qu),
h(a) == max(h(Pao), -, h(Pap_1), h(Qn))-
We shall deal separately with unit equations, Thue equations and hyper-

and superelliptic equations.

9.1.1 Unit equations

We shall deduce our general Theorem [2.2.1] on unit equations from the fol-
lowing.

Proposition 9.1.1. Let g € Ao\{0} and put

dy := max(d,degg,deg Fi,...,deg Fp),

hy :=max(h, h(g), h(Fy), ..., h(FD)) O12)
Define the domain B := Ay|w, g~ ']. Then for every pair (£,1) with
e+n=1,eneB* (9.1.6)
we have
dege, degn < 4¢D%dy, (9.1.7)

h(€), h(n) < expO(2D(q + dy)(log™(2D(q + da)))? - ha).  (9.1.8)

The proof of Proposition 0.1.1] is given in the Subsections [0.2.1] [9.3.1]
In Subsection [9.2.1 we deduce the degree bound (9.1.7)). Here, our main tool
is Mason’s effective result on S-unit equations in function fields; see Mason
(1983) or Theorem [5.2.1]in Section [5.2] In subsection 0.3.1 we prove (9.1.8)
by combining with our general specialization method from Evertse and
Gydry (2013), as presented in Chapter[7], and with an effective result of Gydry
and Yu (2006) on S-unit equations over number fields; see also Theoremd.3.1]
in Chapter 4]
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We now deduce Theorem [2.2.1] from Proposition[9.1.1]

Proof of Theorem[2.2.1} Let a,b,c be the coefficients in the unit equation
(2.2.1), and a, b, ¢ the representatives for a, b, ¢ from the statement of The-
orem [2.2.1] Then by assumption

max(deg f1,...,deg far, deg a, deg b,degé) < d

and
max(h(fl)v Tt h(fM)> h(&), h(i))v h(é)) < h>

where d > 1, h > 1. Further, as was mentioned above, by Proposition m
and Lemma we have K = Ky(w) with w € A, integral over Ay, and w
has minimal polynomial F(X) = X? + F, XP~! + ... + Fp over K such
that (9.1.3) and (9.1.4)) hold.

In view of Proposition[7.2.7]there is a non-zero g € Ay such that

ACB:= Aw,g7'],a,b,cec B
and
deg g < (2d)"POM | h(g) < (2d)=POWp, (9.1.9)
Let (z, y) be a solution of equation (2.2.1) and put x; := ax/c, y; := by/c.

Then z; +y, = 1and 2,y € B*. By (T.4.5) we have d, < (2d)*?°") h, <
(2d)***©(") b, We apply now Proposition with € = 21,1 = y;. It follows

from Proposition[0.1.1] that
deg x1 < 4qd* (2d)*PO) < (2d)>P O™, (9.1.10)
h(z1) < exp((2d)POMp). (9.1.11)

We use Lemma with A = a/c, which is represented by (a, ¢). Choosing
a = a,b=cand a = x in Lemma |/.3.1, we have A\a = x1, and in view of

(9.1.10) and (0.1.11]) we have

dy < (2d)7PO0) hy < exp((2d)P "))
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We infer that z, v~! have representatives 7, 7’ in Z[ X1, . . ., X,| such that
deg i, deg @', h(%), h(%') < exp((2d)*PO"p).

In the same way one can derive similar upper bounds for the degrees and

logarithmic heights of representatives for y and yy~*. This completes the proof
of Theorem 0

In our proof of Theorem[2.2.3] given below, we need the following lemma.

Lemma 9.1.2. Let A =2 Z[Xy,..., X, |/(f1,..., fu) be an integral domain.
Let € A\{0}, and let § € Z[ X1, ..., X,] be a representative for (. Then

A[ﬁ_l] gZ[Xla'"aXhY]/(fla"'?fMal _§Y>

Proof. For f € A[Y], define f* := Y8/ f(Y~1). Then for f € A[Y] we
have

fBHY=0& f(B) =0« f*= (Y — B)h* for some h* € A[Y]
& f=(1-pY)h forsomeh € A[Y].

Now via the ring homomorphism A[Y] — A[37!] : f+ f(8~') we obtain
A[Y]/(1 — BY) = A[7"]. This implies

ZIX1, . X Y] (frs- L= BY) 2 A[Y]/(1— BY) =2 A[B7)].

]

Proof of Theorem[2.2.3] We keep the notation and assumptions from the state-
ment of Theorem[2.2.3] Fori =1,...,s, let

Q1= gi,l(Zh < '727“)7 /B’L = gi,2(217 c '727“)7

with a;, 5; € A so that v; = «;/f; and define the ring

A= Alayt, B0 a0t B,

s /7S

Then by repeatedly applying Lemma[9.1.2] we obtain

A2 ZIXy, . X Xpis o Xosas] /2,
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with

f :(fh cee vagl,er+1 - 1791,2Xr+2 - 1792,1Xr+3 - 1,92,2Xr+4 -1,
. . 798,1X7"+25—1 - 17 gs,ZXr+25 - 1)

Let (uq,...,vs) be a solution of (2.2.2) and put

e=]w n=]]"
=1 =1

Then 3
ac+bn=c, e,ne A"

By Theorem [2.2.1] ¢ has a representative € € Z[ X1, ..., X, 2] of degree and
logarithmic height both bounded above by

exp((2d)POU+9)p).
Now Corollary implies
lui| < exp((2d)*POU+9R) fori =1,...,s.

For |v;| (i = 1,...,s) we derive a similar upper bound. This completes the
proof of Theorem [2.2.3] O

9.1.2 Thue equations
As in Section let
F(X,Y)=ap X" +a; X" 'Y +---+a,Y" € A[X,Y]

be a binary form of degree n > 3 with discriminant Dr # 0 and let 6 €
A\{0}. Recall that for ay, . . . , a,, § we have chosen representatives dy, . . . , ap, 0
such that 0 and the discriminant Dz of ' := 37 (4, X "~J are not contained

inZ,and that f1, ..., fas, ao, - - ., Qn, 4 have degrees at most d and logarithmic
heights at most h where d > 1,h > 1.

Theorem [2.3.1| will be deduced from the following.

Proposition 9.1.3. Let g € Ao\{0} with the properties specified in Proposi-
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tion and consider the integral domain
A C B := Ag[w, g7 '], whered, Dp € B*. (9.1.12)

Then for the solutions x,y of the equation

F(z,y)=¢ inz,y€ B (9.1.13)

we have
deg x, degy < (nd)=PO") (9.1.14)
h(z), h(y) < exp(n!(nd)®POTp). (9.1.15)

Proposition[9.1.3| will be proved in Subsections[9.2.2][9.3.2]
We now deduce Theorem [2.3.1] from Proposition[9.1.3]

Proof of Theorem[2.3.1] Let x,y be a solution of equation (2.3.1) in A. In
view of (9.1.12)) z, y are also contained in B := Ag[w, g~'|, where w, g have
the properties specified in Proposition resp. in Proposition Then,
by Proposition 0.1.3] the inequalities (9.1.14) and (9.1.15) hold. Applying
now Corollary to x and y, we infer that x, y have representatives , y
in Z[ X1, ..., X,] which satisfy (2.3.2). O

9.1.3 Hyper- and superelliptic equations

Recall that as in Section 2.4} FI(X) = aoX™ + a1 X" ' + -+ 4+ a, € A[X]
is a polynomial with ay # 0 and with discriminant Dy # 0, that 6 € A\{0}
and that for ay, ..., a,,d we have chosen representatives day, . . . , dy, 6 from
Z[X, ..., X,] with degrees at most d and logarithmic heights at most & such
that ¢ and the discriminant of F' := > 0@ X "=J are not in Z.

We shall deduce Theorem [2.4.1] from the following

Proposition 9.1.4. Let g € Ao\{0} with the properties specified in Proposi-
tion[7.2.9| such that for the overring B := Aolw, g~'] of A, we have 6, Dy €
B*. Further, let m be an integer > 2, and assume thatn > 3 if m = 2 and
n > 2 if m > 3. Then for all solutions x,y of the equation

F(z)=0y" inx,y € B (9.1.16)
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we have

deg z,degy < (nd)®PO", (9.1.17)
m < (nd)**°") ify ¢ Q, (9.1.18)
h(z), h(y) < exp(m?(nd)>P°"h). (9.1.19)

We prove (9.1.17) and(©.1.18)) in Subsection[9.2.3|and (9.1.19) in Subsec-
tion[0.3.3
We now deduce Theorem [2.4.1| from Proposition[0.1.4]

Proof of Theorem Let z, y be a solution of equation (2.4.1)). In view of
A C B, the pair z,y is a solution also in B. Then, by Proposition [9.1.4] the

inequalities and (9.1.19) hold. Applying Corollary to x and v,
we infer that x, y have representatives 7, § in Z[ X1, . . ., X,] satisfying (2.4.2)).
m

Together with Proposition [9.1.4] the below proposition implies Theorem
2.4.7

Proposition 9.1.5. Suppose that equation (9.1.16) has a solution x,y with
y € Q such that y # 0 and y is not a root of unity. Then

m < exp ((nd)eXpO(T)h).
Proposition [9.1.5| will be proved at the end of Section
Proof of Theorem[2.4.2] Immediate from (9.1.18) and (9.1.19). O

9.2 Bounding the degrees

In this section we prove separately the inequalities from Proposition
from Proposition and from Proposition [9.1.4
The main tools will be Theorem [5.2.1] on unit equations, Theorem [5.4.1] on
Thue equations and Theorems [5.5.1] [5.5.2] on hyper- and superelliptic equa-
tions over function fields.

We recall some notation and introduce further notation. The case ¢ =
0 being trivial, in this section we assume that ¢ > 0. Let as above Ky, =
Q(Xl, ce ,Xq), K = K()(IU), Ag = Z[Xl, e ,Xq], B = Ao[w,g’l]. Choose
an algebraic closure K, of K. Then there are D K-isomorphic embeddings
of K into K which we denote by o — o), j =1,..., D.
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As in Section[7.3] let k; be an algebraic closure of Q(X1, ..., X;_1, Xj41, . ..

fori =1,...,q. Then Ay is contained in k;[X;]. Consider the function field
Li =ki(X;,w®, . wP), i=1,...q,

where w(") = w, ..., w”) denote the conjugates of w over K, in K. Then
L; is the splitting field of the polynomial F(X) = X + F, XP~1 ...+ Fp
over k;(X;) with F; € k;[X;], 7 = 1,..., D. The subring

Bi = kz[Xz, 'w(l), cee 7w(D)7 g_l]

of L; contains B = Z[Xy,...,X,,w,¢g '] as a subring. Put A; := [L; :
ki (X))

Let gz, /x, denote the genus of L; /k; and H, the height taken with re-
spect to L;/k;. By Lemma applied with k;, X;,k;(X;), L; instead of
k,z, K,L and with F = F = X + F XP~1 4+ ... + Fp, and using (9.1.3)
we obtain

9L,k < AjDmaxdegy, F; < A;D max deg F;. 9.2.1)
j j

Let S; denote the subset of valuations v of L;/k; such that v(X;) < 0 or
v(g) > 0. Every valuation of k;(.X;) can be extended to at most A; valuations
of L;. Thus L; has at most A; valuations v with v(X;) < 0 and at most
A; deg g valuations with v(g) > 0. Hence, using also (9.1.9)), we infer

1Si| < A+ Aidegy, g < Ay(1+degg) < Ay(2d)™PO). (9.2.2)
Since w, ..., w™ lie in L; and are all integral over k;[X,], they belong
to Og., i.e., the ring of S;-integers in L,. Further, g7! € Og,. Consequently, if
a € B= Aglw,g"'],thenal € Og, forj=1,...,D,i=1,...,q.
9.2.1 Unit equations

We now prove the upper bound in Proposition[9.1.1}

Proof of (9.1.77). Keeping the above notation, let (£, 77) be a solution of equa-
tion (0.1.6) e + 7 = 1 in e,n € B*. Then we have

e 4 ) =1, @ p0) ¢ Og forj=1,...,D
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and ¢ = 1,...,q. We apply Theorem [5.2.1] insert the upper bounds (9.2.1)),
(©.2.2) and use deg g, deg F; < d4 from (9.1.5) for j = 1,..., D. It follows
that for j = 1,..., D we have either ) € k; or

Hy,(e9) <|Si] + 291, %, — 2 < 3A;Dd,.

Of course, the last upper bound is valid also if ¢/) € k,. Together with Lemma
this implies
dege < ¢Ddy + q - 3Ddy < 4gD*d,.

For deg ) we obtain the same upper bound. This proves (9.1.7). O

9.2.2 Thue equations

Keeping the notation introduced at the beginning of Section we prove the
upper bound (9.1.14) from Proposition[9.1.3]

Proof of (9.1.14). Let x,y be a solution of equation (9.1.13). Put F’' := 6 ' F,
and let £"09) denote the binary form obtained by taking the j-th conjugates of
the coefficients of F'. Leti € {1,...,q},j € {1,...,D}. Then F'U) ¢
L;[ X, Y] and we get

FO0 y0) = 1 withz 40 € O
By Theorem [5.4.T| we obtain

max(HLi(x(j)), HLi<y(j))) < (8n + 62)HLi(F/(j)) + SgLi/ki + 4|SZ|
9.2.3)

We estimate from above the parameters occurring in this bound. We start with
Hy (F'9). Recall that F'(X,Y) = 6 *(agX™ + a1 X"7'Y + - + a,Y™).
Using the properties of heights from Section [5.1] and inequality (7.3.9), we
infer that

Hy (FY) = Hy,(ag”,.. ) < Hy (o)) + - + Hy,(a

(j))
< Ai(2d"(deg ag + - - - + deg a,,) + n(2d)>POM).

n

By Lemma

dega; < (2d)"P°) fori=1,... n.
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Thus

i(nd)™® 0. (9.2.4)

Next we estimate the genus gy, i,. Using (9.2.1)), Proposition and
Lemma([7.2.3] we deduce that

9.k < AiDmaxdeg Fj < A;(2d)™P 00, (9.2.5)
J

Lastly, we estimate |5;|. Combining Proposition with (9.2.2) we obtain

1Si| < Ay(nd)=PO0), (9.2.6)
Inserting the bound (9.2.4)), (9.2.3), (9.2.6) into (9.2.3)), we infer
max(Hp, (29, Hy, (y9)) < A;(nd)=PO0), (9.2.7)

In view of Lemma[7.3.3] the inequalities (9.2.7), D < d",q < r, and Propo-
sitions and we obtain

q D
d_egx < qD(nd>expO(T) + ZA;I ZHLZ(Q:U)) < (nd)expo(r)

i=1 j=1

and similarly for deg . This proves (9.1.14). O

9.2.3 Hyper- and superelliptic equations

Using the notation of Subsection [9.1.3] we prove the bounds in (9.1.17) and
(9.1.18)) from Proposition[9.1.4]

Proof of (9.1.17). We follow the proof of (9.1.14) in Proposition [9.1.3] and

use the same notation. In particular, k;, L;, S;, gr,, /i, , A; have the same mean-
ing and for « € B and j = 1,..., D the jth conjugate o'?) is the one cor-
responding to w'). Put F’ := §~'F, and let F'U) denote the polynomial ob-
tained by taking the jth conjugates of the coefficients of F”.

We keep the argument together for both hyper- and superelliptic equations
by using the worse bounds everywhere. Let , y € B be a solution of (9.1.16),
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where m,n > 2 and n > 3 if m = 2. Then we get
F’(j)(x(j)) = (ym, 20 4 e Og .

Combining Theorems[5.5.T|and [5.5.2] we obtain the generous bound

HLi(x(j))a mHLi<y(j)) < 16n2(HL¢(F/(j)) t 9Lk + |Sl‘)

For Hy,(F'"), g, x;, |S:| we have precisely the same estimates as (9.2.4),

(©.2.5) and (9.2.6). Then a similar computation as in the proof of (9.1.14)
leads to

Hp, (29, mHp,(y9) < Ay(nd)*>PO™. (9.2.8)

Now applying Lemma|/.3.3|and ignoring m for the moment we get, similarly

to the proof of (9.1.14))
deg,degy < (nd)*»°"

which was to be proved. 0

We proceed to deduce the upper bound (9.1.18) for m in the Schinzel-
Tijdeman equation. We need the following lemma, originally proved by Brindza
(1993). We have included another proof.

Lemma 9.2.1. We have .
i=1

Proof. Clearly, Q C N’ k;. To prove the reverse inclusion, let o € N{_k;.
Define the fields F; := Q(X1, ..., X;—1, Xit1,...,X,) (i=1,...,¢) and as
before Ky := Q(X1,...,X,).Fori =1,...,¢,let P, € F;(X) be the monic
minimal polynomial of « over F;, and let P € K;(X) be the monic minimal
polynomial of o over K. Then fori = 1,...,q, P divides P, in Ky(X). But
this is possible only if the coefficients of P lie in [F; forz = 1,...,¢q. So the
coefficients of P lie in NY_,[F;, implying a € Q. [

Proof of (O.1.18). Assume that in (0.1.16) y € Q. Then y ¢ k; for at least
one index ¢ by Lemma Since y € B C k;(X;,w) and [k;(X;,w) :
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ki;(X;)] < D, it follows that

Hp,(y) = [Li + k(X5 w)| Hyyx,0) () 2> [Li 2 (X5, w)]
> A;/D.

Together with (9.2.8) and D < d" (see Lemma (1)), this gives
m < (nd)eXpO(r)

which is (9.1.18). O

9.3 Bounding the heights, specializations

Combining our degree bounds established in Section [9.2] with the effective
specialization method from Chapter|/|and the corresponding effective results
from Chapter 4 over number fields, we derive effective bounds for the heights
h of the solutions of unit equations, Thue-equations and hyper- and superel-
liptic equations. As was seen in Section [9.1] this will complete our effective
proofs for the general version of our equations considered over finitely gener-
ated domains.

Before proving the height bounds, we recall again some notation and
collect some preparatory results from Chapters [7] and [4] Let as above A =
Z|z, ..., z.] be an integral domain of characteristic 0 finitely generated over
Z, K its quotient field, ¢ the transcendence degree of K, 21 = Xy,..., 2, =
X, algebraically independent over Q, and Ay = Z[X;,..., X ] if ¢ > 0,
Ay = Z otherwise. Let w € A with minimal polynomial F(X) = X? +
FiXP=1+ ...+ Fp € Ap[X] be as in Proposition A the discrimi-
nant of 7, g € Ag\{0}, A C B := Agw, g '] as in Proposition [7.2.7, and
T = AxFpyg as in (7.4.7). Moreover, in case of the Thue equation (9.1.13)
F(z,y) = ¢ and the superelliptic equation (9.1.16) F'(z) = dy™, we apply
Proposition with ¢ and the discriminant Dy of F' belonging to B*.

For u € Z? with T (u) # 0, the polynomial F,,(X) = XP+F; (u) XP~1+
-+« + Fp(u) has distinct zeros wy(u),...,wp(u) in Q which are all non-
zero. Consequently, for j = 1,..., D the substitution X; — uq,..., X, —
g, w — w;j(u) defines a ring homomorphism ¢, ; from B to Q. The image
of a € B under ¢y ; is denoted by a;(u). Then ¢, ;(B) is contained in the
algebraic number field K, ; := Q(w;(u)).

For a fixed j € {1,...,D} and a suitably chosen finite extension L of
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K, j, we let S denote the set of places of L which consists of all infinite
places and all finite places lying above the rational prime divisors of g(u).
Note that w;(u) is an algebraic integer and g(u) € O%. Thus ¢, ;(B) C Og
and ¢, ;(B*) C Of. Further, since §, Dp € B*, we have J;(u) # 0 and
Dp;(u) # 0.

As in Chapter 4] dr, Or, My, Dy, hy, 7, and Ry, denote the degree, ring
of integers, set of places, discriminant, class number, unit rank and regulator
of L. The absolute norm of an ideal a of Oy, is denoted by N (a).

If S consists only of the infinite places of L, we put Ps := 2,Qg =
2. If S contains also finite places, we let py, ..., p,, denote the prime ideals
corresponding to the finite places of .S and put

Pg :=max(N(p1),... N(pw)), Qs := N(p1, ..., Pw)- (9.3.1)

The S-regulator is denoted by Rg. In case that S consists only of the
infinite places of L it is just R, while otherwise

RS = hSRL H 10g N(pz),
i=1

where hg is a positive divisor of hy, see (.1.10). Further,
Rs < |Dy|Y*(log" | D)= (log* Qs)", (9.3.2)

Finally, in Subsections [9.3.2] and [9.3.3| we shall need the discriminant es-

timates from Lemmas . T.10 and A.T.111
In the proofs in Subsections 9.3.1,9.3.2]and 0.3.3| most of the above nota-
tion and results will be used without any further mention.

9.3.1 Unit equations
We prove the height bound (9.1.8).

Proof of (9.1.8)). Let ¢, 7 be a solution of equation (9.1.6). We first consider
the case ¢ > 0. Pick u € Z? with 7(u) # 0,let j € {1,...,D} and L :=
K, ;. Putting S as above, we have ¢, ;(B) C Og and ¢, ;(B*) C O%. Hence
it follows from (9.1.6) that

g;j(u) +nj(u) =1, ¢;(u), nj(u) € O, (9.3.3)
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where ¢;(u), (u) are the images of ¢, 7 under ¢, ;. Applying Theorem
witha = 8 =1, H = 1 to equation (9.3.3), we get

max(h(e;j(u)), h(n;(u))) < c1PsRs(1+log" Rg/log Ps) (9.3.4)

with
e = s2 92T (log(2s))d7 " (log* (2dy) P,

where s is the cardinality of .S.

We estimate from above the upper bound (9.3.4). By (9.1.5)), g € Ao\{0}
has degree at most d, and height at most h4. Hence

lg(n)] < die" max(1, |u|)™ =: R(u). (9.3.5)

Since dy, := [L : Q] < D, the cardinality s of S is at most D(1 + w) where w
denotes the number of prime divisors of g(u). In view of the inequality from
prime number theory w < O(log™ |g(u)|/log* log™ |g(u)]|), we obtain

Dlog" R(u)

From this it is easy to deduce that
c1 <expO(Dlog" Dlog* R(u)). (9.3.7)
We now estimate Pg and Rg. By (9.3.5) we have

Ps < Qg < |g(u)|P < expO(Dlog* R(u)). (9.3.8)

To estimate Rg, we use (9.3.2). Using Lemma([7.4.5|and d3 < dy4, we infer
that

|D| < D*P7(dle™ max(1, [u])*)?P~2 < exp O(Dlog* Dlog* R(u)),
and this gives
|Dp|2(log™ |Dp|)P~* < exp O(Dlog* Dlog* R(u)).
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Together with the estimates (9.3.6), (9.3.8)) for s and @, this yields

Rs < expO(Dlog* Dlog* R(u) + slog*log” Q)
< expO(Dlog* Dlog* R(u)). (9.3.9)

Collecting now (9.3.7)—(9.3.9), we infer that the right hand side of (9.3.4) is
bounded above by exp O(D log™ D log™ R(u)). So we obtain from (9.3.4) that

h(gj(u)), h(n;(u)) < expO(Dlog™ Dlog" R(u)). (9.3.10)

We apply Lemma [7.4.7| with N' := 4D?(q + d, + 1)°. From the already
established it follows that deg e, degn < N. Further, in view of d, >
ds wehave N > 2Dd3+2(dy+1)(¢+1). Hence indeed, we can apply Lemma
[7.4.7] with this value of N. It follows that the set

S:={uecZl: |u <N, T(u)#0}

is not empty. Foru € S, j = 1,..., D, we deduce from (9.3.5) and (9.3.10)
that

h(cj(u)) < expO(Dlog* D(qlogds + hy + dylog” N))
< exp O(NY%(log* N)? + (D log"* D)hy),

and so by Lemma(/.4.7
h(e) < exp O(NY?(log* N)?hy).

For h(n) we obtain the same upper bound. This gives for ¢ > 0.

Next assume that ¢ = 0. In this case Ay = Z, K = Q(w) is a number
field containing B = Z[w, g~ '], where w is an algebraic integer with minimal
polynomial F(X) = XP + F,XP~1 ... + Fp € Z[X] over Q, and g is
a non-zero rational integer. By assumption, log |g| < hy, log™ |F;| < hy for
j =1,...,D. Denote by wM ... w) the conjugates of w over Q and let
L := Q(wY) for some j. By a similar argument as in the proof of Lemma
we obtain | Dy | < D?P~1e2P=2)4_ The isomorphism defined by w
w") maps Q(w) to L and B to Og, where S consists of the infinite places of
L and of the prime ideals of Oy, that divide g. The estimates (9.3.5)—(9.3.9)
remain valid if we replace R(u) by . Hence for any solution ¢, 7 of (9.1.6)

WD), h(n?) < exp O((Dlog" D)hy),
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where ¢), nU) are the jth conjugates of ¢, 7, respectively. Now an application
of Lemma|(7.4.2)lwith G = F,m = D, 3; = ¢ gives

h(e) < expO((Dlog" D)hy).

We obtain the same upper bound for h(n), whence (9.1.8)) follows. The proof
of Proposition has been completed. [

9.3.2 Thue equations

Concluding the proof of Theorem [2.3.1] it remains to prove (9.1.13) from

Proposition[9.1.3]

Proof of (9.1.13). Let x,y be a solution of equation (9.1.13) in B. Consider
first the case ¢ > 0. We keep the notation of Chapter [/| and that of the intro-
duction of Section[9.3] Recall that 7 = ArFpg and, by (7.4.5)) and (7.4.8),

deg T < (nd)e"po(”.

Choose u € Z? with T (u) # 0, choose j € {1,..., D} and denote by
Fuj,6;(u), z;(u),y;(u) the images of F, 0, z,y under ¢, ;. The coefficients
of Iy ; belong to K, ;. Let L denote the splitting field of F}, ; over K, ;, and
S the set of places of L which consists of all infinite places and all finite
places lying above the rational prime divisors of g(u). Note that w;(u) is an
algebraic integer and g(u) € O%. Hence ¢, ;(B) C Og, ¢y ;(B*) C Of and
it follows from (9.1.13) that

Fuj(zi(a),y;(a) = 6;(u), x;(u),y;(u) € Os. (9.3.11)

Since by assumption ¢, Dy € B*, we have §;(u) # 0 and Dg ;(u) # 0.
Consequently, F,, ; is without multiple zeros. Then we can apply Theorem

4.4.1]to equation (9.3.11) and we get
max(h(z;(u)), h(y;(u)))
h
< PsRs(1 +1og" Rg/log" Ps) - (3 Rp, + d—L log Qs + 2ndy Hy + Ha)
L

(9.3.12)

215



where H; = max(1, h(Fy;)), Ho = max(1, h(0u;)),
cy = 2505535 . 275129 (100 25)d3 T (log*(2d,) )
and cg = 0ifry, =0, 1/dy if rp, = 1 and 29erp\rp/r — 1logdy, if rp, > 2.

We already proved in Subsection [9.2.2] that (9.1.14) in Proposition [9.1.3]
holds, i.e.

deg z, degy < (nd)=PO), (9.3.13)
Thus we can apply Lemma|/.4.7|with o = x resp. y and
N = max((nd)**°") 2Dds + 2(q + 1)(ds + 1))

to get an upper bound for h(z), h(y) which still depends on h(z;(u)), h(y;(n)).
Then, to prove (9.1.15]), we have to bound from above the parameters occur-

ring in (9.3.12).
In view of (7.4.5), D < d" (see Lemma (7.2.3)) (i)) and ¢ < r we obtain
N < (nd)=PO0), (9.3.14)

Applying Lemma|7.4.7, inserting D < d" and the upper bound h, < (nd)**°"h
from ((7.4.5), it follows that there are u € Z%, j € {1,..., D} with

lu| < (nd)*P°" T(u) #0 (9.3.15)
and
max(h(z), h(y))
< (nd)® 0 max(h(w;(w)), h(y;(w))). (9.3.16)

We proceed further with these u, j to derive upper bounds for the parameters
corresponding to those which occur in (9.3.12)).

Write F(X,Y) = apX" +a; X" 'Y + -+ + a, Y™ and put

deg F := max degay, h(F):= max h(ay).

0<k<n 0<k<n

Notice that by Lemma [7.2.6| applied to ¢ and the coefficients of F' with the
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choice dy = d, hy = h, we have

degF, degs < (2d)>® 0" (9.3.17)
h(F), h(8) < (2d)*P°"h, (9.3.18)

It follows from Lemma[7.4.6, ¢ < r, D < d", (7.43) (03.17), (9.3:18) and
(9.3.15) that
h(Fy;) < D* + q(Dlog ds + log degF) + Dhs + h(F)+
+ (Dds + degF) log max(1, |u])
< (nd)*®O)p, (9.3.19)

Similarly, replacing F' by d, we obtain

h(d;(n)) < (nd)>PO")p, (9.3.20)

We recall that d;, and Dj, denote the degree and discriminant of L over
Q. Since [Ky; : Q] < D, we have d, < Dnl. Let G(X) := F(X,1) and
let ¥4, ..., 1, be the zeros of G. We have n’ = nifag # 0andn’ =n — 1
otherwise. Then L = K j(¥1,...,Yy). Let d, ,, dr, denote the degree and
Dy, ;, Dy, the discriminant of the number field K, ; resp. L, := Ky ;(¢),

u,j

i=1,...,n'. Then by Lemma}4.1.10| we have

1Dr| < [ IDr, |/ 9.3.21)

i=1
We now estimate | Dy |. First notice that by Lemma [7.4.5] using the esti-

mates ¢ < r, D < d", (7.4.4), (7.4.3), (9.3.13)), we obtain

|Di,,, | < D*P7(d§e" max(1, [ul)*)*°~

< exp((nd)®P°"p). (9.3.22)

Further, by Lemma4.1.T1|and the estimates D < d”, (9.3:19), (9.3:22)) we get

2n—1)D _(2n?—2)h(Fy,; Li:Ky,;j
|DLi| < n! el )h( J)|DKW_ [ ]

< exp{[Li : Ku;|(nd)*P°"n}.
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Inserting this into (9.3.21)) and using d, = [L; : K] - dx, ; we have
|Dp| < exp{(nd)eXpO(r)hndL/dKuyj}
< exp{n!(nd)>P°"p}. (9.3.23)

We follow now similar arguments as in the above proof of (9.1.8)) concern-
ing unit equations. The polynomial g has degree at most d, and logarithmic
height at most h, which satisfy (7.4.5). Further, g(u) # 0 and by ¢ < r and

(©.3.15)
lg(w)] < die™ max(1, [u)* < exp{(nd)**°")h}. (9.3.24)

The cardinality s of S is at most d,(1 + w), where w denotes the number of
distinct prime divisors of g(u). By prime number theory

s = O(dg log" |g(u)|/log" log™ |g(u)]). (9.3.25)

Together with (9.3.24), D < d" and d;, < n!d", this implies that ¢; can be
estimated as

¢y < exp{n!(nd)*P°"n}. (9.3.26)

Next, we estimate Ps, Qs and Rg. In view of (9.3.24), d;, < n!d" we have
Ps < Qg < |g(u)|? < exp{n!(nd)**°"p}. (9.3.27)

To estimate Rg, we use (9.3.2). Then, by (9.3.23)) and d;, < n!d" we obtain
D22 (log* | D)~ < exp{nl(nd)®®Ow)R}. (9.3.28)

Further, (9.3.23)) and (9.3.27)) imply

l *
(log Qs)" < exp {0 (ch ol j;‘()l'l), (log d;, + log log’ \g(u)\)) } '

Together with (9.3.24)) this yields
Rs < exp{n!(nd)>*°"p}. (9.3.29)
Combining (9.3.2) with Rg replaced by R, (when log Qs < 1) with (9.3.28)
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and Ry > 0.2052 (see Friedman (1989) or Section @4.1]), we obtain
max(hr, Ry) < exp{n!(nd)**°"n}. (9.3.30)
Finally, using r;, < d; < n!d", we deduce that

cs < exp O(dy log* dp) < exp{n!(nd)>P°"}. (9.3.31)

From the estimates (9.3.21)), (9.3.22)), (9.3.26), (9.3.28)), (9.3.29)), (9.3.30)

it follows that the upper bound in (9.3.12) is a sum and product of terms which
are all bounded above by exp{n!(nd)*®°h}. Consequently,

h(z;(w)), h(y;(w)) < exp{n!(nd)>* "},

Inserting this into (9.3.16)), we get the upper bound (9.1.15)) for ¢ > 0.

Now assume that ¢ = 0. Then 4y = Z, K = Q(w), B = Z[w, g '],
where w is an algebraic integer with minimal polynomial F(X) = X7 +
FiXP=1 ...+ Fp € Z|X] over Q, and g is a non-zero rational integer. By
assumption (7.4.4), (7.4.5) we may assume that log |g| < hy, log" F; < hy
for j = 1,...,D. Denote by w, ... w(P) the conjugates of w over Q, and
let K; := Q(w(J ) for j =1,...,D. One can prove by a similar argument as
in the proof of Lemma‘that |Dy,| < D?*P=1eP=2h For o € K, we
denote by o) the conjugates of v over Q, Correspondmg to wl),

Instead of Lemma [7.4.7| we use Lemma [7.4.2] applied with G = F, m =
D and Y9 = U or 9. Inserting (7.4.4), (7.4.5), this yields the estimate

max (h(z), h(y)) < (nd)e"po (h + 1211;2}53 max(h(a:(j)), h(y(j)))).
(9.3.32)

We proceed further with the index j for which the maximum is attained.

Now we can follow the argument above for the case ¢ > 0, except that in
all estimates we have to take ¢ = 0, and replace max(1, [u|) by 1, K, ; by K],
g(u) by g, Fy ; by F;, where F) is the binary form obtained by taking the j-th
conjugates of the coefficients of /', and g(u) by g. This leads to an estimate

h(zD), h(y?) < exp{n!(nd)**°"h},

and combined with (9.3.32)), this implies again (9.1.15])) which completes the
proof of Proposition[9.1.3] O
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9.3.3 Hyper- and superelliptic equations

It remains to prove (9.1.19) from Proposition[9.1.4] The computations will be
similar to those as in the above proof of (9.1.15]) but with some simplifications.

Proof of (9.1.19) of Proposition Take a solution x, y of equation (9.1.16)

in B. Consider again first the case ¢ > 0. We use once more the polyno-
mial 7 := AzFpg as in ([7.4.7). Take again u € Z? with T (u) # 0,
choose j € {1,...,D}, and denote by Fy ;,d;(u),z;(u),y;(u) the images
of F,0,x,y under the specialization ¢, ;. In contrast to our arguments for
Thue equations, now we do not have to deal with the splitting field of F'. Put
L := K, ; and choose for S the set of places of L which consists of all in-
finite places and the finite places lying above the rational prime divisors of
g(u). Then ¢, ;(B) € Og, and

Fuj(zj(u)) = d;(n)y;(u)™, wherez;(u),y;(u) € Og. (9.3.33)

We note that by assumption 6, D € B*, hence §;(u) # 0 and F,, ; has non-
zero discriminant. Since F, ; has the same number of zeros and the same
degree as F, the degree of I, ;isn > 3if m = 2andn > 2if m > 3.

Thus we can apply Theorems §.5.1] and #.5.2] to equation (9.3.33)) according
as m = 2 or m > 3. Then we obtain

2 3 47 7 .
c4|DL\8” Q%O” ed0nidLh ifpn > 3,
3 2,2 2,2 2,37, 7 -
61571 |DL|2m n ng n 6Sm n2drh ifn > 27m > 37

(9.3.34)

h(z;(w)), h(y;(w)) < {

where ¢; = (4ns)212n"s c5 = (6ns)1*™*"’s and h is defined by @3.3).

It follows by precisely the same argument as in the case of Thue equations
that there are u € Z% and j € {1,..., D} which satisfy (9.3.15)) and (9.3.16).
We proceed further with these u, ;.

We estimate from above the parameters occurring in the bounds in (9.3.34).
First, we obtain the same estimates as in (9.3.19) and (9.3.20). These imply

1< (n+ Dh(Fa;) + h(5;(w)) < (nd)™*°"h. (9.3.35)
Further, we have similarly to (9.3.23)

|Dz| < exp{(nd)®*P°"nh} (9.3.36)
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and similarly to (9.3.24)
lg(u)| < exp{(nd)**°"Ip}, (9.3.37)

Now the set S consists of places of L instead of the splitting field of F;, ; over
K.Because of [L : Q] < D, we have s < D(1 + w), where w is the number
of distinct prime divisors of g(u). This implies, instead of (9.3.23),

s = O(Dlog" |g(u)|/log"log™ |g(u)]). (9.3.38)
Inserting and D < d", we obtain for the quantities ¢4, ¢5 in (9.3.34)
¢y, c5 < exp{ (nd)*P°"p}, (9.3.39)
Lastly, by D < d" and (9.3.377) we have
Ps < Qs < |g(u)|P < exp{(nd)*P°"n}. (9.3.40)

We now use (9.3.34)). By inserting (9.3.35)), (9.3.36)), (9.3.39) and d; <
D < d" into (9.3.34), we get

h(z; (), h(y;(u)) < exp{m?(nd)**°")h}. (9.3.41)

Finally, inserting this into (9.3.16), we obtain (9.1.19) in the case ¢ > 0.
Now let ¢ = 0. For o € K, write %) for the conjugate of o corresponding
to w) and let F}; be the polynomial obtained by taking the jth conjugates of
the coefficients of F'. We simply follow the above arguments, replacing every-
where ¢ by 0, max(1,u) by 1, Ky ; by K; = Q(w\), F, ; by Fj, 7;(u), y;(u)
by )49 and g(u) by g € Z. Instead of (9.3.16)) we have to use (9.3.32).
Thus we obtain the same estimate as (9.3.41)), but with ), 4" instead of
z;(u),y;(u). Via (9.3.32) we obtain (9.1.19). This completes our proof for
Proposition[9.1.4] O

Proof of Proposition[9.1.3] Assume first that ¢ > 0. Letz € B,y € BN Q,
m € Z> be a solution of equation (9.1.16) such that y # 0 and y is not a root
of unity. Choose again u, j such that they satisfy (9.3.13)), (9.3.16)). Note that
y;j(u) is a conjugate of y since y € Q. Hence it is not 0 or a root of unity.

By applying Theorem .5.3]to equation (9.3.33) we get

m < cg| Dy |nPn° et indeh (9.3.42)
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where ¢ = (10n2s)1". By (9.3.37) and (9.3.38)) the constant cg satisfies

ce < exp{(nd)™PO"Ip}.

Further, we have the upper bounds (9.3.35)) for h, (9.3.36) for | Dy, | and (9.3.40)
for Ps. Inserting these estimates into the upper bound in (9.3.42), we get

m < exp{(nd)*P°"h}. In the case ¢ = 0, we obtain the same estimates, by
making the same modifications as in the proof of Proposition[9.1.4] Our proof
is complete. [

9.4 The Catalan equation

In this section we complete the proof of Theorem [2.5.1 on the Catalan equa-
tion 2.5.1) 2™ — y™ = 1in 2,y € A and integers m,n with m,n > 1
and mn > 4. We follow mostly the proofs of Brindza (1993) and Koymans
(2017).

Asbefore, A = Z|z, . . ., z,| denotes an integral domain finitely generated
over Z, with quotient field K. Then A = Z[X4,...,X,]|/Z, where T is the
ideal of polynomials f € Z[X,...,X,] such that f(z1,...,2.) = 0. Let
d > 1,h > 1 and assume again that Z = (fy,..., fy;) with deg f; < d,
h(f;) <hfori=1,..., M.

Proof of Theorem[2.5.1] Let x,y, m,n be an arbitrary solution of equation
(2.5.1)) with non-zero x,y € A, not roots of unity, and with integers m, n such
that m,n > 1 and mn > 4. We keep the notation and assumptions from the
beginning of Sections[9.3|and[9.4] Further, by Proposition[7.2.7] there exists a
non-zero g € A, such that

A CB= AO[wvg_l]
and
deg g < (2d)*P°M) h(g) < (2d)*PO")p, (9.4.1)

We shall work in this larger ring B to bound m and n.

First consider the case ¢ = 0. Then we have Ay = Z, Ky = Q, K is
a number field of degree D < d" and D is the discriminant of K. Since
|Di| < |D(F)| and, as was seen in the proof of Lemma [7.4.5] |D(F)| <
D?*P=LH (F)?P=2, where H(F) denotes the maximum of the absolute values
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of the coefficients of F, we infer that
|Dk| < exp((2d)6XpO(T)h).

Let .S denote the set of infinite places and of the finite places of K corre-
sponding to the prime ideal divisors, say p1, . . ., Py, of g. Write s = |S| and
let Ps, Qs be as in (9.3.1)). In view of it follows that s < (2d)*P9")p,
Ps < exp((2d)®P°Mh) and Qg < |g|? < exp((2d)*®O")h). Using the
estimates for s, Pg, ()s and combining them with Theorem |4.6.1] we obtain
(.5.2). B

Consider now the case ¢ > 0. Fix an algebraic closure K of Ky, and let
k; be the algebraic closure of Q( X1, ..., X; 1, Xj11,. .., X,) in K. Thus Ay
is contained in k;[X;]. Define

Lz’ = kz<Xza U)(l), e ,w(D)),

where w", ..., wP) are the conjugates of w over Kj,.

First assume that © € k; fori = 1,...,¢. Then, by Lemma[9.2.1] = and
y belong to the algebraic number field Q N K. We are now going to apply
Theorem 4.6.11

Letu = (u1,...,uy) € Z% and put |u| = max(|ui],...,|uy|). As in
Section [7.4] we extend the ring homomorphism from a subring of K to Q,

ou:a—=afu) : {g1/g2: g1,92 € Ao, g2(u) # 0} = Q,

defined by the substitution X; > uy, ..., X, — u,, to a ring homomorphism
from B to Q for which we need to impose some restriction on u. Denote by
A the discriminant of F, and let 7 = AxFpg. Obviously 7 € Ay. Since
Ax is a polynomial of degree 2D — 2 with integer coefficients in F, ..., Fp,
it follows that deg 7 < (2d)P ("),

Lemmal|/.4.4/implies that
S:={ueZ:|u <N, T(u)#£0}

is non-empty, provided that N = (2d)*?°") and the constant implied by
the O-symbol is sufficiently large. Take u € S and consider the polyno-
mial Fy(X) := XP + Fi(u)XP~! + ... + Fp(u). It has distinct zeros, say
wi(u),...,wp(u), which are all different from 0. Then, for j = 1,..., D,

Xy = U, .., Xy = ug,u = wji(u)
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defines, as was claimed in Section [7.4] a ring homomorphism ¢, ; from B to
Q. The image of o € B under ¢,, ; is again denoted by a;(u). It is clear that
u,; 1s the identity on B N Q. Consequently, if & € BN Q, then u,;j has the
same minimal polynomial as v and hence it is conjugate to a.

Consider the algebraic number field K, ; := Q(w;(u)) and denote by
Dk, , its discriminant for j = 1,..., D. By Lemma([7.4.5| we have

[Ku; : Q <D, |Dg,,| < D**7'(die" max(1, [u])®)*P~2,

J
where
dy = max(d,deg JFu, . ..,deg Fp), hy = max(d, h(Fy),..., h(Fp)).

We have dy < (2d)"PO0), by < (2d)* )}, which, together with D < d’,
gives
|DKu1j| < eXp((Qd)expO(r)h).

Fix now any of j = 1,...,D. In K, ; denote by S the set consisting of
the infinite places and of the finite places corresponding to the prime ideal
divisors of g(u). Then ¢, ; maps B to the ring of S-integers of K, ;. To apply
Theorem [4.6.1] we still need to bound Ps, Qs and s.

It is easy to see that for any u € Z¢
log |g(u)| < qlogdeg g + h(g) + deg glog max(1, [ul)
which together with (9.4.1)) and with the choice of N gives

lg(u)] < (2d)79POM) . exp((2d)=POT) . p) . (Qd)@d)‘”“’o(”

< exp((2d)"PO0) . p).

Thus we get
Qs < |g(u)[P < exp((2d)**°"h), (9.4.2)
Ps < exp((2d)™PO)p) (9.4.3)
and
5 < (2d)=POWp, (9.4.4)

Combining Theorem [#.6.1] with the bounds in (9.4.2) to (9.4.4) we obtain
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again (2.5.3).

Finally, we deal with the case = ¢ k; for some i. Fix such an i. Let S
denote the set of valuations of L; over k; such that v(X;) < 0, v(g) > 0.
Let v be any valuation of L; over k; with v ¢ S. Then v(X;) > 0. We recall
that w is integral over k;[X;]. This implies that v(w) > 0. We also have that
v(g) < 0, whence v(g~') > 0. Consequently, the ring B = Ag[w, g™ '] is a
subring of the ring of S-integers Og of L;.

Since z,y € A and A C B, it follows that z,y € Og\k;. Now in view of
Theorem[5.3.1] (i), we get
mHy, (z), nHy,(y) < 6(|S]|+ 291,/ — 2). (9.4.5)

Puttlng K,L = kl<X,“ U}), Al = [Lz . k(Xl)] and using the fact that T,y € K,L
and [K; : k;(X;)] < D we infer that

k3

and similarly for Hy,(y). Together with (9.4.5)) this gives

6D
A (|S] + 291, /1; — 2). (9.4.6)

%

max(m,n) <

We are now going to estimate from above |S| and gy, i, Every valuation
of k;(X;) can be extended to at most A; valuations of L;. Thus L; has at

most A; valuations with v(X;) < 0 and at most A; degy, g valuations with
v(g) > 0. Using also deg g < (2d)*P°(") from Proposition|7.2.7, we deduce
that

S| < A+ Aidegy, g < Ay(1+degg) < A;(2d)™®O0). (9.4.7)

Further, L; being the splitting field of F over k;(X;), by Lemma and
Proposition we obtain

9Lk, < AiDmaxdegy, F; < AjDmaxdeg F; < AiD(Zd)eXPO(").
J j
(9.4.8)

Thus it follows from D < d", (9.4.6), and (9.4.8) that

max(m, n) < (2d)*PO)
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which completes the proof of (2.5.3) and hence that of Theorem[2.5.1] [
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Chapter 10

Proofs of the results from Sections
.6—2.8; reduction to unit
equations

In Section [10.1] we prove our central results Theorem [2.6.1] and Corollary
on decomposable form equations, stated in Section [2.6] together with
the corollaries stated in that section. Their proofs are based on Theorem [2.2.1
on unit equations. In fact, we apply Gyory’s method to reduce the decompos-
able form equation under consideration to unit equations in two unknowns,
which was originally developed in an effective form over number fields e.g.
in Gy6ry (1976,1981a), Gy6ry and Papp (1978), and, in an ineffective form,
over arbitrary finitely generated domains in Gyd&ry (1982). We make this fully
effective and quantitative by employing some of the degree-height estimates
from Chapter §]

In Section [10.2] we prove the results for norm form equations stated in
Section and in Section [10.3] the results for discriminant form equations
and discriminant equations stated in Section [2.8] These are all consequences
of Theorem

10.1 Proofs of the central results on decompos-
able form equations

Keeping the notation of Sections and we assume that A, J, £
(¢1,...,¢,) satisfy the conditions of Theorem Denote as before by G(£)
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the triangular graph of £, defined by (2.6.4), and let Ly, .. ., L be the vertex
systems of the connected components of G(L), and [£;] the K-vector space
generated by £, for j = 1,... k.

Proof of Theorem[2.6.1] Take x € A™ such that

We have to show that the coset x+ 24 r is represented by X € Z[ X1, ..., X, |™
with (2.6.8). The proof is divided into a couple of steps.

Step 1. Construction of certain scalar multiples U of {;, fori =1,... n, and
a finitely generated domain A" D A, such that | (x), ..., (X) are units of
Al

Write

Ei:&i71X1+---+ai7me forz'zl,...,n.

Put
R :=2mn-v"d, R =2mn - v"""d.

Let G be the extension of K generatedbythea; ; (¢t =1,...,n,j =1,...,m).
We may assume that also § € G, since otherwise cannot hold. By
Corollary there is # € G, such that G = K (f), # has monic minimal
polynomial Fy € A[X] over K, and

9 m<t (Rexpo(r)’RexpO(T)h). (10.1.1)

Further, letting £ := [G : K], we have

&-1 £-1
ai,j = Z ai7j7t9t, 5 = Z btgt,
t=0 t=0
with b j;, by € K, by, b;j, < (R'PO0) RIxpOIp) (10.1.2)
forer=1,...,n,7=1,....m,t=0,...,& — 1. We clear the denominators

of the a; j, b;. According to the definitions, we have for all 7, j, ¢ that

Giji(21, 0 2) gz, 2)
; b= ——%

RS M ERE

it =
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where g;, g; ;> 9¢, 9; ;, are polynomials in Z[X, ..., X,] of total degree at
most R/ (") and logarithmic height at most R'** (")}, Now define

E—1
Yo = Hgg(zla s 7Z7”)a
t=0

E—-1 m

Vi ::HHggfj’t(zl,...,zr) fori=1,...,n.

t=0 j=1
Then by Lemma and £ < ™",
int
V0s Y1y -+« s Yn = (RO RIGPOMI ), (10.1.3)
Define the quantities

/ [
;4.1 = V0Yilij ¢,

T o S t__ /. Nm / _
Q= Zt:o ai,j,t‘g = Y%t , b= Zj:l O‘z’,ij = Y07l

(10.1.4)
forr=1,...,n,7=1,....m,t=0,...,& — 1, and
b, ==y by fort =0,...,& — 1,
-1 (10.1.5)
o = Z V0" = 5y -+ Y.
t=0
With this construction we have
d) ., b, € A foralli,jt (10.1.6)
and
O(x)-- 0 (x) =10 (10.1.7)
Further, by Lemmal4.1.7
@l s B = (RIOPO0) RIPOW), (10.1.8)

Now let A" := A[f, 0" = Z[z1,...,2.,0,5]. Then from (T0.1.6) it is
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clear that ¢ (x), ..., ¢, (x) € A’ and subsequently by (10.1.7),
O(x) € A" fori=1,...,n. (10.1.9)

To apply Theorem[2.2.1} we need an ideal representation for A’. By (I0.1.1)),
the generator § of GG has monic minimal polynomial over A,

Fy=X 4 pi(zr, o, 2) X5 4 el 2),

where py, ..., pe are polynomials in Z[X7, ..., X,] of total degree at most
RO and logarithmic height at most R*PCh, Let

fus = XS +m X5+ 4 pe.
Then using & < ™" we get
deg fars1 < REPOC) B farp) < REPOW, (10.1.10)
Further,
A =2 Z[Xy, ..., X, Xo1)/T', withZ = (f1,. .., far, faren)-

The quantity ¢’ corresponds to the residue class modulo Z' of Zfz_ol bNtXﬁ 1

where b; € Z[X1,...,X,] is a representative for b;, of total degree at most
R/*PO) " and logarithmic height at most R'*?°(")h. By Lemma we
have

A =ZX, . Xy X, Xl /(fry - oy fary faasns fue2)  (10.1011)

where

9]
—_

Irgo = Xr+2< b:XﬁH) - L

t

Il
=)

Using again & < ™" we infer that fy, - has total degree at most R’ O(")
and logarithmic height at most R'? (" . Combined with (T0.1.10) and our
assumptions deg f; < d, h(f;) < h this gives

deg f; < R'POM p(f) < R'&POUD fori=1,...,M+2. (10.1.12)
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Step 2. Let {;, {; with i # j be connected by an edge in G(L). Then

< ((exp (R'°00), exp (R*0O0h) ). (10.1.13)

To prove this, we first assume that ¢;, ¢; are linearly dependent over K. Then
l;(x)/¢;(x) is equal to the quotient of a coefficient of ¢; and a coefficient of

¢;. So by Corollary and (8.3.2), we have

li(x) 2 0
< ((202d)P (T), 2V2d expO(r)h 7
0 < (@O, (o)

which is much stronger than what we want to prove.

Next assume that ¢;, ¢; are linearly independent over K. Here we have
to apply our Theorem [2.2.1] on unit equations. There is ¢ # i, such that
0;,0;, 0, are linearly dependent over K. Then clearly, £, ¢, 07, are also linearly
dependent over K. In fact, we have

il + Nl 4+ Mgl = 0,

where \;, \;, A, are certain 2 x 2-determinants of the coefficients of £, ¢;, ¢}..

12 “jo
By (10.1.4) we have

>\i = )\i(zla cee 727”7075/71)7

where \; € Z[X1, ..., X,, X,11, X,»] is a polynomial of total degree at most
R’ P O(") and logarithmic height at most R’ *? ©(") h, We have something sim-
ilar for A\; and \,. Clearly,

. Kl’i(x) I E%(x) _
0(x) (x)
while £;(x)/l(x), £, (x)/l(x) € A™ by (10.1.9). Now invoking (T10.1.1T),
(10.1.12)) and applying Theorem [2.2.T| we obtain
ti(x)

t5(x)

)\i _/\j7

= 9(217 s 721"7&75/71)7

where ¢ is a polynomial in Z[ X1, ..., X, X, 11, X,4o] of total degree and
logarithmic height at most exp (R'*®°"h). An application of (8:3.2) and
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Corollary [8.3.3] yields

ilx)

Finally, using £;(x)/0;(x) = (v;/7:)(¢i(x)/¢;(x)), estimate (10.1.3) and again
(8.3.2) and Corollary[8.3.3] we arrive at (I0.1.13).

Step 3. Let (;, {; belong to the same connected component of G(L). Then we
have again (10.1.13).

There is a sequence (;,, ¢;,,...,¢;, with ig = 7, 75 = j of length s < n of
which any two consecutive linear forms are connected by an edge in G(L).
Now apply Step 2 and Corollary [8.3.3]to

( exp (R/ exp O(r) h) , exp (R/ exp O(r) h)) )

to finish Step 3.
Step 4. Let (;, ; be any two distinct linear forms from L with i # j. Then we

have again (10.1.13).
This is clear if G(£) is connected, so assume that its number & of connected

components is > 1. By assumption, there is £ € [£,] N --- N [L] such that
¢(x) # 0. We can partition {1,...,n} into I; U - -- U [} such that

Li=Uy: sel;) fort=1,... k.

Notice that [£1] N - -+ N [Ly] consists of the linear forms ¢ of the shape

chzs: o= chés (10.1.14)

sely SGIk

for certain ci, ..., c, € K. We recall that in general, if A is an a x b-matrix
of rank ¢, say, with elements from a field L, then the solution space of vectors
x € LY with Ax = 0 has a basis consisting of vectors whose coordinates are
¢ x t-subdeterminants of A. In particular, the linear subspace of K ', consist-
ing of the vectors ¢ = (cq, ..., ¢,) satisfying (10.1.14), has a basis, consisting
of vectors whose coordinates are determinants of order at most m, with ele-
ments from the coefficients of £¢; (i = 1,...,n). So by Corollary[8.3.3] these
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coordinates have degree-height estimates
=< ((Qme2 d)PO0) (2mp™ )P Op).

This basis contains a vector ¢ = (cq, .. ., ¢,) such that the linear form ¢ given
by (10.1.14) does not vanish at x. Now suppose for instance that ¢; € L,
ﬁj € EQ. Then

(x) -, L)
él(X) N 862;1 S&(X) '

By Corollary and what we established in Step 3, we get

0(x)
li(x)

< < exp (R’ exp O(r) h) , exp (R’ exp O(r) h)) )

We get a similar estimate for ¢(x)/¢;(x). Another application of Corollary

8.3.3| in combination with (8.3.2)), completes Step 4.
Step 5. Fort =1, ..., n we have

6(x) < (exp (R'=2O0R), exp (R'200)p) ). (10.1.15)

To prove this, observe that

0i(x)" = 51‘[ 223

Now apply Step 4 and Proposition [8.3.2]
Step 6. Completion of the proof.

Write 3; := ¢;(x) fori = 1,...,n. Note that 5; € G, so deg, 5; < v™" for
i=1,...,n.By Corollary 8.3.5 there is x’ = (z,...,2],) € A" such that

EZ‘(X,) :Bz for: = 1,...,TL
and

int

z; < (exp (R'=*POIh), exp (R'e"po(r)h» fori=1,...,m,

which means precisely that x’ has a representative X' € Z[Xy, ..., X, )™ with
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s(x') < exp (R'*P9Mh), which is 2.6.8). Further, X' — x € 24, so in
fact, x/ represents the coset x + Z4 p. This completes the proof of Theorem

R.6.11 O

Proof of Corollary[2.6.2] We prove only the effective part of the statement of
Corollary [2.6.2]

Let « be either ¢ or one of the coefficients of /1, ..., ¢,. Then an effec-
tive representation for « is given, and from this, we can compute effective
representations for o, ..., %Xl There is a divisor v of [G : K | such that
1,a,...,a" are linearly dependent over K. Using the effective representa-
tions for the o, we can determine the smallest such v, a K-linear relation
between 1, «, ..., ", the monic minimal polynomial of a over K and fi-
nally, a degree-height estimate for . Now Theorem [2.6.1] gives an effectively
computable number C' such that every Z4 p-coset of solutions of is
represented by some X € Z[ X7, ..., X,|™ with s(x) < C.

There are only finitely many such tuples X which can be determined ef-
fectively, say X1, . . ., X,. These represent tuples X, ..., X, € A™. Now using
the effective representations of ¢ and the coefficients of /1, ..., ¢,, one can
check for each x; whether F'(x;) = 6.

Using the effective representations for GG and the coefficients of ¢4, ..., ¢,
one can compute the triangular graph G(£) and thus, the vertex systems L1,. . .,Lx
of its connected components. The intersection V := [£;] N -+ N [Ly] was
defined as a K -vector space, but since the £; consist of linear forms with co-
efficients from G, the space V is defined by a system of linear equations with
coefficients from G. By solving this system using standard linear algebra, one
can decide whether V is non-zero and if so, compute a basis B of V, consisting
of linear forms from G. If for one of the x; mentioned above there is ¢ € V
with £(x;) # 0, then there is such ¢ € B and one can find it by computing
((x;) for all £ € B. Thus, for each x; it can be checked whether it satisfies
€6.1).

Finally, using the effective representations, one can decide for each pair

x;, X; with ¢, 5 = 1,..., s whether x;, x; lie in the same Z, p-coset, i.e.,
l(x;) = ly(x;) fort = 1,...,n. This shows that one can compute a finite set,
consisting of one representative for each Z4 p-coset of solutions of (2.6.7).

O

Proof of Corollary[2.6.3] By dividing F' and § by one of the coefficients of
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F, we can transform (2.3.) into an equation
Fl(z,y) =li(x,y) - lo(z,y) =0,

where ¢’ and the coefficients of F” lie in K and are all represented by pairs in
Z[|X1, ..., X,]? of total degree at most d and logarithmic height at most &, and
where each /; is either of the form Y, or of the form X — oY, with « € K.
Since F' is divisible by at least three pairwise non-proportional linear forms,
the system £ = ({1, ...,¢,) is triangularly connected. Further, the module of
(z,y) € A? with {;(z,y) = 0 fori = 1,...,n is equal to {0}. Lastly, each
of the above o has degree at most n over /&, and by Proposition [8.2.3] it is
represented by a tuple of degree at most (nd)*?°(") and logarithmic height
at most (nd)*® ("), Now an application of Theorem immediately gives
the bound (2.6.9), and then using Proposition [2.1.1 one can determine the
solutions. ]

Proof of Corollary[2.6.4] Recall that every solution x = (x1,22,23) € A®
of the double Pell equation (2.6.10) is a solution of the decomposable form
equation (2.6.12), with the decomposable form F' given by (2.6.14) and ¢
given by (2.6.13). It is easily shown that the linear factors of the decompos-
able form F' in form a triangularly connected system, and moreover,
Z 4, r = {0}. Further, by Proposition[8.3.2and Corollary both 4 and the
coefficients of the linear factors of F' are represented by tuples of degree at
most (2d)*?O(") and logarithmic height at most (2d)™? (") h. An application
of Theorem [2.6.1] directly gives the bound (2.6.15)), and the solutions can be
found by means of Proposition [2.1.1} O

10.2 Proofs of the results for norm form equa-
tions

Proof of Theorem[2.7.1] Denote by L the set of conjugates of the linear form
(= X1+ +a,X,, with respect to K’/ K. The coefficients of the linear
forms in £ all have degree at most n = [K’ : K] over K. Further, oy, ..., a,
and their conjugates over K are all represented by tuples of degree at most
d and height at most h. The rank of £ is equal to m, since aq, ..., q,, are
assumed to be linearly independent over K. So with F' := Ng//x(a; X, +
-+ 4+, X,y,), the module Z4 r is {0}. Letting L4, . .., L) denote the vertex
systems of the connected components of G(L), we verify below that X,, €
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[£1] N -+ N [Lg]. Once this has been done, Theorem follows directly
from Theorem [2.6.1] taking v = n.

First observe that any two distinct conjugates of ¢ are linearly indepen-
dent, since K’ = K (o, ..., q,,). Partition the linear forms in £ into subsets
such that ¢/, /" belong to the same subset if the coefficients of X7,..., X,,_1
in ¢',¢" coincide. Then we get a partition £}, ..., L}, of £ with £’ denoting
the degree of K" := K(«q,...,a,_1) over K. Further, in view of the con-
dition that «,, be of degree > 3 over K", each of the sets £, ..., L}, has
cardinality at least 3. As is easily seen, any three linear forms from the same
set L. are linearly dependent, hence any two linear forms from the same set
L are connected by an edge in G(L£). That is, each set £/ is contained in the
vertex system of one of the connected components of G(L£). Next, the differ-
ence of any two linear forms from the same set £ is proportional to X,,. This
shows

Xm €[LN--N[Ly] C[Ly]N---N[Lk.

As mentioned above, this completes the proof of Theorem [2.7.1] O

Proof of Corollary2.7.2] By assumption, an irreducible monic polynomial
P € K[X]is given such that K’ = K[X]/(P). Denote by G the splitting field
of P and put £ := [G : K|. Notice that G is the normal closure of K'/K. By
Corollaries [6.2.5|and [6.2.6| we can compute ¢ such that G = K (), together
with the monic minimal polynomial of # over K, and express s, . . ., a,, and
their powers as K-linear combinations of 1,6, ...,6°~1. With these expres-
sions we can compute which K '-linear combinations of powers of «; are 0 and
thus, compute the monic minimal polynomial of ; over K fori =1,...,m.
These monic minimal polynomials have all their roots in G and we can com-
pute these using Theorem [6.2.3] In this way, we can compute the conjugates
of aq,...,a, over K. Consequently, the conjugates of the linear form ¢ are
effectively given. Now Corollary [2.6.2] applies to equation (2.7.1) and the as-
sertion follows. ]

Proof of Corollary[2.7.3] Letx = (x1,...,x,) € A" be asolution of (2.7.1)),
and denote by m/ the greatest integer with x,,, # 0. If m’ > 2, Corollary

applies with m’ instead of m, while for m’ = 1 we get N («y)x} = J, whence,
by Theorems|[6.2.3|and [6.3.2] we can check that x; € K and z; € A. O
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10.3 Proofs of the results for discriminant form
equations and discriminant equations

Let 2 be a finite étale K -algebra with [ : K] = n. Recall that (2 is given
in the form K[X]/(P), where P € K[X] is monic and separable of degree
n. Thus Q = K[f], with P(f) = 0. Let G be the splitting field of P and 6%

(¢ =1,...,n) the zeros of P in G. We can express a € () as
n—1
a:Zanj witha; € K forj=0,...,n— 1.
5=0

Thus, the images of o under the n K-homomorphisms of €2 are given by

—_

o = a;(0DY (i=1,...,n).
J

I
=)

-----

that

aV=...z=aW =g = =a,1 =0
— a € K. (10.3.1)
In what follows, let wy, ..., w,, € .

Proof of Theorem[2.8.1] Let (V) := wY)Xl o+ wWX, fori=1,...,n,
and (; ; := (O — (U fori,j = 1,...,n,i # j. We want to apply Theorem

[2.6.1]to equation (2.8.3) in the form

F(x):= [] tis(x) = (=1)""25 in xeA™ (10.3.2)
%

Let £ denote the system of the linear forms ¢; ;. We first show that £ is trian-
gularly connected. Indeed, using ¢; ; 4 {7 ;» + ;» ; = 0 for any three distinct
i,i',7" € {1,...,n}, one infers that if {i,;}, {4, 7'} are any two distinct
subsets of {1,...,n}, then ¢;;, ¢y ; are connected by an edge in G(L) if
{i,7} n{, 5}y # 0.1 {i, 7} N {¢, 5’} = 0, then there are edges from ¢; ;
to ¢y ; and from ¢y ; to £y ;, implying that ¢; ; and ¢; j; belong to the same
connected component of G(L).
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Next, using (10.3.1)) it follows that

X € Zyp < {;;(x) =0foralli,j

Notice that there are n(n — 1) linear forms ¢; ; and that their coefficients

wfi) — wt(j ) have degree at most n? over K. Now Theorem is proved by
applying Theorem with k = 1, with n(n — 1) instead of n and with n?
instead of v to equation (10.3.2)). O

Proof of Corollary[2.8.2] Recall that 2 is given in the form K [X]/(P), with
P an effectively given, monic separable polynomial in K [X]. Further, a set
of A-module generators wy, ... ,w,, € 2 of M is effectively given. Similarly
as in the proof of Corollary we can compute an effective representation
for the splitting field G of P, as well as effective representations for w](i), for
i =1,...,n,5=1,...,m. So the coefficients of the linear forms ¢; ; defined
in the proof of Theorem [2.8.1] are effectively given. So by Corollary 2.6.2]
we can compute a finite set of solutions x € A" of (2.8.2)), consisting of one
representative from each Z4 p-coset. But this means precisely that we can
compute a finite set of solutions £ € M of equation (2.8.2)), consisting of one

element from each M N K-coset. L]

Proof of Corollary[2.8.3] By Corollary [2.8.2] we can effectively compute a
full system of representatives, say {&1, . .., &}, for the O N K-cosets of solu-
tions of

Do/k(€§) =6 in€ € O. (10.3.3)

Further, by Corollary [6.3.9] we can compute a full system of representatives,
say {m1,...,m}, for the cosets of O N K modulo A. Then the finite set {§; +
nj:i=1,...,s,j =1,...,t} is an effectively computable full system of
representatives for the A-cosets of solutions of (10.3.3). O

In the proof of Theorem [2.8.4{ we shall need the following.

Lemma 10.3.1. For every integral domain A of characteristic 0 which is
finitely generated over 7. and every two monic polynomials f, f' € A[X],
all effectively given, we can determine effectively whether f, f' are strongly
A-equivalent.
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Proof. Tt suffices to consider the case when f, f’ have equal degrees. Write
f(X)=X"+a X" -0, f(X) = X" + b, X" ! + ... We have to
check whether there is an a € A such that f'(X) = f(X + a). Comparing
the coefficients of X"~ ! we see that for such ¢ we must have na = b; — a;.
Using Theorem [6.3.2] we can check whether a € A and then whether indeed
F1(X) = f(X +a). =

Proof of Theorem[2.8.4] Let A, G,d,n be effectively given and satisfy the
conditions of Theorem [2.8.4] Denote by Ay the integral closure of A in K
and by A the integral closure of A in G. Let f be a polynomial with

D(f) =9, fismonic, f € A[X],

deg f = n, f hasallits zeros in G. (2.8.6)
Write
f=X-&) (X =&).
Then
£, €Ag, Gt F+ &G €A, (10.3.4)
IT @-<)>2=o (10.3.5)
1<i<j<n

For arbitrary &1, ..., &, with (10.3.4), (10.3.5)), we write £ = (&1,...,&),

fe = (X —&) - (X —&,). It is important to notice that conversely, if £

satisfies (10.3.4), (10.3.5) then f, satisfies all conditions in (2.8.6), except

that it need not belong to A[X].
Two tuples ¢’ = (&],...,¢&,), " = (&,...,&)) with (10.3.4), (10.3.3) are

said to lie in the same A-coset if

G- ==t LA

Notice that in this case, the corresponding polynomials f¢, fe» are strongly
A-equivalent. We show that there are only finitely many A-cosets of tuples
¢ with (10.3.4)), (10.3.3), and determine a full system of representatives, and
subsequently select those tuples ¢ from this system for which fe € A[X].
Then every polynomial f with (2.8.6) is strongly A-equivalent to one of these

Je.
By Theorem [6.3.6] A is finitely generated as an A-module, and we can
effectively determine a system of A-module generators for Ag, say {wy, ..., wn}.
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Thus, we can express {1, . . ., &, with (10.3.4)) as

& = gi(x) = LWt Ty Wiy (Z =1...,n— 1)7
En =ln(x) =20 —l1(X) — -+ — L _1(x)

where

(10.3.6)

X = (xl,la cee axl,rrw s 7xn—l,l7 cee 7xn—l,ma xﬂ) S Am(n—l)-‘,—l’
and then (10.3.5)) translates into the decomposable form equation

F(x):= ] (t(x) = 4(x) = (=1)""D/%5 inx € A= DHL
1§iz¥J§7L
(10.3.7)

Completely similarly as in the proof of Theorem [2.8.1] one shows that the
system of linear forms

L= 0;—10;:1<i,j<n, i#}j)
is triangularly connected. Further, we have
X € Zpp = l1(x) = =Ll,(x).

By Corollary [2.6.2} equation (10.3.7) has only finitely many Z, r-cosets of
solutions, and a full system of representatives of these can be determined

effectively. Notice that if x = (..., x¢) € Z4 r, then
1 1 1
fl(X) =... an(X) = %o S EAHAG = EAQAK

Translating this back to (10.3.4), (10.3.3), we see that the tuples £ with (10.3.4),
lie in only finitely many (%AﬂA K )-cosets. Moreover, a full system of

representatives for these cosets can be determined effectively. Let C be such a

full system of representatives. By Corollary there are only finitely many

cosets of %A N Ag modulo A, and a full system of representatives of these

can be determined effectively. Let C’ be such a system. From C and C’ we

compute

C"={+a": £€C,ael'} wherea* := (a,...,a)
~——

n times
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which is a full system of representatives for the A-cosets of tuples £ with
(10.3.4), (10.3.3). From the tuples £ € C” we effectively select those for which
fe € A[X]; namely, using the effective representations of the coefficients of
fe we can first decide whether f; € K[X], and then subsequently whether
fe € A[X] by means of Theorem Further, using Lemma from
the f¢ with the remaining £ we select a maximal set of pairwise not strongly A-
equivalent polynomials. What is left is a finite, full system of representatives
for the strong A-equivalence classes of polynomials f with (2.8.6). [
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Glossary of frequently used

notation

General notation

| A
log* x
<, >

geoe

L, L, Lo
QR,C
ged

D(f)

cardinality of a finite set A

max(1,logx), log* 0 := 1.

Vinogradov symbols; A(z) < B(z) or B(x) >
A(x) means that there is a constant ¢ > 0 such that
|A(z)| < ¢B(z) for all x in the specified domain.
The constant c may depend on certain specified pa-
rameters independent of x

the positive constants implied by <,; . depends
only on a, b, . .. and are effectively computable

cx the expression between the parentheses, where
c is an effectively computable positive absolute
constant. The c may be different at each occurrence
of O(")

integers, positive integers, non-negative integers
rational numbers, real numbers, complex numbers
greatest common divisor

discriminant of a polynomial f(X)

algebraic closure of a field K’
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integral domain (i.e., commutative ring with 1 and
without divisors of 0)

unit group (multiplicative group of invertible ele-
ments) of A

integral closure of A in an extension GG of the quo-
tient field of A

ring of polynomials in n variables with coefficients
in A

{floa,...,an) : f € AlXy,...,X,]}, A-algebra
generated by o, ...,

{£+n: ne M}, M-coset, where M is an A-
module and £ belongs to an A-module containing
M

quotient A-module of two A-modules M’ M,
where M' O M; M’/ M consists of the M-
cosets £ + M with £ € M’, and is endowed with
addition (& + M) + (& + M) = (& + &) + M
and scalar multiplication a - (§ + M) := a§ + M,
for &1,&,£ € M anda € A

maximum of the absolute values resp. the sum
of the absolute values of the coefficients of () €
Z[Xy, ..., X,]

the total degree of Q € Z[X;, ..., X,], resp. the
logarithmic height log H(Q) of @

max(1,deg @, h(Q)), the size of Q)

Finite étale algebras over fields

O/K

Q: K]
x> 2@
Dok (a)
Aq

O

finite étale algebra over a field K, i.e., a direct
product L; x ... x L, of finite separable field ex-
tensions of K

non-trivial K -algebra homomorphisms Q — K
discriminant of o € €2 over K

integral closure of an integral domain A with quo-
tient field K in a finite étale K -algebra (2

A-order of €2, i.e., a subring of Ag containing A
and generating € as a K -vector space
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Algebraic number fields
ord,(a)

|a’p
|a|oo

exponent of a prime number p in the unique prime
factorization of a € Q, and ord,(0) = oo
p~29e(@) p-adic absolute value of @ € Q

max(a, —a), ordinary absolute value of a € Q
p-adic completion of Q, Q,, = R

{00} U {primes}, set of places of Q

ring of integers, discriminant, class number, regu-
lator of a number field K

non-zero prime ideal, fractional ideal of Ok

fractional ideal generated by «

exponent of p in the unique prime ideal factoriza-
tion of a

exponent of p in the unique prime ideal factoriza-
tion of () for a € K, with ord,(0) := oo.
absolute norm of a fractional ideal a of O (writ-
ten as N (a) if it is clear which is the underlying
number field)

set of places of a number field K

normalized absolute values of K, satisfying the
product formula, with |a|, = Ng(p)~od (@ if
a € K and p is the prime ideal of O correspond-
ing to the finite place v

completion of K at v
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Ns(a)
Rg
Ps, Qs

‘X’v (v e MK)
Hhom(X)

Function fields
k
k((2))

9K /k

set of infinite (archimedean) places

finite set of places of K, containing S

{a € K : |a|, < 1forv € Mg\S}, ring of
S-integers, written as Zg if K = Q

{a € K : |a], = 1forv € Mg\S}, group of
S-units, written as Z% if K = Q

[L,cs ||y, S-norm of v € K

S-regulator

max{ Nk (p1),..., Nr(p:)}, H';:l Nk (p;), where

p1,..., P are the prime ideals of O correspond-
ing to the finite places of .S
max; |x;|,, v-adic norm of x = (z1,...,2,) € K"

(Toen, \x]v)l/[K:Ql, absolute  homogeneous
height of x € K"

( [ Toenr, max(L, [x],
x € K"

(TToent, max(1, |a|v))1/[K:Q}, absolute height of
aec K

log H"™(x), log H(x), log H (), absolute loga-
rithmic heights (x € K", a € K)

h(xp), xp vector consisting of the non-zero coef-
ficients of a polynomial P € K[X;,...,X,)]

))1/ [K:Q], absolute height of

field of constants (always algebraically closed)
field of Laurent series in z

genus of function field K with constant field k
(K /k is always assumed to be of transcendence
degree 1)

set of (normalized discrete) valuations of K, trivial
on k

min; v(x;), v-adic normof x = (z1,...,2,) € K"
— 2 _ver, V(X), homogeneous height of x € K™
> ver, max(0, —v(x)), height of x € K

a finite subset of M g
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Os

Os

Finitely generated domains

A=7Zlz,. .., 2]
A~Z[Xy, ..., X,])T
Z=(f1, -, fum)
a€ZlXy,. .. X

A effectively given

a € A effectively given

(computable)

{21 :Xl,...,zq :Xq}
AO - Z[Xl, ‘e
dega, h(a) for a € Ay
Ko = Q(X1,. ..

K = Ky(w)

dega (a € K)

h(a) (a € K)

X

+Xg)

{a € K : v(a) > 0 forv € Mg\S}, ring of
S-integers

{a € K : v(a) = 0 forv € Mg\S}, group of
S-units

{f(z1,...,2.) = f € Z[Xy,...,X,]}, finitely
generated integral domain over Z with quotient
field K = Q(z1,...,2)

T ={feZXy,....,X,] : f(z1,...,2,) = 0},
finitely generated ideal in Z[ X1, ..., X,]

ideal representation for A

representative for o« € Aif a = a(zy, ..., 2)
if an ideal representation (fi,..., fa) for A is
given

if a representative for « is given (can be computed)

transcendence basis for K = Q(z1, ..., z,) over Q
subring of A with unique factorization

the total degree and logarithmic height of «
quotient field of A

where w € A, integral over Ay with degree D over
Ky

max(deg Py, ...,deg Py p_1,degQ,),  where
Poo,...,Pap-1,Q4 € Ap are relatively prime,
and o = Q! Zf:_ol P, jw’

max(h(Puo), -, M Pa,p-1),h(Qn))
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